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Ðîçãëÿíóòî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ äëÿ âèðîäæåíî¨ íàïiâëiíiéíî¨ ãiïåðáîëi÷íî¨
ñèñòåìè íàâàíòàæåíèõ ðiâíÿíü â ïiâñìóçi, ïðè÷îìó ñèñòåìà ìà¹ ãîðèçîíòàëüíi, âåðòèêàëüíi
i ïîõèëi õàðàêòåðèñòèêè. Çà äîïîìîãîþ ìåòîäó õàðàêòåðèñòèê i ïðèíöèïó ñòèñêóþ÷èõ âiä-
îáðàæåíü îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ãëîáàëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó ãiïåð-
áîëi÷íî¨ ìiøàíî¨ çàäà÷i. Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü ñïðÿæåíî¨ íàïiâëiíiéíî¨ ãiïåðáîëi-
÷íî¨ ñèñòåìè áåç ïî÷àòêîâèõ óìîâ. Âèâåäåíî íåîáõiäíi óìîâè îïòèìàëüíîñòi äëÿ íåïåðåðâíî-
äèôåðåíöiéîâàíèõ êåðóâàíü â ïî÷àòêîâèõ i êðàéîâèõ óìîâàõ.

We consider a control problem for a degenerated semilinear hyperbolic system of loaded equati-
ons in a half-strip. The system of equations under consideration has horizontal, vertical and sloping
characteristics. Applying the method of characteristics and the principle of contractive mappings
we �nd conditions for global generalized solvability of the hyperbolic problem. A necessary opti-
mality conditions for smooth boundary and initial controls in optimal control problem for loaded
semilinear hyperbolic system of the �rst order equations are deduced.

1. Âñòóï. Ðîçâèòîê òåîði¨ îïòèìàëü-
íîãî êåðóâàííÿ ðîçïî÷àâñÿ äëÿ ïðîöåñiâ,
ÿêi ìîæíà îïèñàòè çâè÷àéíèìè äèôåðåí-
öiàëüíèìè ðiâíÿííÿìè [1]. Çàäà÷i îïòèìàëü-
íîãî êåðóâàííÿ îõîïëþþòü, çîêðåìà, äèôå-
ðåíöiàëüíi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-
ìè [2]�[4], ñòîõàñòè÷íi äèôåðåíöiàëüíi ðiâ-
íÿííÿ [5], çàäà÷i Ñòåôàíà (êåðóâàííÿ ôàçî-
âèì ïåðåõîäîì ç íåâiäîìîþ ìåæåþ) [6].

Êåðóâàííÿ êîëèâíèìè ãiïåðáîëi÷íèìè
ñèñòåìàìè çóñòði÷àþòüñÿ â áàãàòüîõ ìàòåìà-
òè÷íèõ ìîäåëÿõ ìåõàíiêè, òåõíiêè, åêîíîìi-
÷íèõ òà áiîõiìi÷íèõ ïðîöåñiâ òîùî [3]�[7].

Ó öié ðîáîòi çàïðîïîíîâàíî äîñëiäæåííÿ
çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ãiïåðáîëi-
÷íîþ ñèñòåìîþ íàâàíòàæåíèõ ðiâíÿíü ç ÷à-
ñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ç äâî-
ìà íåçàëåæíèìè çìiííèìè, â ÿêó òàêîæ âõî-
äÿòü ðiâíÿííÿ ç îðòîãîíàëüíèìè (âèðîäæå-
íèìè) õàðàêòåðèñòèêàìè, íàÿâíiñòü ÿêèõ
îïèñó¹ ïîøèðåííÿ ó ôiçè÷íîìó ñåðåäîâèùi
øâèäêèõ çáóðåíü (åëåêòðè÷íèõ, åëåêòðîìà-
ãíiòíèõ òîùî) [7].

Îðòîãîíàëüíiñòü õàðàêòåðèñòèê âèìàãà¹
äîñëiäæåííÿ ãëîáàëüíî¨ ðîçâ'ÿçíîñòi âèõi-
äíî¨ çàäà÷i çà îáèäâîìà çìiííèìè. Îêðiì äî-
âåäåííÿ ãëîáàëüíî¨ óçàãàëüíåíî¨ (íåïåðåðâ-

íî¨) ðîçâ'ÿçíîñòi çàäà÷i, íàÿâíiñòü êåðóâà-
ííÿ â ïî÷àòêîâèõ i êðàéîâèõ óìîâàõ ïðè-
çâîäèòü äî ñïðÿæåíî¨ çàäà÷i áåç ïî÷àòêî-
âèõ óìîâ ç âåðòèêàëüíèìè õàðàêòåðèñòèêà-
ìè äëÿ ãiïåðáîëi÷íî¨ ñèñòåìè ðiâíÿíü ïåð-
øîãî ïîðÿäêó, òîáòî äî çàäà÷i ç íåñêií÷åí-
íèì ãîðèçîíòîì ïëàíóâàííÿ, ÿêi, çàçâè÷àé,
âèêîðèñòîâóþòü â åêîíîìi÷íié òåîði¨ îïòè-
ìàëüíèõ ïðîöåñiâ [8].

Ó ðîáîòi äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü
ãëîáàëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó ïî÷àò-
êîâî-êðàéîâî¨ çàäà÷i äëÿ âèðîäæåíî¨ îäíî-
âèìiðíî¨ ãiïåðáîëi÷íî¨ ñèñòåìè íàâàíòàæå-
íèõ íàïiâëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó
ç îðòîãîíàëüíèìè õàðàêòåðèñòèêàìè i âñòà-
íîâëåíî íåîáõiäíi óìîâè îïòèìàëüíîñòi äëÿ
çàäà÷i îïòèìàëüíîãî êåðóâàííÿ òàêîþ ñè-
ñòåìîþ ç íåñêií÷åííèì ãîðèçîíòîì ïëàíóâà-
ííÿ. Íàâàíòàæåíi ãiïåðáîëi÷íi ñèñòåìè ðiâ-
íÿíü ìàþòü âàæëèâå çàñòîñóâàííÿ â áàãà-
òüîõ ïðèêëàäíèõ çàäà÷àõ [8]� [12].

2. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi
(x, t) ∈ Π = (0, 1) × (0,+∞) ðîçãëÿíåìî
äåÿêèé ïðîöåñ y = y(x, t), åâîëþöiþ ÿêîãî
â ÷àñi òà ïðîñòîði îïèñó¹ìî íàïiâëiíiéíîþ
ãiïåðáîëi÷íîþ ñèñòåìîþ íàâàíòàæåíèõ ðiâ-
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íÿíü ïåðøîãî ïîðÿäêó

∂yi(x, t)

∂t
+λi(x, t)

∂yi(x, t)

∂x
= fi(y(x, t), x, t)+

+ f 0
i (y(0, t), t) + f 1

i (y(1, t), t), i ∈ Im1 , (1)

∂yi(x, t)

∂t
= fi(y(x, t), x, t) + f 0

i (y(0, t), t)+

+ f 1
i (y(1, t), t), i ∈ Im2 , (2)

∂yi(x, t)

∂x
= fi(y(x, t), x, t) + f 0

i (y(0, t), t)+

+ f 1
i (y(1, t), t), i ∈ Im3 , (3)

äå card(Imj
) = mj (j = 1, 2, 3), y : Π →

Rm1+m2+m3 � âåêòîð-ôóíêöiÿ ðîçâ'ÿçêó, äëÿ
âñiõ i ∈ Im1 ôóíêöi¨ λi = λi(x, t) ïðèéìàþòü
äîäàòíi àáî âiä'¹ìíi çíà÷åííÿ, ïðàâi ÷àñòèíè
ðiâíÿíü (1)�(3) íåëiíiéíi ôóíêöi¨, ïðè÷îìó
äëÿ i /∈ Im3 âîíè íå çàëåæàòü âiä êîìïîíåíò
ðîçâ'ÿçêó yj(0, t), j ∈ I0∪Im2 , yj(1, t), j ∈ I1∪
Im2 òà yj(0, t), j ∈ Im3 , à òàêîæ äëÿ i ∈ Im3

ôóíêöi¨ fi = fi(y(x, t), y(0, t), y(1, t), x, t) íå
çàëåæàòü âiä yj(1, t), j ∈ Im3 . Òóò I = Im1 ∪
Im2 ∪ Im3 , I0 = {i ∈ Im1 |λi(x, t) > 0, (x, t) ∈
Π}, I1 = {i ∈ Im1 |λi(x, t) < 0, (x, t) ∈ Π},
äå card(I) = n, card(I0) = m0, card(I1) =
m1 −m0. Òîáòî, áåç îáìåæåííÿ çàãàëüíîñòi,
äëÿ (1) áóäåìî ââàæàòè, ùî ïåðøi m0 ôóí-
êöié λi(x, t) ¹ äîäàòíiìè, à iíøi (m1 −m0) �
âiä'¹ìíi. Çàçíà÷èìî, ùî âèãëÿä íàïiâëiíié-
íî¨ ãiïåðáîëi÷íî¨ ñèñòåìè (1)�(3) íå îáìåæó¹
çàãàëüíîñòi âèãëÿäó ñèñòåìè, îñêiëüêè îïè-
ðàþ÷èñü íà ðåçóëüòàòè [12, ñ. 22], äîâiëüíó
ãiïåðáîëi÷íó ñèñòåìó íàïiâëiíiéíèõ ðiâíÿíü
ïåðøîãî ïîðÿäêó ç íå äiàãîíàëüíîþ õàðà-
êòåðèñòè÷íîþ ìàòðèöåþ ìîæíà çâåñòè äî
âèãëÿäó (1)�(3).

Äëÿ ñèñòåìè (1)�(3) çàäàìî ïî÷àòêîâî-
êðàéîâi óìîâè

yi(x, 0) = y0i (u
(0)(x), x), x ∈ [0, 1],

i /∈ Im3 , (4)

yi(0, t) = γ0i
(
yk(0, t)k∈I1 , u

(1)(t), t
)
,

t ∈ R+, i ∈ I0, (5)

yi(1, t) = γ1i
(
yk(1, t)k∈I0 , u

(2)(t), t
)
,

t ∈ R+, i ∈ I1, (6)

yi(0, t) = γ0i
(
u(3)(t), t

)
, t ∈ R, i ∈ Im3 . (7)

Òóò u = (u(0), u(1), u(2), u(3)) ∈ U , äå U �
ïðîñòið êåðóâàíü, åëåìåíòè ÿêîãî ¹ âèìið-
íèìè ç êâàäðàòîì íà [0, 1] × R3

+ òà âiä-
ïîâiäíi iíòåãðàëè ¹ ðiâíîìiðíî çáiæíèìè.
Äëÿ êîìïàêòíèõ ìíîæèí U j ⊂ Rrj(rj ∈
N), j ∈ {0, 1, 2, 3} åëåìåíòè u çàäîâîëüíÿ-
þòü òàêi óìîâè: u(0) ∈ C ([0, 1];U0), u(j) ∈
C ([0, T ];U j) , j ∈ {1, 2, 3}. Ïðàâi ÷àñòèíè
ðiâíîñòåé (4)�(7) íåëiíiéíi ôóíêöi¨.

Íåõàé öiëüîâèé ôóíêöiîíàë ìà¹ âèãëÿä

J(u) = ν0

+∞∫
0

1

2
e−ρ0t∥y(0, t)−z0(t)∥2Rm1−m0dt+

+ ν1

+∞∫
0

1

2
e−ρ1t∥y(1, t)− z1(t)∥2Rm0dt+

+ ν3

+∞∫
0

1

2
e−ρ3t∥y(1, t)− z3(t)∥2Rm3dt+

+ ν

∫∫
Π

1

2
e−ρt∥y(x, t)− z(x, t)∥2Rndxdt+

+ ν20

1∫
0

1

2
∥u(x)− v(x)∥2Rr0dx+

+
3∑

j=1

ν2i

+∞∫
0

1

2
∥u(j)(t)− v(j)(t)∥2Rrj dt, (8)

ó ÿêîãî (v(0), v(2), v(2), v(3)) ∈ U òà ôóíêöi¨
z0 : R+ → Rm1−m0 , z1 : R+ → Rm0 , z3 : R+ →
Rm3 , z : [0, 1] × R+ → Rn, òà ρ, ρ0, ρ1, ρ3 > 0
� ìíîæíèêè äèñêîíòóâàííÿ [7], çàäàíi òà-
êèì ÷èíîì , ùî (8) ¹ çáiæíèì ïðè y ∈ Qn

(ïðîñòið Qn ââåäåíî íèæ÷å). Êîåôiöi¹íòè

ν0, ν1, ν3, ν ∈ [0, 1], ïðè÷îìó ν0+ν1+
3∑

j=0

ν2j +

ν3+ν = 1 i |ν0|+ |ν1|+
3∑

j=0

|ν2j |+ |ν3|+ |ν| ̸= 0.

Ó ôóíêöiîíàëi (8) óñi íîðìè ¹ åâêëiäîâèìè.
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Îòæå, ïîòðiáíî äîñëiäèòè çàäà÷ó

min
u∈U

J(u), (9)

äå ìiíiìóì áåðåòüñÿ äëÿ òèõ u ∈ U , äëÿ ÿêèõ
ðîçâ'ÿçîê ïî÷àòêîâî-êðàéîâî¨ çàäà÷i (1)�(3)
iñíó¹ â ñåíñi íàâåäåíîãî íèæ÷å îçíà÷åííÿ
3.1.
3. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

çàäà÷i (1)�(7) . Ðîçãëÿíåìî ïðîñòið Uad ⊆
U , åëåìåíòàìè ÿêîãî ¹ ðiâíîìiðíî âèìiðíi ç
êâàäðàòîì íà ñâî¨ îáëàñòÿõ âèçíà÷åííÿ íà-
áîðè êåðóâàíü u = (u(0), u(1), u(2), u(3)), äëÿ
ÿêèõ:

u ∈ (C[0, l])r0 ×
3∏

j=1

(C(R+))
rj ; äëÿ i ∈ I0

y0i (0, u
(0)(0))=γ0i

(
y0k(0, u

(0)(0))k∈I1 , u
(1)(0), 0

)
,

òà äëÿ i ∈ I1
y0i (1, u

(0)(1))=γ1i
(
y0k(1, u

(0)(1))k∈I0 , u
(2)(0), 0

)
;

∀x ∈ [0, 1] : u(0)(x) ∈ U, ∀t ∈ R+ : u(1)(t) ∈
U1, u(2)(t) ∈ U2, u(3)(t) ∈ U3.

Äëÿ u ∈ Uad, îñêiëüêè ôóíêöi¨ êåðóâàííÿ
íåïåðåðâíi òà ìíîæèíè çíà÷åíü � êîìïàêòè,
ìîæíà ïîçíà÷èòè:

y0i (u
(0)(x), x) = ỹ0i (x), i /∈ Im3 ;

γ0i
(
yk(0, t)k∈I1 , u

(1)(t), t
)
=

= γ̃0i
(
yk(0, t)k∈I1 , t

)
, i ∈ I0;

γ1i
(
yk(1, t)k∈I0 , u

(2)(t), t
)
=

γ̃1i
(
yk(1, t)k∈I0 , t

)
, i ∈ I1;

γ0i (u
(3)(t), t) = γ̃0i (t), i ∈ Im3 .

Íåõàé L ñïiëüíà ñòàëà Ëiïøèöÿ äëÿ óñiõ
âèõiäíèõ äàíèõ çà çìiííîþ y, íàïðèêëàä
|fi(y1, x, t) − fi(y

2, x, t)| 6 Lmax
j∈I

|y1j − y2j |, à
Λmax = sup

i∈Im1 ,

(x,t)∈Π

|λi(x, t)|, Λmin = inf
i∈Im1 ,

(x,t)∈Π

|λi(x, t)|.

Íà ìíîæèíi Π äëÿ i ∈ I âèçíà÷èìî ôóí-
êöi¨ αi = αi(x, t; a, p, ε) íàñòóïíèì ÷èíîì
[13]: epx(1−x)−at, i ∈ I0, i ∈ I1, i /∈ Im3 ; e

px−at,
i ∈ I0, i /∈ I1, i /∈ Im3 ; e

p(1−x)−at, i /∈ I0,
i ∈ I1, i /∈ Im3 ; e

p−at, i /∈ I0, i /∈ I1, i /∈ Im3 ;
εe−px−at, i /∈ Im1 , i /∈ Im2 , i ∈ Im3 . Ïàðà-

ìåòðàìè âèçíà÷åíi òàê p = 8L, ε =
1

8L
,

a = max

{
pΛmax,

8Le2p

3ε

}
.

Ïîçíà÷èìî ÷åðåç ξ = φi(τ ; x, t) ðîçâ'ÿçêè
çàäà÷ Êîøi

dξ

dτ
= λi(ξ, τ), ξ

∣∣
τ=t

= x, i ∈ Im1

òà
dξ

dτ
= 0, ξ

∣∣
τ=t

= x, i ∈ Im2 ,

ÿêi íàçèâàòèìåìî õàðàêòåðèñòèêàìè ñèñòå-
ìè (1)�(2).

Äëÿ (3) âiäïîâiäíà õàðàêòåðèñòèêà τ = t
¹ ðîçâ'ÿçêîì çàäà÷i Êîøi

dτ

dξ
= 0, τ

∣∣
ξ=x

= t, i ∈ Im3 .

Íåõàé χi(x, t), νi(x, t) òî÷êè ïåðåòèíó õàðà-
êòåðèñòèê ñèñòåìè (1)�(3) ç ìåæåþ îáëàñòi
Π, ïðè÷îìó χi(x, t) 6 νi(x, t), i ∈ I. Çàçíà-
÷èìî, ùî νi(x, t) ≡ +∞ äëÿ i ∈ Im3 .

Óâåäåìî îáëàñòi:

Πi =
{
(x, t) ∈ Π|χi(x, t) = 0

}
, i /∈ Im3 ;

Πi
0 =

{
(x, t) ∈ Π|φi(χi(x, t);x, t) = 0

}
, i ∈ I0;

Πi
1 =

{
(x, t) ∈ Π|φi(χi(x, t);x, t) = 1

}
, i ∈ I1.

Ïðîiíòåãðóâàâøè (1)�(3) âçäîâæ õà-
ðàêòåðèñòèê, îäåðæèìî ñèñòåìó iíòåãðî-
îïåðàòîðíèõ ðiâíÿíü [13]

yi(x, t) = R̃i[y](x, t)+

+

t∫
χi(x,t)

fi(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)+

+f 0
i (y(0, τ), τ)+f

1
i (y(1, τ), τ)dτ, i /∈ Im3 , (10)

yi(x, t) = γ̃0i (t) +

x∫
0

fi(y(s, t), s, t)+

+f 0
i (y(0, t), y)+f

1
i (y(1, t), t)ds, i ∈ Im3 , (11)

äå, äëÿ âñiõ i /∈ Im3 , R̃i[y](x, t) âè-
çíà÷à¹òüñÿ íàñòóïíèì ÷èíîì: ỹ0i (φi(0;x, t)),
(x, t) ∈ Πi; γ̃0i

(
yk(0, t)k∈I1 , t

)
, (x, t) ∈ Πi

0;
γ̃1i
(
yk(1, t)k∈I0 , t

)
, (x, t) ∈ Πi

1.
Ðîçãëÿíåìî ìåòðè÷íèé ïðîñòið

Qn =
(
C(Π)

)n ∩ (B(Π)
)n
,
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äå B(Π) � ïðîñòið îáìåæåíèõ ôóíêöié íà
ìíîæèíi Π ç íîðìîþ ∥y∥α = sup

i∈I,
(x,t)∈Π

|yi(x, t)|×

×αi(x, t; a, p, ε) ÿêà ïîðîäæó¹ ìåòðèêó
ρα(y

1, y2) = ∥y1 − y2∥α.
Îçíà÷åííÿ 3.1. Ïiä óçàãàëüíåíèì ðî-

çâ'ÿçêîì çàäà÷i (1)�(7), áóäåìî ðîçóìiòè
âåêòîð-ôóíêöiþ y ∈ Qn, êîìïîíåíòè ÿêî¨ ¹
íåïåðåðâíèìè ôóíêöiÿìè i çàäîâîëüíÿþòü
â Π ñèñòåìó iíòåãðî-îïåðàòîðíèõ ðiâíÿíü
(10)�(11).
Òåîðåìà 3.1.ßêùî âèêîíóþòüñÿ óìîâè:

1) λi ∈ C(Π) ∩ Lipx(Π) ∀i ∈ Im1,
sup

i∈Im1 ,

(x,t)∈Π

|λi(x, t)|<+∞, inf
i∈Im1 ,

(x,t)∈Π

|λi(x, t)|<+∞ ;

2) fi ∈ C(Rn × Π) ∩ Lipy(Rn × Π) ∀i ∈ I,
f 0
i ∈ C(Rm1−m0 × R+) ∩ Lipy(Rm1−m0 ×
R+) ∀i ∈ I,
f 1
i ∈ C(Rm0+m3 × R+) ∩ Lipy(Rm0+m3 ×
R+) ∀i /∈ Im3,
f 1
i ∈ C(Rm0 ×R+)∩Lipy(Rm0 ×R+) ∀i ∈
Im3,

sup
i∈I,

(y,x,t)∈Rn×Π

|fi(y, x, t)|e−at < +∞,

sup
i∈I,

(y,t)∈Rm1−m0×R+

|fi(y, t)|e−at < +∞,

sup
i/∈Im3 ,

(y,t)∈Rm0+m3×R+

|fi(y, t)|e−at < +∞,

sup
i∈Im3 ,

(y,t)∈Rm0×R+

|fi(y, t)|e−at < +∞;

3) y0i ∈ C(U0 × [0, 1]) ∀i /∈ Im3;

4) γ0i ∈ C(Rm1−m0 × U1 × R+)∩
∩Lipy(Rm1−m0 × U1 × R+) ∀i ∈ I0,

sup
i∈I0,

(y,u(1),t)∈Rm1−m0×U1×R+

|γ0i (y, u(1), t)|e−at < +∞,

γ1i ∈ C(Rm0 × U2 × R+)∩
∩Lipy(Rm0 × U2 × R+) ∀i ∈ I1,

sup
i∈I1,

(y,u(2),t)∈Rm0×U2×R+

|γ1i (y, u(2), t)|e−at < +∞,

γ0i ∈ C(U3 × R+) ∩ Lipy(U
3 × R+) ∀i ∈

Im3,

sup
i∈Im3 ,

(u(3),t)∈U3×R+

|γ0i (y, u(3), t)|e−at < +∞;

5) u(0) ∈ (C[0, l])r0, u(1) ∈ (C(R+))
r1,

u(2) ∈ (C(R+))
r2, u(3) ∈ (C(R+))

r3;

6) y0i(0,u
(0)(0)) = γ0i

(
y0j(0,u

(0)(0))j∈I1 ,u
1(0),0

)
,

y0i(1,u
(0)(1)) = γ1i

(
y0j(1,u

(0)(1))j∈I0 ,u
2(0),0

)
(óìîâè ïîãîäæåííÿ íóëüîâîãî ïîðÿä-
êó),

òî òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿ-
çîê çàäà÷i (1)�(7).

Äîâåäåííÿ. Íà åëåìåíòàõ ïðîñòîðó Qn

âèçíà÷èìî íåëiíiéíèé âåêòîð-îïåðàòîð
A = (A1,A2, . . . ,An) òàêèé, ùî

Ai[y](x, t) = R̃i[y](x, t)+

+

t∫
χi(x,t)

fi(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)+

+ f 0
i (y(0, τ), τ) + f 1

i (y(1, τ), τ)dτ, i /∈ Im3 ,

Ai[y](x, t) = γ̃0i (t)+

+

x∫
0

fi(y(s, t), s, t) + f 0
i (y(0, t), y)+

+ f 1
i (y(1, t), t)dτ, i ∈ Im3 .

Çàçíà÷èìî, ùî ââåäåíèé ïðîñòið Qn ¹
ïîâíèé, äîâåäåííÿ ïîâíîòè öüîãî ïðîñòîðó
ç íåçíà÷íèìè çìiíàìè ïîâòîðþ¹ äîâåäåííÿ
ïîâíîòè ïðîñòîðó íåïåðåðâíèõ i îáìåæåíèõ
ôóíêöié íà íåîáìåæåíié ìíîæèíi ç ðiâíî-
ìiðíîþ ìåòðèêîþ [14, ñò. 504].

Îòæå âiäøóêàííÿ óçàãàëüíåíîãî ðîçâ'ÿç-
êó çàäà÷i (1)�(7) çâîäèòüñÿ äî âiäøóêàííÿ
íåðóõîìî¨ òî÷êè îïåðàòîðà A â ïðîñòîði Qn.
Âèêîðèñòîâóþ÷è òåîðåìó Áàíàõà ïðî ñòè-
ñêóþ÷å âiäîáðàæåííÿ, âñòàíîâèìî iñíóâàí-
íÿ òà ¹äèíiñòü íåðóõîìî¨ òî÷êè îïåðàòîðà
A.

Âiçüìåìî äîâiëüíi äâà ðiçíi åëåìåíòè
y1, y2 ç ïðîñòîðó Qn. Òîäi â äàíîìó ïðîñòî-
ði, äëÿ âñiõ äîïóñòèìèõ i, x, t ñïðàâäæó¹òüñÿ
íåðiâíiñòü∣∣y1i (x, t)− y2i (x, t)

∣∣6ρα(y1, y2)α−1i (x, t; a, p, ε).
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Ç âèçíà÷åííÿ χi(x, t), ìîæíà îòðèìàòè
îöiíêè:

χi(x, t) 6 t− x/Λmax, i ∈ I0;

χi(x, t) 6 t− (l − x)/Λmax, i ∈ I1.

Äëÿ âñiõ i /∈ Im3 , ñïðàâåäëèâà îöiíêà∣∣∣R̃i[y
1](x, t)− R̃i[y

2](x, t)
∣∣∣αi(x, t; a, p, ε) 6

6 L max
(x,t)∈Π

max
i∈I0,
j∈I1

αi(x, t; a, p, ε)

αj(0, χi(x, t); a, p, ε)
,

max
i∈I1,
j∈I0

αi(x, t; a, p, ε)

αj(1, χi(x, t); a, p, ε)

 ρα(y
1, y2) 6

6 Le−pρα(y
1, y2),

îñêiëüêè a > pΛmax.
Âðàõîâóþ÷è ïîïåðåäíi îöiíêè, äëÿ êîì-

ïîíåíò îïåðàòîðà A ìà¹ìî îöiíêó∣∣Ai[y
1](x, t)−Ai[y

2](x, t)
∣∣αi(x, t; a, p, ε) 6

6 L

e−p + max
(x,t)∈Π


x∫

0

max
i∈Im3 ,
j /∈Im3

αi(x, t; a, p, ε)

αj(s, t; a, p, ε)
ds,

x∫
0

max
i∈Im3 ,
j∈Im3

αi(x, t; a, p, ε)

αj(s, t; a, p, ε)
ds,

x∫
0

max
i∈Im3 ,
j∈I1

αi(x, t; a, p, ε)

αj(0, t; a, p, ε)
ds,

x∫
0

max
i∈Im3 ,
j∈I0

αi(x, t; a, p, ε)

αj(1, t; a, p, ε)
ds

+

+ 3 max
(x,t)∈Π


t∫

0

max
i/∈Im3 ,
j /∈Im3

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dσ,

t∫
0

max
i/∈Im3 ,
j∈Im3

αi(x, t; a, p, ε)

αj(s, σ; a, p, ε)
dσ,

t∫
0

max
i/∈Im3 ,
j∈I1

αi(x, t; a, p, ε)

αj(0, σ; a, p, ε)
dσ,

t∫
0

max
i/∈Im3 ,
j∈I0

αi(x, t; a, p, ε)

αj(1, σ; a, p, ε)
dσ,

t∫
0

max
i/∈Im3 ,
j∈Im3

αi(x, t; a, p, ε)

αj(1, σ; a, p, ε)
dσ


 ρα(y

1, y2).

Ç âèãëÿäó ôóíêöié αi = αi(x, t; a, p, ε),
îäåðæèìî∣∣∆kAi[y

k] αi(x, t; a, p, ε) 6

6 L
(
e−p + ε+

1

p
+

3e2p

εa

)
ρα(y

1, y2).

Äëÿ âèáðàíèõ ïàðàìåòðiâ a, p òà ε ñïðàâ-
äæóþòüñÿ îöiíêà

ρ(A[y1],A[y2]) 6 1

2
ρα(y

1, y2).

Îòæå îïåðàòîð A ¹ ñòèñêóþ÷èì íà åëå-
ìåíòàõ ïðîñòîðó Qn ç âèáðàíèìè ôóíêöiÿ-
ìè αi = αi(x, t; a, p, ε) òà ïàðàìåòðàìè a, p
òà ε.

Òîìó çà òåîðåìîþ Áàíàõà, iñíó¹ ¹äèíà íå-
ðóõîìà òî÷êà îïåðàòîðà A â ïðîñòîði Qn.
Öÿ íåðóõîìà òî÷êà i ¹ óçàãàëüíåíèì ðîçâ'ÿç-
êîì çàäà÷i (1)�(7) äëÿ íàáîðó êåðóâàíü u ∈
Uad.

Çàóâàæåííÿ 3.1. Iñíóþòü ñòàëi K
0
>

0, K
j
> 0 òàêi, ùî

sup
i∈I,

(x,t)∈Π

|∆yi(x, t)|αi(x, t; a, p, ε) 6

6 K max
x∈[0,l]

∥∆u(0)(x)∥Rr0
, (12)

sup
i∈I,

(x,t)∈Π

|∆yi(x, t)|αi(x, t; a, p, ε) 6

6 K
j
sup
t∈R+

∥∆u(j)(t)∥Rrj
, j ∈ {1, 2, 3}. (13)

äå, íàïðèêëàä, ∥∆u(0)(x)∥Rr0
=

max
i∈{1,2,...,r0}

|∆u(0)i (x)|.

Çàóâàæåííÿ 3.2. Ñïðàâåäëèâîþ ¹ ôîð-
ìóëà iíòåãðóâàííÿ ÷àñòèíàìè äëÿ åëåìåí-
òiâ ïðîñòîðó Qn âçäîâæ âiäïîâiäíèõ ñiìåé
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õàðàêòåðèñòèê. Äîâåäåííÿ öüîãî âèïëèâà¹
iç ïîäiáíîãî ôàêòó â [15].
4. Çàäà÷à ëiíåàðèçàöi¨. Äîäàòêîâî âè-

ìàãàòèìåìî, ùîá: λi ∈ C1,0
x,t (Π) ∀i ∈ Im1 ;

fi ∈ C1,0,0
y,x,t (Rn×Π) ∀i ∈ I, f 0

i ∈ C1,0
y,t (Rm1−m0×

R+) ∀i ∈ I, f 1
i ∈ C1,0

y,t (Rm0+m3 ×R+) ∀i /∈ Im3 ,
f 1
i ∈ C1,0

y,t (Rm0×R+) ∀i ∈ Im3 , y
0
i ∈ C1,0

u(0),x
(U×

[0, 1]), i /∈ Im3 ; γ
0
i ∈ C1,1,0

y,u(1),t
(Rm1−m0 × U1 ×

R+), i ∈ I0; γ0i ∈ C1,0

u(3),t
(U3 × R+), i ∈ Im3 ;

γ1i ∈ C1,1,0

y,u(2),t
(Rm0 × U2 × R+), i ∈ I1.

Äëÿ äîâiëüíèõ äâîõ äîïóñòèìèõ êåðóâàíü
u, ũ òà âiäïîâiäíèõ ðîçâ'ÿçêiâ (1)�(7) y =
y(x, t) i ỹ = ỹ(x, t), äå ỹ = y + ∆y, ũ = u +
∆u, ôóíêöiÿ ∆y = ỹ− y òà êåðóâàííÿ ∆u =
ũ−u çàäîâîëüíÿþòü òàêó ìiøàíó çàäà÷ó äëÿ
ãiïåðáîëi÷íî¨ ñèñòåìè

∂∆yi(x, t)

∂t
+ λi(x, t)

∂∆yi(x, t)

∂x
=

= ∆yfi(y(x, t), x, t) + ∆yf
0
i (y(0, t), t)+

+∆yf
1
i (y(1, t), t), (x, t) ∈ Π, i ∈ Im1 , (14)

∂∆yi(x, t)

∂t
= ∆yfi(y(x, t), x, t)+

+∆yf
0
i (y(0, t), t) + ∆yf

1
i (y(1, t), t),

(x, t) ∈ Π, i ∈ Im2 , (15)

∂∆yi(x, t)

∂x
= ∆yfi(y(x, t), x, t)+

+∆yf
0
i (y(0, t), t) + ∆yf

1
i (y(1, t), t),

(x, t) ∈ Π, i ∈ Im3 , (16)

∆yi(x, 0) = ∆u(0)y0i (u
(0)(x), x),

x ∈ [0, 1], i /∈ Im3 , (17)

∆yi(0, t) = ∆y,u(1)γ0i
(
yk(0, t)k∈I1 , u

(1)(t), t
)
,

t ∈ R+, i ∈ I0, (18)

∆yi(1, t) = ∆y,u(2)γ1i
(
yk(1, t)k∈I0 , u

(2)(t), t
)
,

t ∈ R+, i ∈ I1, (19)

∆yi(0, t) = ∆u(3)γ0i
(
u(3)(t), t

)
,

t ∈ R+, i ∈ Im3 . (20)

äå, íàïðèêëàä, ÷åðåç ∆yfi(y(x, t), x, t) áó-
äåìî ïîçíà÷àòè ðiçíèöþ fi(ỹ(x, t), x, t) −
fi(y(x, t), x, t).

Ïðèðiñò öiëüîâîãî ôóíêöiîíàëó (8), ç
óðàõóâàííÿì (14)�(16), ìîæíà ïðåäñòàâèòè
ÿê

∆J(u) = J(ũ)− J(u) =

= ν0

+∞∫
0

1

2
e−ρ0t∆y∥y(0, t)−z0(t)∥2Rm1−m0+m2dt+

+ ν1

+∞∫
0

1

2
e−ρ1t∆y∥y(1, t)− z1(t)∥2Rm0+m2dt+

+ ν3

+∞∫
0

1

2
e−ρ3t∆y∥y(1, t)− z3(t)∥2Rm3dt+

+ ν

∫∫
Π

1

2
e−ρt∆y∥y(x, t)− z(x, t)∥2Rndxdt+

+ ν20

1∫
0

1

2
∆u∥u(x)− v(x)∥2Rr0dx+

+
3∑

i=1

ν2i

+∞∫
0

1

2
∆u∥u(i)(t)− v(i)(t)∥2Rrj dt+

+

∫∫
Π

∑
i∈Im1

ψi(x, t)
(∂∆yi(x, t)

∂t
+

+ λi(x, t)
∂∆yi(x, t)

∂x
−∆yfi(y(x, t), x, t)−

−∆yf
0
i (y(0, t), t)−∆yf

1
i (y(1, t), t)

)
dxdt+

+

∫∫
Π

∑
i∈Im2

ψi(x, t)
(∂∆yi(x, t)

∂t
−

−∆yfi(y(x, t), x, t)−∆yf
0
i (y(0, t), t)−

−∆yf
1
i (y(1, t), t)

)
dxdt+

+

∫∫
Π

∑
i∈Im3

ψi(x, t)
(∂∆yi(x, t)

∂x
−

−∆yfi(y(x, t), x, t)−∆yf
0
i (y(0, t), t)−

−∆yf
1
i (y(1, t), t)

)
dxdt, (21)

äå ψ = ψ(x, t) � âåêòîð-ôóíêöiÿ ç ïðîñòîðó
Qn.
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Óâåäåìî ôóíêöi¨

H(ψ, y, x, t) =
∑
i∈I

ψi(x, t)fi(y(x, t), y(0, t),

y(1, t), x, t)− ν

2
e−ρt∥y(x, t)− z(x, t)∥2Rn ,

h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)
=

=
∑
i/∈Im3

ψi(x, 0)y
0
i (u

(0)(x), x),

h1
(
ψj(0, t) j∈I0 , yk(0, t)k∈I1 , u

(1)(t), t
)
=

=
∑
i∈I0

ψi(0, t)λi(0, t)γ
0
i

(
yk(0, t)k∈I1 ,

u(1)(t), t
)
− ν0

2
e−ρ0t∥y(0, t)− z0(t)∥2Rm1−m0 ,

h2
(
ψj(1, t) j∈I1 , yk(1, t)k∈I0 , u

(2)(t), t
)
=

=
∑
i∈I1

ψi(1, t)λi(1, t)γ
1
i

(
yk(1, t)k∈I0 ,

u(2)(t), t
)
+
ν1
2
e−ρ1t∥y(1, t)− z1(t)∥2Rm0 ,

h3
(
ψj(1, t) j∈I3 , yk(1, t)k∈I3 , u

(3)(t), t
)
=

=
∑
i∈Im3

ψi(1, t)γ
0
i

(
u(3)(t), t

)
+

+
ν3
2
e−ρ3t∥y(1, t)− z3(t)∥2Rm3 .

Íåõàé ôóíêöiÿ ψ : Π → Rn ¹ óçàãàëüíå-
íèì ðîçâ'ÿçêîì çàäà÷i:

∂ψi(x, t)

∂t
+ λi(x, t)

∂ψi(x, t)

∂x
+

+
∂λi(x, t)

∂x
ψi(x, t) =

= −Hyi(ψ, y, x, t), i ∈ Im1 , (22)

∂ψi(x, t)

∂t
= −Hyi(ψ, y, x, t), i ∈ Im2 , (23)

∂ψi(x, t)

∂x
= −Hyi(ψ, y, x, t), i ∈ Im3 , (24)

lim
t→+∞

ψi(x, t)e
at = 0, x ∈ [0, 1], i /∈ Im3 (25)

i äëÿ âñiõ t ∈ R+ âèçíà÷èìî êðàéîâi óìîâè
ïðè i ∈ I0

ψi(1, t) = −λ−1i (1, t)×

×

∂h2
(
ψj(1, t) j∈I1 , yk(1, t)k∈I0 , u

(2)(t), t
)

∂yi
−

−
∑
j∈I

∂f 1
j (y(1, t), t)

∂yi

)
, (26)

ïðè i ∈ I1

ψi(0, t) = −λ−1i (0, t)×

×

∂h1
(
ψj(0, t) j∈I0 , yk(0, t)k∈I1 , u

(1)(t), t
)

∂yi
+

+
∑
j∈I

∂f 0
j (y(0, t), t)

∂yi

)
(27)

òà ïðè i ∈ Im3

ψi(1, t) =

=−
∂h3
(
ψj(1, t) j∈I3 , yk(1, t)k∈I3 , u

(3)(t), t
)

∂yi
+

+
∑
j /∈Im3

∂f 1
j (y(1, t), t)

∂yi
, (28)

îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó ÿêî¨ íà-
âåäåíî íèæ÷å.

Âèêîðèñòàâøè ôîðìóëó Òåéëîðà [16, ñò.
364] òà çàñòîñóâàâøè çàóâàæåííÿ äî îñòàí-
íiõ òðüîõ äîäàíêiâ â (21), ëiíåàðèçóâàâøè
êðàéîâi óìîâè (18)�(20), îäåðæèìî

∆J(u) = ν0

+∞∫
0

∑
j∈I1

e−ρ0t
(
yj(0, t)− z0j (t)

)
×

×∆yj(0, t)dt+ oρ0(∥∆y(0, t)∥2Rn)+

+ ν1

+∞∫
0

∑
j∈I0

e−ρ1t(yj(1, t)− z1j (t))∆yj(1, t)dt+

+ oρ1(∥∆y(1, t)∥2Rm1−m0 )+
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+ν3

+∞∫
0

∑
j∈Im3

e−ρ3t(yj(1, t)−z3j (t))∆yj(1, t)dt+

+ oρ3(∥∆y(1, t)∥2Rm0 )+

+ν

∫∫
Π

∑
j∈I

e−ρt(yj(x, t)−zj(x, t))∆yj(x, t)dxdt+

+ oρ(∥y(x, t)∥2Rn)+

+ ν20

1∫
0

r0∑
j=1

(uj(x)− vj(x))∆uj(x)dx+

+ ν20

1∫
0

r0∑
j=1

(
∆u

(0)
j (x)

)2
dx+

+
3∑

i=1

ν2i

+∞∫
0

rj∑
j=1

(u
(i)
j (t)− v

(i)
j (t))∆uj(t)dt+

+
3∑

i=1

ν2i

+∞∫
0

rj∑
j=1

(
∆u

(i)
j (t)

)2
dt+

+

1∫
0

∑
i/∈Im3

lim
t→+∞

ψi(x, t)∆yi(x, t)dx−

−
1∫

0

∆uh
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)
dx+

+

+∞∫
0

∑
i∈Im3

ψi(1, t)∆yi(1, t)dt−

−
+∞∫
0

∆u(3)h3
(
ψj(1, t)j∈I3 ,yk(1, t)k∈I3 ,u

(3)(t),t
)
dt+

+

+∞∫
0

(∑
i∈I0

ψi(1, t)λi(1, t) +
∑
j∈I1

ψj(1, t)λj(1, t)×

×
∂γ1j

(
yk(1, t)k∈I0 , u

(2)(t), t
)

∂yi

)
∆yi(1, t)dt+

+oγ1(||∆y(1, t)||Rm1−m0)

+∞∫
0

∑
i∈I1

ψi(1, t)λi(1, t)dt+

+

+∞∫
0

∆u(2)h2
(
ψj(1, t)j∈I1 ,yk(1, t)k∈I0 ,u

(2)(t),t
)
dt−

−
+∞∫
0

∑
i∈I1

(
ψi(0, t)λi(0, t) +

∑
j∈I0

ψj(0, t)λj(0, t) ×

×
∂γ0j

(
yk(0, t)k∈I1 , u

(1)(t), t
)

∂yi

)
∆yi(0, t)dt−

− oγ0(||∆y(0, t)||Rm0 )

+∞∫
0

∑
i∈I0

ψi(0, t)λi(0, t)dt−

−
+∞∫
0

∆u(1)h1
(
ψj(0, t)j∈I0 ,yk(0, t)k∈I1 ,u

(1)(t),t
)
dt−

−
∫∫
Π

∑
i∈Im1

(
∂ψi(x, t)

∂t
+ λi(x, t)

∂ψi(x, t)

∂x
+

+
∂λi(x, t)

∂x
ψi(x, t)

)
∆yi(x, t)+

+
∑
i∈Im2

∂ψi(x, t)

∂t
∆yi(x, t)+

+
∑
i∈Im3

∂ψi(x, t)

∂x
∆yi(x, t)

 dxdt−

−
∫∫
Π

∑
i∈I

ψi(x, t)
∑
j∈I

∂fi(y(x, t), x, t)

∂yj
×

×∆yj(x, t)dxdt− of (∥∆y(x, t)∥)×

×
∫∫
Π

∑
i∈I

ψi(x, t)dxdt−
∫∫
Π

∑
i∈Im3

ψi(x, t)×

×

(∑
j∈I1

∂f 0
i (y(0, t), t)

∂yj
∆yj(0, t)+

+
∑
j∈I0

∂f 1
i (y(1, t), t)

∂yj
∆yj(1, t)

)
dxdt−

−
∫∫
Π

∑
i/∈Im3

ψi(x, t)

(∑
j∈I1

∂f 0
i (y(0, t), t)

∂yj
∆yj(0, t)+

+
∑
j∈I0

∂f 1
i (y(1, t), x, t)

∂yj
∆yj(1, t)+

+
∑
j∈Im3

∂f 1
i (y(1, t), x, t)

∂yj
∆yj(1, t)

 dxdt−
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−
∫∫
Π

∑
i∈Im3

ψi(x, t)
(∑

j∈I1

∂fi(y(0, t), t)

∂yj
×

× ∥yj(0, t)∥Rm1−m0
+
∑
j∈I0

∂fi(y(1, t), t)

∂yj
×

×∥yj(1, t)∥Rm0

)
dxdt−

∫∫
Π

∑
i/∈Im3

ψi(x, t)×

×

(∑
j∈I1

∂fi(y(0, t), t)

∂yj
∥yj(0, t)∥Rm1−m0

+

+
∑
j∈I0

∂fi(y(1, t), t)

∂yj
∥yj(1, t)∥Rm0

+

+
∑
j∈Im3

∂fi(y(1, t), t)

∂yj
∥yj(1, t)∥Rm3

 dxdt,

äå, íàïðèêëàä, ÷åðåç ∥∆y(x, t)∥Rn ìè áóäåìî
ïîçíà÷àòè max

i∈I
|yi(x, t)|αi(x, t; a, p, ε).

Ç óðàõóâàííÿì óìîâ (22)�(28), ïðèðiñò öi-
ëüîâîãî ôóíêöiîíàëó íàáóäå âèãëÿäó

∆J(u) =

= −
1∫

0

∆u(0)h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)
dx−

−
+∞∫
0

∆u(1)h1
(
ψj(0, t)j∈I0 ,yk(0, t)k∈I1 ,u

(1)(t),t
)
dt+

+

+∞∫
0

∆u(2)h2
(
ψj(1, t)j∈I1 ,yk(1, t)k∈I0 ,u

(2)(t),t
)
dt−

−
+∞∫
0

∆u(3)h3
(
ψj(1, t)j∈I3 ,yk(1, t)k∈I3 ,u

(3)(t),t
)
dt+

+ ν20

1∫
0

r0∑
j=1

(uj(x)− vj(x))∆uj(x)dx+

+
3∑

i=1

ν2i

+∞∫
0

rj∑
j=1

(u
(i)
j (t)− v

(i)
j (t))∆uj(t)dt+

+ η, (29)

äå

η =

+∞∫
0

∑
j∈I0

ψj(0, t)oh1(∥∆y(0, t)∥Rm1−m0
)+

+
∑
j∈I0

ψj(0, t)oh1(∥∆u(1)(t)∥Rr1
)dt+

+∞∫
0

∑
j∈I1

ψj(1, t)oh2(∥∆y(1, t)∥m0)+

+
∑
j∈I1

ψj(1, t)oh2(∥∆u(2)(t)∥r2)dt+

+

∫∫
Π

∑
j∈I

ψj(x, t) (oH(∥∆y(x, t)∥Rn)+

+ oH(∥∆y(0, t)∥Rm1−m0
)+

+oH(∥∆y(1, t)∥Rm0
)
)
dxdt+

+

1∫
0

oh(∥∆u(0)(x)∥Rr0
)dx+

+ ν20

1∫
0

r0∑
j=1

(
∆u

(0)
j (x)

)2
dx+

+
3∑

i=1

ν2i

+∞∫
0

rj∑
j=1

(
∆u

(i)
j (t)

)2
dt. (30)

5. Ðîçâ'ÿçíiñòü ñïðÿæåíî¨ çàäà÷i. Ëi-
íåàðèçàöiÿ ïðèðîñòó öiëüîâîãî ôóíêöiîíàëó
âèìàãà¹ iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó âiäïî-
âiäíî¨ ñïðÿæåíî¨ çàäà÷i (22)�(28).

Óâåäåìî îáëàñòi

πi
1 =

{
(x, t) ∈ Π| φi(νi(x, t);x, t) = 1

}
, i ∈ I0;

πi
0 =

{
(x, t) ∈ Π| φi(νi(x, t);x, t) = 0

}
, i ∈ I1.

Íà ìíîæèíi Π äëÿ i ∈ I âèçíà÷èìî
ôóíêöi¨ βi = βi(x, t; b, q, ω) òàêèì ÷èíîì:
eqx(1−x)+bt, i ∈ I0, i ∈ I1, i /∈ Im3 ; e

q(1−x)+bt,
i ∈ I0, i /∈ I1, i /∈ Im3 ; e

qx+bt, i /∈ I0,
i ∈ I1, i /∈ Im3 ; e

q+bt, i /∈ I0, i /∈ I1,
i /∈ Im3 ; ωe

−q(1−x)+bt, i /∈ Im1 , i /∈ Im2 ,
i ∈ Im3 . Äëÿ ÿêèõ âèáèðà¹ìî ïàðàìåòðè b, q
òà ω: b = max {a, qΛmin, 4nCe

2q/ε}}+ b0, q =

max {ln (4m1C), 4nC} + q0, ω = ω0 <
1

4nC
,

ç äîâiëüíî ôiêñîâàíèìè äîäàòíèìè âåëè÷è-
íàìè b0, q0, ω0; ñòàëà C îáìåæó¹ çà àáñîëþ-
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òíîþ âåëè÷èíîþ ôóíêöi¨:

∂λi(x, t)

∂x
, i ∈ I;

λ−1i (0, t)
∑
j∈I0

∂γ0j
∂yi

(
yk(0, t)k∈I1 , u

(1)(t), t
)
×

×λj(0, t), i ∈ I0, j ∈ I1;

∂fj(y, x, t)

∂yi
, i, j ∈ I;

λ−1i (1, t)
∑
j∈I1

∂γ1j
∂yi

(
yk(1, t)k∈I1 , u

(2)(t), t
)
×

×λj(1, t), i ∈ I1, j ∈ I0,

íà âiäïîâiäíèõ ìíîæèíàõ âèçíà÷åííÿ.
Ïðîiíòåãðóâàâøè (22)�(24) âçäîâæ õàðà-

êòåðèñòèê òà âèêîðèñòàâøè óìîâè (25)�(28),
îäåðæèìî ñèñòåìó iíòåãðî-îïåðàòîðíèõ ðiâ-
íÿíü

ψi(x, t) = Di[ψ](x, t)+

+

νi(x,t)∫
t

∂λi
∂x

(φi(τ ;x, t), τ)ψi(τ ;x, t), τ)+

+
∑
j∈I

∂fj
∂yi

(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)×

× ψj(φi(τ ;x, t), τ)− νe−ρt(yi(φi(τ ; x, t), τ)−
− zi(φi(τ ;x, t), τ))dτ, i ∈ Im1 , (31)

ψi(x, t) =

=

+∞∫
t

∑
j∈I

∂fj
∂yi

(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)×

× ψj(φi(τ ;x, t), τ)− νe−ρt(yi(φi(τ ; x, t), τ)−
− zi(φi(τ ;x, t), τ))dτ, i ∈ Im2 , (32)

ψi(x, t) =
∑
j /∈Im3

∂f 1
j (y(1, t), t)

∂yi
−

− ν3e
−ρ3t(yi(1, t)− z3i (t))+

+

1∫
x

∑
j∈I

∂fj
∂yi

(y(s, t), s, t)ψj(s, t)−

− νe−ρt(yi(s, t)− zi(s, t))ds, i ∈ Im3 , (33)

äå äëÿ âñiõ i ∈ Im1 , Di[ψ](x, t) âèçíà÷åíi ïðà-
âîþ ÷àñòèíîþ (26) ïðè t = νi(x, t), ÿêùî
(x, t) ∈ πi

1, àáî ïðàâîþ ÷àñòèíîþ (27) ïðè
t = νi(x, t), ÿêùî (x, t) ∈ πi

0.
Îçíà÷åííÿ 5.1. Óçàãàëüíåíèì ðîç-

â'ÿçêîì ñïðÿæåíî¨ ñèñòåìè (22)�
(28) áóäåìî íàçèâàòè âåêòîð-ôóíêöiþ
ψ = (ψ1, ψ2, ..., ψn), ÿêà çàäîâîëüíÿ¹ ñèñòå-
ìó iíòåãðî-îïåðàòîðíèõ ðiâíÿíü (31)�(33)
â Π i óìîâè (25)�(28).
Òåîðåìà 5.1. Íåõàé âèêîíóþòüñÿ óìî-

âè:

1) λi ∈ C1
x(Π) ∀i ∈ Im1 ,

sup
i∈Im1 ,

(x,t)∈Π

{
|λi(x, t)| ,

∣∣∣∣∂λi(x, t)∂x

∣∣∣∣} < +∞,

inf
i∈Im1 ,

(x,t)∈Π

{|λi(x, t)|} < +∞;

2) y ∈ Qn;

3) fi ∈ C1
y (Rn × Π) ∀i ∈ I,

sup
i,j∈I,

(y,x,t)∈Rn×Π

∣∣∣∣∂fj(y, x, t)∂yi

∣∣∣∣ < +∞ i ïîõiäíà

¹ âèìiðíîþ çà t;

4) f 0
i ∈ C1(Rm1−m0 × R+) ∀i ∈ I,
f 1
i ∈ C1(Rm0 × R+) ∀i ∈ I;

5) z0 ∈ Qm1−m0 , z
1 ∈ Qm0 , z

3 ∈ Qm3 ,
z ∈ Qn;

6) min{ρ, ρ1, ρ2, ρ3} > b;

7) γ0 ∈ C1
y (Rm1−m0 × U1 × R+) ∀i ∈ I0,

sup
i∈I1,j∈I0,

(y,u(1),t)∈Rm1−m0×U1×R+

∣∣∣∣∣∂γ0j (y, u(1), t)∂yi

∣∣∣∣∣<+∞,

γ1 ∈ C1
y (Rm0 × U2 × R+) ∀i ∈ I1,

sup
i∈I0,j∈I1,

(y,u(2),t)∈Rm0×U2×R+

∣∣∣∣∣∂γ1j (y, u(2), t)∂yi

∣∣∣∣∣<+∞.

Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (22)�(28).

Äîâåäåííÿ. Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó çà-
äà÷i (22)�(28), òàêîæ âèêîðèñòà¹ìî ìåòîä
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ñòèñêóþ÷èõ âiäîáðàæåíü. Ç ïðîñòîðó Qn âè-
áåðåìî ïiäïðîñòið W , åëåìåíòè ÿêîãî âîëî-
äiþòü âëàñòèâiñòþ

lim
t→+∞

ψi(x, t)e
at = 0

äëÿ áóäü-ÿêîãî i ∈ I, x ∈ [0, 1], ψ ∈ W ç
ìåòðèêîþ

ρβ(ψ
1, ψ2) =

= max
i∈I,

(x,t)∈Π

|ψ1
i (x, t)− ψ2

i (x, t)|βi(x, t; b, q, ω).

Íåõàé îïåðàòîð B âèçíà÷åíèé ïðàâîþ ÷à-
ñòèíîþ (31)�(33), òîáòî

Bi[ψ](x, t) = Di[ψ](x, t)+

+

νi(x,t)∫
t

∂λi
∂x

(φi(τ ;x, t), τ)ψi(τ ;x, t), τ)+

+
∑
j∈I

∂fj
∂yi

(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)×

× ψj(φi(τ ;x, t), τ)− νe−ρt(yi(φi(τ ; x, t), τ)−
− zi(φi(τ ; x, t), τ))dτ, i ∈ Im1 ,

Bi[ψ](x, t) =

=

+∞∫
t

∑
j∈I

∂fj
∂yi

(y(φi(τ ;x, t), τ), φi(τ ;x, t), τ)×

× ψj(φi(τ ;x, t), τ)− νe−ρt(yi(φi(τ ; x, t), τ)−
− zi(φi(τ ; x, t), τ))dτ, i ∈ Im2 ,

Bi[ψ](x, t) =
∑
j /∈Im3

∂f 1
j (y(1, t), t)

∂yi
−

− ν3e
−ρ3t(yi(1, t)− z3i (t))+

+

1∫
x

∑
j∈I

∂fj
∂yi

(y(s, t), s, t)ψj(s, t)−νe−ρt(yi(s, t)−

− zi(s, t))ds, i ∈ Im3 .

Äëÿ âñiõ i ∈ I0 ∪ I1, ñïðàâåäëèâi îöiíêè:
νi(x, t) > t + (1 − x)/Λmin, i ∈ I0; νi(x, t) >
t+ x/Λmin, i ∈ I1.

Âðàõîâóþ÷è îöiíêó∣∣Di[ψ
1](x, t)−Di[ψ

2](x, t)
∣∣ βi(x, t; b, q, ω) 6

6 Cmax

max
i∈I0,
j∈I1

(m1 −m0)βi(x, t; b, q, ω)

βj(1, νi(x, t); b, q, ω)
,

max
i∈I1,
j∈I0

m1βi(x, t; b, q, ω)

βj(0, νi(x, t); b, q, ω)

 ρβ(ψ
1, ψ2),

äëÿ îïåðàòîðà B îäåðæèìî∣∣Bi[ψ
1](x, t)− Bi[ψ

2](x, t)
∣∣ βi(x, t; b, q, ω) 6

6

Cmax

max
i∈I0,
j∈I1

(m1 −m0)βi(x, t; b, q, ω)

βj(1, νi(x, t); b, q, ω)
,

max
i∈I1,
j∈I0

m0βi(x, t; b, q, ω)

βj(0, νi(x, t); b, q, ω)

+

+ nC

1∫
x

max
i∈Im3 ,
j /∈Im3

βi(x, t; b, q, ω)

βj(s, t; b, q, ω)
+

max
i∈Im3 ,
j∈Im3

βi(x, t; b, q, ω)

βj(s, t; b, q, ω)

 ds+

+ nC

νi(x,t)∫
t

max

max
i/∈Im3 ,
j /∈Im3

βi(x, t; b, q, ω)

βj(s, σ; b, q, ω)
,

max
i/∈Im3 ,
j∈Im3

βi(x, t; b, q, ω)

βj(s, σ; b, q, ω)

 dσ

 ρβ(ψ
1, ψ2).

Âèáið ïàðàìåòðiâ b, q òà ω ó ôóíêöiÿõ
βi = βi(x, t; b, q, ω), äîçâîëÿ¹ îòðèìàòè îöií-
êó

ρβ(B[ψ1],B[ψ2]) < ρβ(ψ
1, ψ2).

Îòæå îïåðàòîð B ¹ ñòèñêóþ÷èì íà åëå-
ìåíòàõ ïðîñòîðó W . Òîìó, çà òåîðåìîþ Áà-
íàõà, iñíó¹ ¹äèíà íåðóõîìà òî÷êà îïåðàòîðà
B â ïðîñòîði W . Öÿ íåðóõîìà òî÷êà i ¹ óçà-
ãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (22)�(28).

6. Íåîáõiäíi óìîâè îïòèìàëüíîñòi.
Îïóêëiñòü ìíîæèíè Uad ¹ íàäçâè÷àéíî îá-
òÿæëèâîþ óìîâîþ, îñêiëüêè ïî÷àòêîâi òà
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êðàéîâi óìîâè â óìîâàõ ïîãîäæåííÿ íóëüî-
âîãî ïîðÿäêó çàãàëîì ¹ íåëiíiéíèìè ôóí-
êöiÿìè. Âiäìîâèâøèñü âiä óìîâè îïóêëî-
ñòi ïðîñòîðó Uad, ìîæíà âèêîðèñòàòè íåî-
ïóêëèé ïiäõiä äëÿ ïîáóäîâè âàðiàöi¨ êåðó-
âàííÿ. Òîäi âàðiàöiéíèé àíàëiç äîñëiäæóâà-
íî¨ çàäà÷i (9) áóäå çàñíîâàíèé íà âèêîðè-
ñòàííi íåêëàñè÷íèõ âàðiàöié, ÿêi çàáåçïå÷ó-
þòü ãëàäêiñòü äîïóñòèìèõ êåðóâàíü [3], òîá-
òî áóäåìî ðîçãëÿäàòè ïiäïðîñòið U ′ad ïðî-
ñòîðó äîïóñòèìèõ êåðóâàíü Uad, äå U ′ad ={
u ∈ Uad|u ∈ C1

(
[0, 1]× R3

+

)}
. Âàðiàöiÿ êå-

ðóâàííÿ, íàïðèêëàä, äëÿ u(0) = u(0)(x) áó-
äó¹òüñÿ çà ïðàâèëîì

u
(0)

ε,δ0(x) = u(0)(x+ εδ(0)(x)),

x ∈ [0, 1], δ(0)(0) = δ(0)(1) = 0, (34)

äå ε ∈ [0, 1) - ïàðàìåòð, ÿêèé õàðàêòåðèçó¹
ìàëiñòü âàðiàöi¨, δ(0)(x) - íåïåðåðâíî-äèôå-
ðåíöiéîâíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó

0 6 x+ δ(0)(x) 6 1, x ∈ [0, 1]. (35)

Âiäçíà÷èìî äåÿêi âëàñòèâîñòi âàðiàöi¨
(34). Íàñàìïåðåä, êåðóâàííÿ ¹ ãëàäêèì, à
îáëàñòü çíà÷åíü ôóíêöi¨ u(0)

ε,δ(0)
(x) âèçíà÷å-

íà îáëàñòþ çíà÷åíü ïî÷àòêîâîãî êåðóâàííÿ
u(0)(x). Òîìó, êåðóâàííÿ u(0)

ε,δ(0)
(x) � äîïóñòè-

ìå. Êðiì òîãî, ìà¹ ìiñöå ïîòî÷êîâà (i ðiâ-
íîìiðíà) çáiæíiñòü: u(0)

ε,δ(0)
(x) → u(0)(x) ïðè

ε→ 0 â êîæíié òî÷öi âiäðiçêó [0, 1] äëÿ áóäü-
ÿêîãî δ(0)(x), ùî çàäîâîëüíÿ¹ íåðiâíiñòü
(35). Îñòàííÿ âëàñòèâiñòü õàðàêòåðèçó¹ âiä-
ïîâiäíó âàðiàöiþ êåðóâàííÿ ∆u

(0)

ε,δ(0)
(x) =

u
(0)

ε,δ(0)
(x) − u(0)(x), ÿê íåñòàíäàðòíó ñëàáêó

âàðiàöiþ ãëàäêî¨ ôóíêöi¨ u(0)(x): ðiâíîìiðíî
ìàëà äåôîðìàöiÿ âiäðiçêà [0, 1] �ïåðåìiøó-
¹� çíà÷åííÿ ïî÷àòêîâîãî êåðóâàííÿ, çáåðiãà-
þ÷è ðiâíîìiðíó áëèçüêiñòü äî íóëÿ ôóíêöi¨

∆u
(0)

ε,δ(0)
(x) òà ¨¨ ïîõiäíî¨

d

dx
∆u

(0)

ε,δ(0)
(x).

Âèáèðàþ÷è âàðiàöiþ êåðóâàííÿ çà ïðàâè-
ëîì (34) i âèêîðèñòîâóþ÷è çîáðàæåííÿ

∆u(0)(x) = u̇(0)(x)εδ(0)(x) + o(ε),

∆u(k)(t) = u̇(k)(t)εδ(k)(t) + o(ε),

δ(k)(0) = 0, k ∈ {1, 2, 3},

ïåðåïèøåìî ôîðìóëó ïðèðîñòó öiëüîâîãî
ôóíêöiîíàëó (29) òàê

∆J(u) =

= −
1∫

0

r0∑
i=1

∂h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)

∂u
(0)
i

×

× du
(0)
i (x)

dx
εδ(0)(x)dx−

−
+∞∫
0

r1∑
i=1

∂h1
(
ψj(0, t)j∈I0 ,yk(0, t)k∈I1 ,u

(1)(t),t
)

∂u
(1)
i

×

× du
(1)
i (t)

dt
εδ(1)(t)dt+

+

+∞∫
0

r1∑
i=1

∂h2
(
ψj(1, t)j∈I1 ,yk(1, t)k∈I0 ,u

(2)(t),t
)

∂u
(2)
i

×

× du
(2)
i (t)

dt
εδ(2)(t)dt−

−
+∞∫
0

r3∑
i=1

∂h3
(
ψj(1, t)j∈I3 ,yj(1, t)j∈I3 ,u

(3)(t),t
)

∂u
(3)
i

×

× du
(3)
i (t)

dt
εδ(3)(t)dt+

+ν20

1∫
0

r0∑
i=1

(u
(0)
i (x)−v(0)i (x))

du
(0)
i (x)

dx
εδ(0)(x)dx+

+
3∑

i=1

ν2i

+∞∫
0

ri∑
j=1

(u
(i)
j (t)−v

(i)
j (t))

du
(i)
j (t)

dt
εδ(i)(t)dt+

+ η1, (36)

äå

η1= η+o(ε)

ν20 1∫
0

r0∑
i=1

(u
(0)
i (x)− v

(0)
i (x))dx+

+
3∑

i=1

ν2i

+∞∫
0

ri∑
j=1

(u
(i)
j (t)− v

(i)
j (t))dt−

−
1∫

0

r0∑
i=1

∂h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)

∂u
(0)
i

dx−
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−
+∞∫
0

r1∑
i=1

∂h1
(
ψj(0, t)j∈I0,yk(0, t)k∈I1, u

(1)(t),t
)

∂u
(1)
i

dt+

+

+∞∫
0

r2∑
i=1

∂h2
(
ψj(1, t)j∈I1,yk(1, t)k∈I0, u

(2)(t),t
)

∂u
(2)
i

dt−

−
+∞∫
0

r3∑
i=1

∂h3
(
ψj(1, t)j∈I3,yk(1, t)k∈I3, u

(3)(t),t
)

∂u
(3)
i

dt

.
Âðàõóâàâøè ñïðàâåäëèâiñòü îöiíêè (12)-

(13) äëÿ (36), ìàòèìåìî

lim
ε→0+

J(u+ εδ̃)− J(u)

ε
=

= −
1∫

0

r0∑
i=1

∂h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)

∂u
(0)
i

×

× du
(0)
i (x)

dx
δ(0)(x)dx−

−
+∞∫
0

r1∑
i=1

∂h1
(
ψj(0, t)j∈I0,yk(0, t)k∈I1, u

(1)(t),t
)

∂u
(1)
i

dt×

× du
(1)
i (t)

dt
δ(1)(t)dt+

+

+∞∫
0

r2∑
i=1

∂h2
(
ψj(1, t)j∈I1,yk(1, t)k∈I0, u

(2)(t),t
)

∂u
(2)
i

dt×

× du
(2)
i (t)

dt
δ(2)(t)dt−

−
+∞∫
0

r3∑
i=1

∂h3
(
ψj(1, t)j∈I3,yk(1, t)k∈I3, u

(3)(t),t
)

∂u
(3)
i

dt×

× du
(3)
i (t)

dt
δ(3)(t)dt+

+ν20

1∫
0

r0∑
i=1

(u
(0)
i (x)−v(0)i (x))

du
(0)
i (x)

dx
δ(0)(x)dx+

+
3∑

i=1

ν2i

+∞∫
0

ri∑
j=1

(u
(i)
j (t)−v(i)j (t))

du
(i)
j (t)

dt
δ(i)(t)dt,

îñêiëüêè ðåøòà äîäàíêiâ â (36) çîáðàæåíi ó
âèãëÿäi äîáóòêó âåëè÷èíè ïîðÿäêó o(ε) òà
ðiâíîìiðíî çáiæíîãî iíòåãðàëó.

Íåõàé âèêîíóþòüñÿ óñi çðîáëåíi âèùå
ïðèïóùåííÿ. Òîäi, îñêiëüêè, δ(0) = δ(0)(x),
δ(j) = δ(j)(t), j ∈ {1, 2, 3} � äîâiëüíi ôóí-
êöi¨ òà âèêîðèñòîâóþ÷è òåîðåìó Ôåðìà [17,
ñ. 55], ìîæíà ñôîðìóëþâàòè íåîáõiäíi óìî-
âè îïòèìàëüíîñòi äëÿ çàäà÷i îïòèìàëüíîãî
êåðóâàííÿ (9) ó âèãëÿäi òåîðåìè.
Òåîðåìà 6.1. ßêùî ïðîöåñ {y, u(0), u(1),
u(2), u(3)} ¹ îïòèìàëüíèì â çàäà÷i (9), òî
âèêîíóþòüñÿ óìîâè

r0∑
i=1

(
ν20(u

(0)
i (x)− v

(0)
i (x))−

∂h
(
ψj(x, 0) j /∈Im3

, u(0)(x), x
)

∂u
(0)
i

×

× du
(0)
i (x)

dx
= 0, x ∈ [0, l],

r1∑
i=1

(
ν21(u

(1)
i (t)− v

(1)
i (t))−

∂h1
(
ψj(0, t) j∈I0 , yk(0, t)k∈I1 , u

(1)(t), t
)

∂u
(1)
i

×

× du
(1)
i (t)

dt
= 0, t ∈ R+,

r2∑
i=1

(
ν22(u

(2)
i (t)− v

(2)
i (t))−

∂h2
(
ψj(1, t) j∈I1 , yk(1, t)k∈I0 , u

(2)(t), t
)

∂u
(2)
i

×

× du
(2)
i (t)

dt
= 0, t ∈ R+,

r3∑
i=1

(
ν23(u

(3)
i (t)− v

(3)
i (t))−

∂h3
(
ψj(1, t) j∈I3 , yk(1, t)k∈I3 , u

(3)(t), t
)

∂u
(3)
i

×

× du
(3)
i (t)

dt
= 0, t ∈ R+,
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äå y = y(x, t) óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i
(1)�(7), ψ = ψ(x, t) - óçàãàëüíåíèé ðîçâ'ÿçîê
ñïðÿæåíî¨ çàäà÷i (22)�(28) ïðè y = y(x, t),
u(0) = u(0)(x), u(j) = u(j)(t), j ∈ {1, 2, 3}.
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