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Äîñëiäæó¹òüñÿ iñíóâàííÿ ðîçâ'ÿçêó òà äà¹òüñÿ îá ðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ çà
øâèäêèìè çìiííèìè íà îñi äëÿ áàãàòî÷àñòîòíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç ñòàëèì
çàïiçíåííÿì. Âñòàíîâëåíî ðîçâ'ÿçíiñòü îäíi¹¨ êðàéîâî¨ çàäà÷i íà ñêií÷åííîìó ïðîìiæêó òà
îäåðæàíî äëÿ íå¨ îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ.

We study the existence of a solution and justify the averaging method on fast variables on
the axis for multifrequency systems of di�erential equations with constant delay. We also establish
the solvability of a boundary value problem for �nite interval and obtain an error estimate of the
averaging method for this problem.

Âñòóï. Ìåòîä óñåðåäíåííÿ çà øâèäêèìè
çìiííèìè äëÿ äâî÷àñòîòíî¨ ñèñòåìè ðiâíÿíü
îá ðóíòîâàíèé íà ñêií÷åííîìó, àëå àñèìï-
òîòè÷íî âåëèêîìó ïðîìiæêó ÷àñó â ðîáîòi
Â.I. Àðíîëüäà [1]. Ðiçíi ïiäõîäè ç äîñëiäæåí-
íÿ áàãàòî÷àñòîòíèõ ñèñòåì àñèìïòîòè÷íèìè
ìåòîäàìè çàïðîïîíîâàíî â ïðàöÿõ �.Î. Ãðå-
áåíiêîâà [2], Ì.Ì. Õàïà¹âà [3], Â.I. Íåéøòàä-
òà [4] òà ií.

Íîâèé íàïðÿìîê iç äîñëiäæåííÿ áàãàòî-
÷àñòîòíèõ ñèñòåì ìåòîäîì óñåðåäíåííÿ çà-
êëàäåíèé À.Ì. Ñàìîéëåíêîì ó ïðàöi [5] i
 ðóíòó¹òüñÿ íà îöiíöi îñöèëÿöiéíèõ iíòåãðà-
ëiâ. Ðåçóëüòàòè äîñëiäæåííÿ áàãàòî÷àñòî-
òíèõ ñèñòåì iç ïî÷àòêîâèìè òà êðàéîâèìè
óìîâàìè íàâåäåíi ó ìîíîãðàôi¨ À.Ì. Ñàìîé-
ëåíêà i Ð.I. Ïåòðèøèíà [6]. Çîêðåìà, îá ðóí-
òîâàíî ìåòîä óñåðåäíåííÿ íà ïiâîñi R+ çà
óìîâè ðiâíîìiðíî¨ àñèìïòîòè÷íî¨ ñòiéêîñòi
ïîâiëüíèõ çìiííèõ óñåðåäíåíî¨ ñèñòåìè [7].
Áàãàòî÷àñòîòíi ñèñòåìè íà R+ äîñëiäæóâà-
ëèñü òàêîæ Ì.Ì. Õàïà¹âèì [3].

Îäíî- i áàãàòî÷àñòîòíi ñèñòåìè iç çàïiç-
íåííÿì ìåòîäîì óñåðåäíåííÿ ðîçãëÿäàëèñü
â ïðàöÿõ ß.É. Áiãóíà [8], I.Ì. Äàíèëþêà [9],
I.Â. Áåðåçîâñüêî¨ [10] òà ií.

Âàæëèâîþ òàêîæ ¹ çàäà÷à äîñëiäæåííÿ
ÿê ñòiéêîñòi [11], òàê i îá ðóíòóâàííÿ ìåòî-
äó óñåðåäíåííÿ íà âñié îñi. Ðåçóëüòàò äëÿ áà-
ãàòî÷àñòîòíèõ ñèñòåì çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç ïîâiëüíî çìiííèìè ÷àñòî-
òàìè îäåðæàíî â ïðàöi À.Ì. Ñàìîéëåíêà i

Ð.I. Ïåòðèøèíà [12]. Ó äàíié ðîáîòi ìåòîä
óñåðåäíåííÿ çàñòîñîâó¹òüñÿ äëÿ äîñëiäæåí-
íÿ íà îñim-÷àñòîòíî¨ ñèñòåìè ðiâíÿíü iç ñòà-
ëèì çàïiçíåííÿì.
1. Òåõíi÷íà ëåìà. Äîâåäåìî iíòåãðàëü-

íó íåðiâíiñòü äëÿ ôóíêöi¨ iç ñòàëèì çàïiç-
íåííÿì, ñêîðèñòàâøèñü ìåòîäèêîþ [13].
Ëåìà 1. Íåõàé íåâiä'¹ìíà êóñêîâî-íåïå-

ðåðâíà ôóíêöiÿ v(t) ïðè t ≥ t0 çàäîâîëüíÿ¹
iíòåãðàëüíó íåðiâíiñòü

v(t) ≤ c+
r∑
i=0

ai

t∫
t0

v(s−∆i)ds, (1)

äå c, ai � äåÿêi íåâiä'¹ìíi ñòàëi, i = 0, . . . , r,
0 ≤ ∆0 < ∆1 < ... < ∆r. Äàëi, íåõàé

v(t) ≤ c, t0 −∆r ≤ t ≤ t0. (2)

Òîäi, ïðè t0 ≤ t <∞

v(t) ≤ ceδ(t−t0), (3)

äå δ � äîäàòíèé êîðiíü ðiâíÿííÿ

δ =
r∑
i=1

aie
−δ∆i . (4)

Äîâåäåííÿ. Íåõàé w(t) = ceδ(t−t0), t ≥
≥ t0. Âðàõóâàâøè (4) íåñêëàäíî ïåðåâiðèòè,
ùî ôóíêöiÿ w(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

w(t) = c+
r∑
i=0

ai

t∫
t0

w(s−∆i)ds. (5)

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4. 7



Ðîçãëÿíåìî ôóíêöiþ u(t) = w(t)− v(t). Ç
íåðiâíîñòåé (1) i (5) âèïëèâà¹, ùî ïðè t ≥ t0

u(t) ≥
r∑
i=0

ai

t∫
t0

u(s−∆i)ds.

Ïîêàæåìî, ùî u(t) ≥ 0 ïðè t0 ≤ t < ∞.
Ñïðàâäi, ïðè t0 − ∆r ≤ t ≤ t0 âèêîíó¹òü-
ñÿ íåðiâíiñòü (2), òîìó íà öüîìó ïðîìiæêó
u(t) ≥ 0.

Íåõàé p(t) =
r∑
i=1

ai

t∫
t0

u(s − ∆i)ds. Ç ïî-

ïåðåäíüî¨ íåðiâíîñòi îòðèìó¹ìî, ùî p(t) ≥ 0
ïðè t0 ≤ t ≤ t0 +∆1. Çàñòîñîâóþ÷è óçàãàëü-
íåííÿ íåðiâíîñòi Ãðîíóîëëà-Áåëëìàíà [14]
ìà¹ìî:

u(t) ≥ p(t) + a0

t∫
t0

p(s)ea0(t−s)ds.

Òàêà æ íåðiâíiñòü âèêîíó¹òüñÿ äëÿ íàñòó-
ïíèõ âiäðiçêiâ, ÿêi âèçíà÷àþòüñÿ â ìåòîäi
êðîêiâ òà çàëåæàòü âiä ñïiââiäíîøåííÿ ∆1,
. . . ,∆r i â îá'¹äíàííi ñêëàäàþòü [0,∆r]. Òîìó
u(t) ≥ 0 ïðè t0 ≤ t ≤ t0 +∆r. Êîðèñòóþ÷èñü
ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, îòðèìà¹ìî,
ùî u(t) ≥ 0 ïðè t0 ≥ t < ∞. Çâiäñè âèïëè-
âà¹, ùî v(t) ≤ w(t), òîáòî óìîâà (3) âèêîíó-
¹òüñÿ. Ëåìó äîâåäåíî.
Íàñëiäîê 1. Ïðè âiäñóòíîñòi çàïiçíåíü

(r = 0) iç ëåìè îäåðæèìî íåðiâíiñòü Ãðîíó-
îëëà-Áåëëìàíà [14], à ïðè a0 = 0 i r = 1 �
ëåìó, äîâåäåíó â ðîáîòi [13].
2. Îöiíêà ïîõiäíèõ çà ïî÷àòêîâè-

ìè óìîâàìè â áàãàòî÷àñòîòíié ñèñòåìi.
Ðîçãëÿíåìî ñèñòåìó ç m (m ≥ 1) ïîâiëüíî
çìiííèìè ÷àñòîòàìè âèãëÿäó

dx

dτ
= A(τ, x, x∆, φ, φ∆, ε),

dφ

dτ
=
ω(τ)

ε
+B(τ, x, x∆, φ, ε),

(6)

äå τ ∈ [0, L], ε ∈ (0, ε0], x ∈ D ⊂ Rn, φ ∈ Rm;
x∆(τ, ε) = x(τ − ε∆, ε), φ∆(τ, ε) = φ(τ−
−ε∆, ε), ∆ � äîäàòíà ñòàëà, ÿêà õàðàêòå-
ðèçó¹ çàïiçíåííÿ. Âåêòîð-ôóíêöi¨ A i B 2π-
ïåðiîäè÷íi ïî êîæíié ç êîìïîíåíò φν , φ∆ν ,
ν = 1, . . . ,m. Îñîáëèâiñòþ ñèñòåìè (6) ¹ òå,
ùî âåêòîð-ôóíêöiÿ B íå çàëåæèòü âiä çàïiç-
íåííÿ â øâèäêèõ çìiííèõ.

Âiäïîâiäíà óñåðåäíåíà ñèñòåìà íàáóâà¹
âèãëÿäó

dx

dτ
= A(τ, x, x∆, ε),

dφ

dτ
=
ω(τ)

ε
+B0(τ, x, x∆, ε),

(7)

äå óñåðåäíåííÿ çäiéñíåíî çà øâèäêèìè çìií-
íèìè φ i φ∆ ç óðàõóâàííÿì ãàðìîíiê, äëÿ
ÿêèõ âèêîíó¹òüñÿ óìîâà ðåçîíàíñó ÷àñòîò

γkl(τ) := (k, ω(τ))+(l, ω(τ−ε∆)) ≈ 0, k, l ∈ Zm,

k + l = 0 i τ ∈ [0, L],

A(τ, x, x∆, ε) =
∑
k+l=0

Akl(τ, x, x∆, ε)e
−i(k,ω(τ))∆,

B0(τ, x, x∆, ε) =
1

(2π)m

2π∫
0

B(τ, x, x∆, φ, ε)dφ.

Íåõàé âèêîíóþòüñÿ óìîâè:
1) ïðè (τ, ε) ∈ [−ε∆, 0]× (0, ε0] äëÿ ïî÷àò-

êîâèõ ôóíêöié x0(τ, ε) i x0(τ, ε) òà φ0(τ, ε) i
φ0(τ, ε) âèêîíó¹òüñÿ íåðiâíiñòü

∥x0(τ, ε)−x0(τ, ε)∥+∥φ0(τ, ε)−φ0(τ, ε)∥ ≤ c0ε
α1 ,

c0 > 0, α1 ≥ α = m−1;
2) â îáëàñòi G = [0, L]×D×D×Rm×Rm×

× [0, ε0] F ∈ Cd1
τ,x,x∆,ε

i F ∈ Cd2
φ,φ∆

, äå F :=
:= [A,B], d1 ≥ 1, d2 ≥ 2m + 2, âåêòîð-
ôóíêöiÿ F òà ¨¨ ÷àñòèííi ïîõiäíi îáìåæåíi
â G ñòàëîþ σ1;

3) ων ∈ Cm[0, L] i âèçíà÷íèê Âðîíñüêî-
ãî V (τ), ïîáóäîâàíèé çà ñèñòåìîþ ôóíêöié{
ω1(τ), . . . , ωm(τ)

}
, âiäìiííèé âiä íóëÿ ïðè

τ ∈ [0, L].
Ïðè âèêîíàííi öèõ óìîâ, ÿê ïîêàçàíî â

ðîáîòi [8],

∥x(τ, x0, φ0ε)− x(τ, x0, ε)∥+
+ ∥φ(τ, x0, φ0, ε)− φ(τ, x0, φ0, ε)∥ ≤ c1ε

α, (8)

äå ñòàëà c1 > 0 i íå çàëåæèòü âiä ε.
Ââåäåìî ïîçíà÷åííÿ y(ε) = x(0, x0, φ0, ε),

ψ(ε) = φ(0, x0, φ0, ε) é àíàëîãi÷íi ïîçíà÷åí-
íÿ äëÿ ïî÷àòêîâèõ óìîâ ðîçâ'ÿçêiâ óñåðåäíå-
íî¨ ñèñòåìè.

Ïîêàæåìî, ùî äëÿ ïîõiäíî¨ çà ïî÷àòêîâè-
ìè óìîâàìè ψ âiäõèëåííÿ ðîçâ'ÿçêiâ ñèñòåì
ðiâíÿíü (6) i (7) âèêîíó¹òüñÿ îöiíêà, àíàëî-
ãi÷íà (8).
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Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè
1)�3) i ïðè q = 1∑
∥k∥≠0

(
∥k∥q

[
sup
G1

∥Bk∥+
1

∥k∥

(
sup
G1

∥∥∥∥∂Bk

∂τ

∥∥∥∥+
+ sup

G1

∥∥∥∥∂Bk

∂x

∥∥∥∥+ sup
G1

∥∥∥∥∂Bk

∂x∆

∥∥∥∥)]) ≤ σ2, (9)∑
1≤∥k∥+∥l∥≤N

[
(∥k∥+ ∥l∥) sup

G1

∥Akl∥+

+ sup
G1

∥∥∥∥∂Akl∂τ

∥∥∥∥+ sup
G1

∥∥∥∥∂Akl∂x

∥∥∥∥+
+ sup

G1

∥∥∥∥∂Akl∂x∆

∥∥∥∥] ≤ σ2,

äå G1 = [0, L]×D ×D × [0, ε0].
Òîäi iñíó¹ ε1 ∈ (0, ε0] òàêå, ùî äëÿ âñiõ

(τ, ε) ∈ [0, L]× (0, ε1] ïðàâèëüíîþ ¹ îöiíêà∥∥∥∂(x− x)

∂ψ

∥∥∥+ ∥∥∥∂(φ− φ)

∂ψ

∥∥∥ ≤ c2ε
α. (10)

Äîâåäåííÿ. Iç ñèñòåì ðiâíÿíü (6) i (7)
îäåðæèìî
∂(x− x)

∂ψ
=

τ∫
0

[∂A
∂x

∂(x− x)

∂ψ
+

+
∂A

∂x∆

∂(x∆ − x∆)

∂ψ
+
∂A

∂φ

∂(φ− φ)

∂ψ
+

+
∂A

∂φ∆

∂(φ∆ − φ∆)

∂ψ
+
∂(ÃN +RN)

∂φ

∂φ

∂ψ
+

+
∂(ÃN +RN)

∂φ∆

∂φ∆

∂ψ

]
ds,

∂(φ− φ)

∂ψ
=

τ∫
0

[∂B
∂x

∂(x− x)

∂ψ
+

+
∂B

∂x∆

∂(x∆ − x∆)

∂ψ
+
∂B

∂φ

∂(φ− φ)

∂ψ
+

+
∂B

∂φ

∂φ

∂ψ

]
ds,

äå ÃN =
∑

1≤∥k∥+∥l∥≤N

Akl(τ, x, x∆, ε)×

× exp
{
i(k, φ) + i(l, φ∆)

}
,

RN =
∑

∥k∥+∥l∥>N

Akl(τ, x, x∆, ε)×

× exp
{
i(k, φ) + i(l, φ∆)

}
,

öiëå N áóäå âèçíà÷åíî íèæ÷å.
Iç äðóãîãî ç ðiâíÿíü (7) âèïëèâà¹, ùî

∥∥∥∥∂φ∂ψ
∥∥∥∥ =

∥∥∥∥∂φ∆

∂ψ

∥∥∥∥ = 1.

Íåõàé η(τ, y, ψ, ε) :=

:=

∥∥∥∥∂(x− x)

∂ψ

∥∥∥∥+ ∥∥∥∥∂(φ− φ)

∂ψ

∥∥∥∥. Òîäi
η(τ, y, ψ, ε) ≤ 2σ1

τ∫
0

(
η(s, y, ψ, ε)+

+ η(s− ε∆, y, ψ, ε)
)
ds+

+
∑

1≤∥k∥+∥l∥≤N

∥∥∥∥∥
τ∫

0

Akl(s, x, x∆, ε)(k + l)×

× exp
{
i(k, φ) + i(l, φ∆)

}
ds

∥∥∥∥∥+ (11)

+
∑

∥k∥+∥l∥>N

τ∫
0

∥Akl(s, x, x∆, ε)∥(∥k∥+ ∥l∥)ds+

+
∑
∥k∥≠0

τ∫
0

∥Bk(s, x, x∆, ε)k exp
{
i(k, φ)

}
∥ds.

×åðåç Sν , ν = 1, 2, 3 ïîçíà÷èìî âiäïîâiäíî
òðè îñòàííi äîäàíêè ó ïðàâié ÷àñòèíi íåðiâ-
íîñòi (11).

Äëÿ îöiíêè S1 çàñòîñó¹ìî îöiíêó îñöèëÿ-
öiéíîãî iíòåãðàëà [15]∥∥∥∥

τ∫
0

bkl(s, ε) exp

{
i

ε

s∫
0

γkl(z)dz

}
ds

∥∥∥∥ ≤ σ3ε
α×

×
(
sup
G2

∥bkl(τ, ε)∥+
1

∥k + l∥
sup
G2

∥∥∥∥dbkl(τ, ε)dτ

∥∥∥∥),
äå ε ∈ (0, ε1], ε1 ≤ ε0, G2 = [0, L] × (0, ε0],
σ3 > 0 i íå çàëåæèòü âiä k, l, τ i ε,
bkl(τ, ε) = Akl(τ, x, x∆, ε)(k + l)×

× exp

{
i(k, φ) + i(l, φ∆) − i

ε

τ∫
0

γkl(z)dz

}
.

Îòðèìà¹ìî: S1 ≤ (1 + σ1)σ2σ3ε
α.

Óìîâè 2) ãëàäêîñòi ôóíêöi¨ A çàáåçïå÷ó-
þòü âèêîíàííÿ íåðiâíîñòåé â îáëàñòi G1∑

∥p∥>N

∥Ap(s, x, x∆, ε)∥(∥k∥+ ∥l∥) ≤
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≤
∑

∥p∥>N

σ1(2m)d2∥p∥1−d2 ≤ σ12
2m+d2md2×

×
∞∑

r=N+1

r2m−d2 ≤ σ12
2m+d2md2

∞∫
N

z2m−d2dz =

=
σ12

2m+d2md2

d2 − 2m+ 1
N2m−d2+1,

äå p =col[k, l]. Ïðè äîâåäåííi ìè ñêîðèñòà-
ëèñü òèì, ùî êiëüêiñòü 2m-âèìiðíèõ âåêòî-
ðiâ iç öiëî÷èñåëüíèìè êîîðäèíàòàìè, íîðìà
ÿêèõ äîðiâíþ¹ r, íå ïåðåâèùó¹ 22mr2m−1.

ßêùî N ≥ εα/(2m−d2+1), òî S2 ≤ c3Lε
α,

c3 =
22m+d2md2σ1
d2 − 2m+ 1

.

Íåðiâíiñòü S3 ≤ (1+σ1)σ2σ3ε
α îòðèìà¹ìî

ç îöiíêè îñöèëÿöiéíîãî iíòåãðàëà [6]:∥∥∥∥
τ∫

0

fk(s, ε) exp

{
i

ε

s∫
0

(k, ω(z))dz

}
ds

∥∥∥∥ ≤ σ3ε
α×

×
(
sup
G2

∥fk(τ, ε)∥+
1

∥k∥
sup
G2

∥∥∥∥dfk(τ, ε)dτ

∥∥∥∥),
äå ε ∈ (0, ε1], fk(τ, ε) = Bk(τ, x, x∆, ε)k×

× exp

{
i(k, φ)− i

ε

τ∫
0

(k, ω(z))dz

}
.

Îòæå,

η(τ, y, ψ, ε) ≤ (c3L+ 2(1 + σ1)σ2σ3)ε
α+

+ 2σ1

τ∫
0

(η(s, y, ψ, ε) + η(s− ε∆, y, ψ, ε))ds,

ïðè 0 ≤ τ ≤ L, y ∈ D, ψ ∈ Rm, 0 < ε ≤ ε1.
Êîðèñòóþ÷èñü ëåìîþ 1, îäåðæèìî îöiíêó

(10), äå c2 = eδLmax(c0, c3L+ 2(1 + σ1)σ2σ3),
δ � äîäàòíèé êîðiíü ðiâíÿííÿ δ = 2σ1(1+
+e−δε∆).

Àíàëîãi÷íà îöiíêà ïðàâèëüíà i äëÿ ïîõi-
äíî¨ ïî y, íàäàëi ââàæàòèìåìî, ùî ç òèì æå
êîåôiöi¹íòîì c2.
3. Êðàéîâà çàäà÷à. Çàäàìî äëÿ ñèñòåìè

ðiâíÿíü (6) êðàéîâi óìîâè:

x(τ, ε) = x0(τ, ε), φ(τ, ε) = φ0(τ, ε),

τ ∈ [−ε∆, 0];
(12)

Pφ|τ=0 +Qφ|τ=L = f(x|τ=0, x|τ=L, ε), (13)

äå P iQ � çàäàíi ìàòðèöi ïîðÿäêóm, âåêòîð-
ôóíêöiÿ f âèçíà÷åíà â îáëàñòiD×D×(0, ε1].

Îá ðóíòó¹ìî ìåòîä óñåðåäíåííÿ äëÿ êðà-
éîâî¨ çàäà÷i (6), (12), (13), ÿêùî êðàéîâi
óìîâè äëÿ óñåðåäíåíî¨ ñèñòåìè (7) ìàþòü
âèãëÿä (12), (13).
Òåîðåìà 2. Íåõàé:
1) âèêîíóþòüñÿ óìîâè 1)�3) ïóíêòó 2 i

ïðè q = 0 âèêîíó¹òüñÿ íåðiâíiñòü (9);
2) äëÿ êîæíîãî ε ∈ (0, ε1] iñíó¹ ¹äèíèé

ðîçâ'ÿçîê
{
x(τ, x0, ε), φ(τ, x0, ψ, ε)

}
óñåðåäíå-

íî¨ çàäà÷i (7), êîìïîíåíòà ÿêîãî x ëåæèòü
â D ðàçîì ç ρ-îêîëîì;

3) â îáëàñòi D ×D × (0, ε1] ôóíêöi¨ fν =
= fν(u, v, ε), ν = 1, . . . ,m, äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíi çà u, v i îäèí ðàç çà ε òà
îáìåæåíi ðàçîì ç ïåðøèìè i äðóãèìè ïîõiä-
íèìè ñòàëîþ σ4;

4) det(P +Q) ̸= 0.
Òîäi iñíó¹ ε3 ∈ (0, ε1] i ñòàëà c4 > 0 òàêi,

ùî ∀ε ∈ (0, ε3] iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i
(6), (12), (13) i ∀(τ, ε) ∈ [0, L] × (0, ε3] ïðà-
âèëüíà îöiíêà

∥x(τ, x0, φ0, ε)− x(τ, x0, ε)∥+
+ ∥φ(τ, x0, φ0, ε)− φ(τ, x0, ψ, ε)∥ ≤ c4ε

α. (14)

Äîâåäåííÿ. Çíàéäåìî ξ = ξ(x0, ε)
òàêå, ùîá äëÿ ψ = ψ + ξ ðîçâ'ÿ-
çîê

{
x(τ, x0, φ0, ε), φ(τ, x0, φ0, ε)

}
çàäîâîëü-

íÿâ óìîâó (13).
Iç äðóãîãî ç ðiâíÿíü (7) âèïëèâà¹, ùî

∥φ(τ, x0, ψ + ξ, ε)− φ(τ, x0, ψ, ε)∥ ≤ ∥ξ∥+

+

τ∫
0

(
sup
G2

∥∥∥∥∂B0

∂x

∥∥∥∥∥x(s, x0, ε)− x(s, x0, ε)∥+

+ sup
G2

∥∥∥∥∂B0

∂x∆

∥∥∥∥∥x∆(s, x0, ε)− x∆(s, x
0, ε)∥

)
ds ≤

≤ ∥ξ∥+ 2c0σ1ε
α

L∫
0

e2σ1τdτ ≤

≤ ∥ξ∥+ c0(e
2σ1L − 1)εα = ∥ξ∥+ c5ε

α,

äå c5 = c0(e
2σ1L − 1), G2 = [0, L] × D × D×

×(0, ε0].
Íåõàé ∥ξ∥ ≤ c6ε

α, äå c6 áóäå âèçíà÷åíî
íèæ÷å.
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Ïiäñòàâèâøè
{
x(τ, x0, φ0, ε), φ(τ, x0, φ0, ε)

}
â óìîâó (13) îäåðæèìî äëÿ ξ ðiâíÿííÿ

ξ = −(P +Q)−1

{
Q

L∫
0

[
B(s, x, x∆, φ, ε)−

−B0(s, x, x∆, ε)

]
ds+

∂f(u, v, ε)

∂u
(u− u)+

+
∂f(u, v, ε)

∂v
(v − v) +R2(u, v, ε)

}
=: Φ(ξ, ε),

äå u = x(0, y, ψ + ξ, ε), v = x(L, y, ψ + ξ, ε) é
àíàëîãi÷íi ïîçíà÷åííÿ äëÿ u òà v.

Âåêòîð-ôóíêöiþ Φ çàïèøåìî ó âèãëÿäi
Φ(ξ, ε) = −(P +Q)−1×

×
{
Q

L∫
0

[
∂B(s, x, x∆, φ, ε)

∂x
(x− x)+

+
∂B(s, x, x∆, φ, ε)

∂x
(x∆ − x∆)+

+
∂B(s, x, x∆, φ, ε)

∂φ
(φ− φ) + B̃(s, x, x∆, φ, ε)+

+R1(x− x, x∆ − x∆, φ− φ, ε)

]
ds+

+
∂f(u, v, ε)

∂u
(u− u) +

∂f(u, v, ε)

∂v
(v − v)+

+R2(u− u, v − v, ε)

}
.

Âðàõîâóþ÷è îöiíêó (8), îäåðæèìî, ùî ∥R1∥
i ∥R2∥ îáìåæåíi âåëè÷èíîþ c7ε

2α, c7 > 0.

Òîäi ∥Φ∥ ≤ ∥(P + Q)−1∥
{
∥Q∥

[
3Lσ1c1 + (1+

+σ1)σ2σ3

]
+ 2σ4c1 + c7(1 + L∥Q∥)εα)

}
εα ïðè

ε ≤ c1L/(c0∆).

Íåõàé ε2 = min

{
ε1,

c1L

c0∆
,

(
σ4c1

c7(1 + L∥Q∥)

)m}
.

Òîäi ∥Φ∥ ≤ ∥(P + Q)−1∥
{
∥Q∥

[
3Lσ1c1 + (1+

+σ1)σ2σ3

]
+ 3σ4c1

}
εα = c6ε

α ïðè ε ∈ (0, ε2]

i ξ ∈ S, äå S = {ξ : ∥ξ∥ ≤ c6ε
α}. Îòæå,

Φ : S(ξ) → S(ξ) äëÿ âñiõ ε ∈ (0, ε2]. Äàëi
ìà¹ìî
∂Φ

∂ξ
= −(P +Q)−1×

×

{
Q

L∫
0

[
∂B(s, x, x∆, φ, ε)

∂x

∂(x− x)

∂ξ
+

+
∂B(s, x, x∆, φ, ε)

∂x∆

∂(x∆ − x∆)

∂ξ
+

+
∂B(s, x, x∆, φ, ε)

∂φ

∂(φ− φ)

∂ξ
+

+
∂R1(x− x, x∆ − x∆, φ− φ, ε)

∂ξ

]
ds+

+
∂f(u, v, ε)

∂u

∂(u− u)

∂ξ
+
∂f(u, v, ε)

∂v

∂(v − v)

∂ξ
+

+
∂R2(u− u, v − v, ε)

∂ξ

}
.

Íà ïiäñòàâi îöiíîê (8), (10) i, âðàõîâóþ-

÷è, ùî
∥∥∥∂R1

∂ξ

∥∥∥ i ∥∥∥∂R2

∂ξ

∥∥∥ îáìåæåíi âåëè÷èíîþ
c8ε

α, c8 > 0, îäåðæèìî∥∥∥∂Φ
∂ξ

∥∥∥ ≤ ∥(P +Q)−1∥
[
2∥Q∥L(σ1c2 + σ4c2+

+ c8)
]
εα = c9ε

α ≤ 1

2
,

ÿêùî ε3 = min
{
ε2, (2c9)

−m}.
Iç òåîðåìè ïðî ñòèñêàþ÷i âiäîáðàæåííÿ

âèïëèâà¹, ùî iñíó¹ ¹äèíà òî÷êà ξ ∈ S, òîáòî
iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (6),
(12), (13). Êðiì òîãî,

∥x(τ, x0, φ0, ε)− x(τ, x0, ε)∥+
+ ∥φ(τ, x0, φ0, ε)− φ(τ, x0, φ0, ε)∥ ≤
≤ ∥x(τ, x0, φ0, ε)− x(τ, x0, ε)∥+
+ ∥x(τ, x0, ε)− x(τ, x0, ε)∥+
+ ∥φ(τ, x0, φ0, ε)− φ(τ, x0, φ0, ε)∥+
+ ∥φ(τ, x0, φ0, ε)− φ(τ, x0, φ0, ε)∥ ≤
≤ c1ε

α + (c5 + c6)ε
α + c0e

2σ1Lεα = c4ε
α,

äå c4 = c1+c5+c6+c0e
2σ1L. Îäåðæàíà îöiíêà

âèêîíó¹òüñÿ äëÿ âñiõ (τ, ε) ∈ [0, L]× (0, ε3].
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè

òåîðåìè 2, ïðè÷îìó â êðàéîâié óìîâi (13)
ôóíêöiÿ f íå çàëåæèòü âiä ïåðøîãî àðãó-
ìåíòó, òîáòî f = f(v, ε) i ìàòðèöi P = 0,
Q = E. Òîäi iñíó¹ ε4 ∈ (0, ε2] òàêå, ùî äëÿ
âñiõ ε ∈ (0, ε4] ìà¹ ìiñöå îöiíêà∥∥∥∥∂ψ(y, ε)∂y

∥∥∥∥ ≤ 2m

[
σ4

∥∥∥∥∂x(L, y, ε)∂y

∥∥∥∥+
+ c2(1 + σ4)ε

α + 2Lσ1 sup
G1

∥∥∥∥∂x(τ, y, ε)∂y

∥∥∥∥]. (15)
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Äîâåäåííÿ. Äëÿ çíàõîäæåííÿ ψ çàäîâîëü-
íèìî êðàéîâi óìîâè (13), çâiäêè îäåðæèìî
ðiâíÿííÿ
φ(L, y, ψ, ε) = f(x(L, y, ψ, ε), ε) àáî

ψ = f(x(L, y, ψ, ε), ε)− 1

ε

L∫
0

[εB0(s, x, x∆, ε)+

+ ω(s)]ds− φ(L, y, ψ, ε) + φ(L, y, ψ, ε).
Ïðîäèôåðåíöiþâàâøè ïî y, îäåðæèìî:

∂ψ

∂y
=

[
E − ∂f̃(x(L, y, ψ, ε), ε)

∂x

∂x(L, y, ψ, ε)

∂ψ
+

+
∂(φ(L, y, ψ, ε)− φ(L, y, ψ, ε))

∂ψ

]−1

×

×
[
− ∂(φ(L, y, ψ, ε)− φ(L, y, ψ, ε))

∂y
+

+
∂f̃(x(L, y, ψ, ε), ε)

∂x

∂x(L, y, ψ, ε)

∂y
−

−
L∫

0

(
∂B0(s, x, x∆, ε)

∂x

∂x(s, y, ε)

∂y
+

+
∂B0(s, x, x∆, ε)

∂x∆

∂x∆(s, y, ε)

∂y

)
ds

]
,

ç ÿêî¨ âèïëèâà¹ îöiíêà (15) ïðè ε ∈ (0, ε4],
ε4 = min

{
ε2, [2c2(1 + σ4)]

−m} .
4. Îá ðóíòóâàííÿ ìåòîäó óñåðåäíåí-

íÿ íà îñi. Çàïèøåìî äëÿ ñèñòåìè ðiâíÿíü
(6) âiäïîâiäíó óñåðåäíåíó ñèñòåìó ðiâíÿíü
ïåðøîãî íàáëèæåííÿ äëÿ ïîâiëüíèõ çìiííèõ

dx

dτ
= A(τ, x, x∆, 0). (16)

Íàäàëi ïîçíà÷àòèìåìî x(τ ; t, y, ψ, ε),
φ(τ ; t, y, ψ, ε) i x(τ ; t, y, ε), φ(τ ; t, y, ψ, ε) �
ðîçâ'ÿçêè ñèñòåìè (6) i óñåðåäíåíî¨ ñèñòåìè
(7) âiäïîâiäíî, ÿêi ïðè τ = t íàáóâàþòü
çíà÷åíü y i ψ.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi
óìîâè:

10. Ïðè τ ∈ R ñïðàâäæóþòüñÿ óìîâè òåî-
ðåìè 1 i ∀(τ, x, x∆, ε) ∈ R×D×D× [0, ε4] âè-
êîíó¹òüñÿ íåðiâíiñòü äëÿ A(τ, x, x∆, ε) (17).∥∥∥A(τ, x, x∆, ε)− A(τ, x, x∆, 0)

∥∥∥+
+
∥∥∥∂A(τ, x, x∆, ε)

∂x
− ∂A(τ, x, x∆, 0)

∂x

∥∥∥+ (17)

+
∥∥∥∂A(τ, x, x∆, ε)

∂x∆
− ∂A(τ, x, x∆, 0)

∂x∆

∥∥∥ ≤ σ5ε
α,

20. Ïðè τ ∈ R ôóíêöi¨ ω(j−1)
ν (τ), ν = 1,m,

j = 1,m � ðiâíîìiðíî-íåïåðåðâíi, âèçíà÷íèê
Âðîíñüêîãî V [ω1(τ), . . . , ωm(τ)] ̸= 0.

30. Iñíó¹ ðîçâ'ÿçîê x = ξ(τ, ε) óñåðåäíå-
íèõ ðiâíÿíü ïåðøîãî íàáëèæåííÿ (14), ÿêèé
âèçíà÷åíèé ïðè τ ∈ R i ëåæèòü â D ðàçîì ç
ñâî¨ì ρ-îêîëîì.

40. Íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ
Q(τ, t, ε) ðîçâ'ÿçêiâ ðiâíÿííÿ ó âàðiàöiÿõ

dZ

dτ
=

∂

∂x
A(τ, ξ(τ, ε), ξ∆(τ, ε), 0)Z+

+
∂

∂x∆
A(τ, ξ(τ, ε), ξ∆(τ, ε), 0)Z∆

ïðè âñiõ τ ≥ t ∈ R i ε ∈ (0, ε0] çàäîâîëüíÿ¹
îöiíêó ∥Q(τ, t, ε)∥ ≤ Ke−γ(τ−t), (18)

K = const > 1, γ = const > 0.
Äîâåäåìî äîïîìiæíó ëåìó, ÿêÿ áóäå âè-

êîðèñòîâóâàòèñÿ ïðè äîñëiäæåííi ðîçâ'ÿçêó
ñèñòåìè (6) íà îñi.
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè 10−

−40, òîäi iñíóþòü ε5 ∈ (0, ε4] i äîäàòíi ñòà-
ëi c11, c12 òà c13, òàêi, ùî äëÿ âñiõ τ > t,
ε ∈ (0, ε5] i ∥y∥ ≤ σ6(4c11)

−1 ïðàâèëüíi íåðiâ-
íîñòi

∥x(τ ; t, y + ξ(t, ε), ε)− ξ(τ, ε)∥ ≤

≤
(
∥y∥e−γ(τ−t) + c12ε

α
)
c11,

(19)∥∥∥∥ ∂∂yx(τ ; t, y + ξ(t, ε), ε)

∥∥∥∥ ≤ 2Ke−γ(τ−t)+c13 , (20)

Äîâåäåííÿ. Ââåäåìî ôóíêöiþ z(τ ; t, y+
+ξ(t, ε), ε) = x(τ ; t, y + ξ(t, ε), ε)− ξ(τ, ε),
ïðè÷îìó ∥z(τ ; t, y + ξ(t, ε), ε)∥ ≤ c10ε

α ïðè
t−∆ ≤ τ ≤ t. Âèäiëèâøè ëiíiéíó ÷àñòèíó â
ðiâíÿííi äëÿ ôóíêöi¨ z(τ ; t, y + ξ(t, ε), ε), íà
ïiäñòàâi iíòåãðàëüíîãî çîáðàæåííÿ ðîçâ'ÿç-
êó [16] òà íåðiâíîñòi (18) íà äåÿêîìó íàïiâ-
iíòåðâàëi [t, T1) äiñòàíåìî îöiíêó

∥z(τ ; t, y + ξ(t, ε), ε)∥ ≤ K∥y∥e−γ(τ−t)+

+

τ∫
t

Ke−γ(τ−l)
(
εασ5+

+ n2σ5

(
∥z2(l; t, y + ξ(t, ε), ε)∥+

+ ∥z2∆(l; t, y + ξ(t, ε), ε)∥
))
dl.

Íåõàé íà ìàêñèìàëüíîìó ïiâiíòåðâàëi
[t, T ), T ≥ T1 âèêîíó¹òüñÿ íåðiâíiñòü
∥z(τ ; t, y + ξ(t), ε)∥ < σ6. Òîäi:
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∥z(τ ; t, y + ξ(t, ε), ε)∥ ≤ K∥y∥e−γ(τ−t)+

+

τ∫
t

Ke−γ(τ−l)
(
εασ5+

+ n2σ5σ6

(
∥z(l; t, y + ξ(t, ε), ε)∥+

+ ∥z∆(l; t, y + ξ(t, ε), ε)∥
))
dl.

Íà ïiäñòàâi iíòåãðàëüíî¨ íåðiâíîñòi, íàâå-
äåíî¨ â ïðàöi [17, ñ.149], ïðè τ ∈ [t, T ) áóäåìî
ìàòè:

∥z(τ ; t, y + ξ(t, ε), ε)∥ ≤

≤
(
∥y∥e−γ(τ−t) + c12ε

α
)
c11,

(21)

äå c11 = K exp{2Kn2σ5σ6γ
−1},

c12 = σ5(1 + n2σ6c10)γ
−1.

Îñêiëüêè
(
∥y∥ + c12ε

α
)
c11 ≤ 3

4
σ6 ïðè ε ≤

ε5, ε5 =

(
σ6

2c11c12

)m
, i ∥y∥ ≤ σ6

4c11
, òî (21)

âèêîíó¹òüñÿ ïðè τ ∈ [t,∞). Îòæå, íåðiâíiñòü
(19) äîâåäåíî.

Iç ïåðøîãî ç ðiâíÿíü (7) çíàõîäèìî

∂

∂y
x(τ ; t, y + ξ(t, ε), ε) = Q(t, t, ε)+

+

τ∫
t

Q(τ, l, ε)

{[
∂

∂x
A(τ, x, x∆, ε)−

− ∂

∂x
A(τ, ξ, ξ∆, 0)

]
∂

∂y
x(l; t, y + ξ(t, ε), ε)+

+

[
∂

∂x∆
A(τ, x, x∆, ε)−

∂

∂x∆
A(τ, ξ, ξ∆, 0)

]
×

× ∂

∂y
x∆(l; t, y + ξ(t, ε), ε)

}
dl.

Íà ïiäñòàâi óìîâ ëåìè îäåðæèìî íàñòóïíó
íåðiâíiñòü∥∥∥ ∂
∂y
x(τ ; t, y + ξ(t, ε), ε)

∥∥∥ ≤ Ke−γ(τ−t)+

+K
(
σ5ε

α + n2σ5
(
∥z(τ ; t, y + ξ(t, ε), ε)∥+

+ ∥z∆(τ ; t, y + ξ(t, ε), ε)∥
))

×

×
τ∫
t

e−γ(τ−l)
(∥∥∥ ∂

∂y
x(l; t, y + ξ(t, ε), ε)

∥∥∥+
+
∥∥∥ ∂
∂y
x∆(l; t, y + ξ(t, ε), ε)

∥∥∥)dl.
Âðàõóâàâøè îöiíêó (18), îäåðæèìî:∥∥∥ ∂
∂y
x(τ ; t, y + ξ(t, ε), ε)

∥∥∥ ≤ Ke−γ(τ−t)+

+Kσ5

(
εα(1 + 2n2c11c12) + 2n2c11∥y∥

)
×

τ∫
t

e−γ(τ−l)
(∥∥∥ ∂

∂y
x(l; t, y + ξ(t, ε), ε)

∥∥∥+
+
∥∥∥ ∂
∂y
x∆(l; t, y + ξ(t, ε), ε)

∥∥∥)dl.
Íà ïiäñòàâi iíòåãðàëüíî¨ íåðiâíîñòi [17,

ñ.149], ìàòèìåìî:∥∥∥ ∂
∂y
x(τ ; t, y + ξ(t, ε), ε)

∥∥∥ ≤
(
Ke−γ(τ−t) +

c10
γ
×

×Kσ5
(
εα(1 + 2n2c11c12) + 2n2c11∥y∥

)
εα
)
×

× exp
{
2K

σ5
γ

(
εα(1 + 2n2c11c12) + 2n2c11∥y∥

)}
≤

≤ 2Ke−γ(τ−t)+c13 .

Òóò σ6 = min

{
1

2
ρ;

2√
c10σ5(2n2(σ5 + 2) + γ)

}
,

c13 =
Kσ5σ6

2

(
3n2 +

1

c11c12

)
, τ ≥ t, ε ≤ ε5,

∥y∥ ≤ σ6
4c11

. Ëåìó äîâåäåíî.

Îöiíêà (19) i îáìåæåííÿ íà ε òà y äîç-
âîëÿþòü ñòâåðäæóâàòè, ùî ïîâiëüíi çìiííi
x(τ ; t, y+ξ(t), ε) êîæíîãî ðîçâ'ÿçêó óñåðåäíå-
íèõ ðiâíÿíü (7) ëåæàòü â D ðàçîì iç ñâî¨ì
1

2
ρ-îêîëîì ïðè τ ≥ t.

Òîäi, âèêîðèñòîâóþ÷è îöiíêè (8) i (10)
äëÿ ôóíêöi¨

U =
{
x(τ ; t, y + ξ(t, ε), ε)− x(τ ; t, y + ξ(t, ε), ε),

φ(τ ; t, y + ξ(t, ε), ε)− φ(τ ; t, y + ξ(t, ε), ε)
}

çàïèñó¹ìî íåðiâíiñòü

∥U∥+
∥∥∥∥ ∂∂yU

∥∥∥∥+ ∥∥∥∥ ∂∂ψU
∥∥∥∥ ≤ σ7ε

α (22)

äëÿ âñiõ τ ∈ [t, t + L], ∥y∥ ≤ σ6(4c11)
−1, ε ∈

∈ (0, ε5], ψ ∈ Rm çi ñòàëîþ σ7, ÿêà çàëåæèòü
âiä L, àëå íå çàëåæèòü âiä t, y, ψ, ε.
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Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìî-
âè 10 − 40. Òîäi iñíó¹ ε6 ∈ (0, ε5], òàêå,
ùî äëÿ êîæíèõ (ψ, ε) ∈ Rm × (0, ε5] çíàé-
äåòüñÿ òî÷êà x0(ψ, ε) ∈ D, ùî ðîçâ'ÿçîê{
x(τ ; 0, x0(ψ, ε), ψ, ε), φ(τ ; 0, x0(ψ, ε), ψ, ε)

}
ñèñòåìè (6) âèçíà÷åíèé ïðè τ ∈ R i çàäî-
âîëüíÿ¹ íåðiâíiñòü

∥x(τ ; 0, x0(ψ, ε), ψ, ε)− ξ(τ, ε)∥ ≤ σ8ε
α, (23)

çi ñòàëîþ σ8, íå çàëåæíîþ âiä ψ, ε.
Äîâåäåííÿ. Ñêîðèñòà¹ìîñü ìåòîäèêîþ

ðîáîòè [12]. Íåõàé L = ln(16mK)/γ + c13 i
∥y∥ ≤ 16mKσ7c

−1
11 ε

α. Iç íåðiâíîñòåé (19) i
(20) âèïëèâàþòü îöiíêè

∥x(τ ; t, y + ξ(t, ε), ε)− ξ(τ, ε)∥ ≤

≤
[
16mKσ7
c11

e−γ(τ−t) + c12

]
c11ε

α, τ ≥ t, (24)∥∥∥∥ ∂∂yx(τ ; t, y + ξ(t, ε), ε)

∥∥∥∥ ≤ 1

8m
, τ ≥ t+ L.

Çàôiêñó¹ìî äîâiëüíå ψ ∈ Rm i çàäàìî êðà-
éîâi óìîâè

x(s, ε) = y + ξ(s, ε), s ∈ [−L− ε∆,−L];
φ(s, ε) = φ(s, ε), s ∈ [−L− ε∆,−L),
φ|τ=0 = ψ.

(25)

Çãiäíî ç òåîðåìîþ 2 iñíó¹ ¹äèíèé ðîçâ'ÿçîê

x(τ ;−L, y + ξ(−L, ε), ψ(1), ε),

φ(τ ;−L, y + ξ(−L, ε), ψ(1), ε),

ψ(1) = ψ(1)(y+ξ(−L, ε), ψ, ε), êðàéîâî¨ çàäà÷i
(6), (25), ïîâiëüíi çìiííi ÿêîãî ç óðàõóâàí-
íÿì (22), (24) çàäîâîëüíÿþòü óìîâè

∥x(τ ;−L, y + ξ(−L, ε), ψ(1), ε)− ξ(τ, ε)∥ ≤
≤ ∥x(τ ;−L, y + ξ(−L, ε), ψ(1), ε)−
− x(τ ;−L, y + ξ(−L, ε), ψ(1), ε)∥+ (26)

+ ∥x(τ ;−L, y + ξ(−L, ε), ψ(1), ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα

äëÿ âñiõ τ ∈ [−L, 0) i

∥x(0;−L, y + ξ(−L, ε), ψ(1), ε)− ξ(0, ε)∥ ≤
≤
(
σ7(1 + 16mKe−γL) + c11c12

)
εα ≤ (27)

≤
(
2σ7 + c12c11

)
εα.

Çàçíà÷èìî, ùî ïðè ε ∈ (0, ε6], ε6 =
= min{(8mσ7)−m; (2σ7(1+σ4))−m} äëÿ ôóíê-
öi¨ ψ(1) = ψ(1)(y + ξ(−L, ε), ψ, ε) âèêîíó¹òüñÿ
íåðiâíiñòü (15):∥∥∥∥ ∂∂yψ(1)

∥∥∥∥ ≤ 2m
[
4LKσ1e

c13 + σ7ε
α
]
<

< 2m

[
4LKσ1e

c13 + σ7ε
α(1 + σ4) +

σ4
8m

]
≤

≤ σ4 = 16mLKσ1e
c13 +

1

2
. (28)

Ðîçãëÿíåìî òåïåð êðàéîâi óìîâè

x(s, ε) = y + ξ(s, ε), s ∈ [−2L− ε∆,−2L];

φ(s, ε) = φ(s, ε), s ∈ [−2L− ε∆,−2L),

φ|τ=−L = ψ(1)(x|τ=−L, ψ, ε).

(29)

Àíàëîãi÷íî, ÿê i âèùå, iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê

x(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε),

φ(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε),

ψ(2) = ψ(2)(y + ξ(−2L, ε), ψ, ε), êðàéîâî¨ çà-
äà÷i (6), (29), äëÿ ÿêîãî ñïðàâåäëèâi îöiíêè

∥x(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα, τ ∈ [−2L,−L),

∥x(−L;−2L, y + ξ(−2L, ε), ψ(2), ε)− (30)

− ξ(−L, ε)∥ ≤
(
2σ7 + c12c11

)
εα.

Îöiíèìî äàëi
∂ψ(2)

∂y
. Âðàõîâóþ÷è íåðiâíîñòi

(15), (22), (24) i (28), îòðèìó¹ìî íåðiâíiñòü∥∥∥∥ ∂∂yψ(2)

∥∥∥∥ ≤ 2m

[
4LKσ1e

c13 + σ7ε
α(1 + σ4)+

+
σ4
8m

]
≤ σ4 ïðè ε ≤ ε6.

Îá'¹äíàâøè (26), (27) i (30), îäåðæèìî,
ùî

x(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε),

φ(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε),

¹ ðîçâ'ÿçêîì ñèñòåìè (6) ïðè τ ∈ [−2L, 0],
çàäîâîëüíÿ¹ êðàéîâi óìîâè

x(s, ε) = y + ξ(s, ε), s ∈ [−2L− ε∆,−2L];

φ(s, ε) = φ(s, ε), s ∈ [−2L− ε∆,−2L),

φ(0;−2L, y + ξ(−2L, ε), ψ(2), ε) = ψ.
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i íåðiâíîñòi

∥x(τ ;−2L, y + ξ(−2L, ε), ψ(2), ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα, τ ∈ [−2L, 0),

∥x(0;−2L, y + ξ(−2L, ε), ψ(2), ε)−
− ξ(0, ε)∥ ≤

(
2σ7 + c12c11

)
εα.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ äëÿ äîâiëü-
íîãî öiëîãî r > 2 i τ ∈ [−rL,−(r − 1)L] çíà-
õîäèìî ðîçâ'ÿçîê

x(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε),

φ(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε),

ðiâíÿíü (6), ÿêèé ñïðàâäæó¹ êðàéîâi óìîâè

x(s, ε) = y + ξ(s, ε), s ∈ [−rL− ε∆,−rL];
φ(s, ε) = φ(s, ε), s ∈ [−rL− ε∆,−rL),
φ|τ=−(r−1)L = ψ(r−1)(x|τ=−(r−1)L, ψ, ε).

i íåðiâíîñòi

∥x(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα,

τ ∈ [−rL,−(r − 1)L),

∥x(−(r − 1)L;−rL, y + ξ(−rL, ε), ψ(r), ε)−
− ξ(−(r − 1)L, ε)∥ ≤

(
2σ7 + c12c11

)
εα,∥∥∥∥ ∂∂yψ(r)(y + ξ(−rL), ψ, ε)

∥∥∥∥ ≤ σ4.

Òàêèì ÷èíîì,

x(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε),

φ(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε),

¹ ðîçâ'ÿçêîì ñèñòåìè (6) äëÿ âñiõ
τ ∈ [−rL, 0], ïðè÷îìó

∥x(τ ;−rL, y + ξ(−rL, ε), ψ(r), ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα, τ ∈ [−rL, 0),

∥x(0;−rL, y + ξ(−rL, ε), ψ(r), ε)− ξ(0, ε)∥ ≤
≤
(
2σ7 + c12c11

)
εα, (31)

φ(0;−rL, y + ξ(−rL, ε), ψ(r), ε) = ψ.

Çàôiêñó¹ìî äîâiëüíå y ∈ D, ∥y∥ ≤ 16mK×
×σ7c−1

11 ε
α i ðîçãëÿíåìî ïîñëiäîâíiñòü{

x(0;−rL, y + ξ(−rL, ε),
ψ(r)(y + ξ(−rL, ε), ψ, ε), ε

}∞
r=1

=
{
x(r)(ψ, ε)

}∞
r=1

.

Íà ïiäñòàâi ðiâíîìiðíî¨ îáìåæåíîñòi íîð-
ìè êîæíîãî åëåìåíòà âêàçàíî¨ ïîñëiäîâíîñòi
÷èñëîì ∥ξ(0, ε)∥+

(
2σ7+c12c11

)
εα ç íå¨ ìîæíà

âèäiëèòè çáiæíó ïiäïîñëiäîâíiñòü{
x(rj)(ψ, ε)

}∞
j=1
, rj = rj(ψ, ε),

lim
j→∞

x(rj)(ψ, ε) = x0(ψ, ε),

∥x0(ψ, ε)− ξ(0, ε)∥ ≤
(
2σ7 + c12c11

)
εα.

Ïîêàæåìî, ùî ðîçâ'ÿçîê
x(τ ; 0, x0(ψ, ε), ψ, ε), φ(τ ; 0, x0(ψ, ε), ψ, ε) ñèñ-
òåìè (6) âèçíà÷åíèé äëÿ âñiõ τ ∈ (−∞, 0] i

∥x(τ ; 0, x0(ψ, ε), ψ, ε)− ξ(τ, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα.

Íåõàé öå íå òàê, òîáòî

∥x(τ0; 0, x0(ψ, ε), ψ, ε)− ξ(τ0, ε)∥ >
>
(
σ7(1 + 16mK) + c12c11

)
εα

(32)

ïðè äåÿêîìó τ0 < 0. Âðàõîâóþ÷è, ùî

x
(
τ ;−rL, y + ξ(−rL, ε),

ψ(r)(y + ξ(−rL, ε), ψ, ε), ε
)
=

= x(τ ; 0, x(r)(ψ, ε), ψ, ε)

äëÿ âñiõ τ ∈ [−rL, 0], iç (31) ïðè rjL > τ0
ìà¹ìî

∥x(τ0; 0, x(rj)(ψ, ε), ψ, ε)− ξ(τ0, ε)∥ ≤
≤
(
σ7(1 + 16mK) + c12c11

)
εα.

(33)

Âèêîðèñòîâóþ÷è íåïåðåðâíó çàëåæíiñòü
ðîçâ'ÿçêó âiä ïî÷àòêîâèõ äàíèõ i ïåðåõîäÿ-
÷è â (33) äî ãðàíèöi ïðè j → ∞, îòðèìó¹ìî
ïðîòèòèði÷÷ÿ ç (32).

Ïðè τ ∈ [0,∞) ìåòîä óñåðåäíåííÿ îá-
 ðóíòîâà íèé â ðîáîòi [18], ÿêùî âèêîíó¹òü-

ñÿ íåðiâíiñòü (19). Îáìåæåííÿ σ8ε
α ≤ 1

2
ρ,

σ8 =
(
σ7(1 + 16mK) + c12c11

)
, ÿêå ãàðàíòó¹,

ùî êðèâà x = xτ (0, x
0(ψ, ε), ψ, ε) ëåæèòü â D

äëÿ âñiõ τ ∈ R, çàâåðøó¹ äîâåäåííÿ òåîðåìè.
Çàóâàæåííÿ 1. Íåðiâíiñòü (23), ÿê i â

ïðàöi [6], ìîæíà iíòåðïðåòóâàòè ÿê îöií-
êó ïîõèáêè ìåòîäó óñåðåäíåííÿ íà âñié îñi
ïðè óìîâi, ùî â ïî÷àòêîâèé ìîìåíò ïîâiëü-
íi çìiííi íàáóâàþòü çíà÷åííÿ x0(ψ, ε).
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Çàóâàæåííÿ 2. Òåîðåìè 1�3 óçàãàëüíþ-
þòüñÿ i íà âèïàäîê, êîëè â ñèñòåìi (6) çìiííi
x i φ çàëåæàòü âiä äîâiëüíî¨ êiëüêîñòi çàïi-
çíåíü ∆ν , ν = 1, . . . , r. Ïðè öüîìó óñêëàäíþ-
þòüñÿ óñåðåäíåíà ñèñòåìà (7) i óìîâà (9).
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