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ÇÀÏIÇÍÅÍÍßÌ ÒÀ ËÎÊÀËÜÍÎ-IÍÒÅÃÐÀËÜÍÈÌÈ ÓÌÎÂÀÌÈ

Ó ðîáîòi ðîçãëÿäà¹òüñÿ áàãàòî÷àñòîòíà ñèñòåìà iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåíòà-
ìè çàïiçíþþ÷îãî òèïó. Äëÿ ïîâiëüíèõ çìiííèõ çàäàíî áàãàòîòî÷êîâi óìîâè, ðåøòà óìîâ
iíòåãðàëüíi i çàäàíi íà äâîõ ïðîìiæêàõ iç ïðîìiæêó [0,L] âèçíà÷åííÿ ñèñòåìè ðiâíÿíü.

Óñåðåäíåííÿ çà øâèäêèìè çìiííèìè çäiéñíåíî ÿê ó ñèñòåìi ðiâíÿíü, òàê i â iíòåãðàëü-
íèõ óìîâàõ. Äîâåäåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó óñåðåäíåíî¨ i òî÷íî¨ çàäà÷. Îäåðæàíî,
ÿâíî çàëåæíó âiä ìàëîãî ïàðàìåòðà, îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ.
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Âñòóï

Äîñëiäæåííÿ ìåòîäîì óñåðåäíåííÿ áàãàòî÷àñòîòíèõ ñèñòåì âèãëÿäó

da

dτ
= X(τ, a, φ),

dφ

dτ
=
ω(τ)

ε
+ Y (τ, a, φ),

äå a ∈ D ⊂ Rn, φ ∈ Tm � m−âèìiðíèé òîð, 0 < ε ≪ 1, τ = εt âiäîáðàæåíî â áàãàòüîõ
ïðàöÿõ, íàïðèêëàä [1, 2, 3, 4]. Ðîçãëÿíóòî âèïàäêè, êîëè τ ∈ [0, L], R+ = [0,∞] àáî R,
òà çàäàííÿ ïî÷àòêîâèõ, áàãàòîòî÷êîâèõ àáî iíòåãðàëüíèõ óìîâ [3].

Áàãàòî÷àñòîòíi ñèñòåìè iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåíòàìè äîñëiäæóâàëèñÿ ìå-
òîäîì óñåðåäíåííÿ â ïðàöÿõ [5, 6, 7] òà ií.

Ñêëàäíiñòþ äîñëiäæåííÿ Áàãàòî÷àñòîòíi ñèñòåì ¹ ïðèòàìàííi äëÿ íèõ ðåçîíàíñíi
ÿâèùà, ÿêi ïîëÿãàþòü ó ðàöiîíàëüíié ïîâíié ÷è ìàéæå ñïiââèìiðíîñòi ÷àñòîò. Âíàñëi-
äîê öüîãî ðîçâ'ÿçîê óñåðåäíåíî¨ çà øâèäêèìè çìiííèìè ñèñòåìè ðiâíÿíü ó çàãàëüíîìó
âèïàäêó ìîæå âiäõèëÿòèñÿ âiä ðîçâ'ÿçêó òî÷íî¨ çàäà÷i íà âåëè÷èíó Î(1). Ïiäõiä äî
äîñëiäæåííÿ òàêèõ ñèñòåì, ÿêèé ãðóíòóâàâñÿ íà îöiíöi âiäïîâiäíèõ îñöèëÿöiéíèõ iíòå-
ãðàëiâ, çàïðîïîíîâàíèé À.Ì. Ñàìîéëåíêîì [12], ùî äîçâîëèëî îòðèìàòè â ïðàöÿõ À.Ì.
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Ñàìîéëåíêà i Ð.I. Ïåòðèøèíà ðÿä âàãîìèõ ðåçóëüòàòiâ äëÿ áàãàòî÷àñòîòíèõ ñèñòåì iç
ïî÷àòêîâèìè, êðàéîâèìè òà iíòåãðàëüíèìè óìîâàìè [3].

Äëÿ áàãàòî÷àñòîòíèõ ñèñòåì iç çàïiçíåííÿì àðãóìåíòó ìåòîä óñåðåäíåííÿ îáãðóí-
òîâàíèé ó ïðàöÿõ ß.É. Áiãóíà, Ð.I. Ïåòðèøèíà, I.Â. Êðàñíîêóòñüêî¨ [3, 4, 5] òà iíøèõ
àâòîðiâ.

Áàãàòî÷àñòîòíi ñèñòåìè iç ëiíiéíî ïåðåòâîðåíèìè àðãóìåíòàìè äîñëiäæóâàëèñÿ ìå-
òîäîì óñåðåäíåííÿ â ïðàöÿõ [5, 6, 7] òà ií.

Ñèñòåìè ðiâíÿíü iç ëiíiéíî ïåðåòâîðåíèì àðãóìåíòîì çóñòði÷àþòüñÿ â áàãàòüîõ ïðè-
êëàäíèõ çàäà÷àõ, íàïðèêëàä [8]. Äîñëiäæåííþ äèôåðåíöiàëüíèõ ðiâíÿíü iç ðiçíîãî òèïó
iíòåãðàëüíèìè óìîâàìè ïðèñâÿ÷åíî çíà÷íå ÷èñëî ïðàöü, íàïðèêëàä [9, 10, 11]

Ó äàíié ñòàòòi ìåòîä óñåðåäíåííÿ çàñòîñîâàíèé äëÿ äîñëiäæåíííÿ ðîçâ'ÿçíîñòi áàãà-
òî÷àñòîòíèõ ñèñòåì iç äîâiëüíîþ ñêií÷åííîþ êiëüêiñòþ ëiíiéíî ïåðåòâîðåíèõ àðãóìåí-
òiâ ó ïîâiëüíèõ i øâèäêèõ çìiííèõ é iíòåãðàëüíèìè óìîâàìè äëÿ ïîâiëüíèõ i øâèäêèõ
çìiííèõ íà ÷àñòèíàõ ïðîìiæêó [0, L] çàäàííÿ ñèñòåìè ðiâíÿíü. Îòðèìàíî íåïîëiïøóâà-
íó îöiíêó ïîõèáêè ìåòîäó óñåðåäíåííÿ ïðè íàêëàäåíèõ óìîâàõ, ÿêà ÿâíî çàëåæèòü âiä
ìàëîãî ïàðàìåòðà i êiëüêîñòi ëiíiéíî ïåðåòâîðåíèõ àðãóìåíòiâ ó øâèäêèõ çìiííèõ.

1 Ïîñòàíîâêà çàäà÷i

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ m-÷àñòîòíà, m ≥ 1, ñèñòåìà âèãëÿäó

da

dτ
= X(τ, aΛ, φΘ), (1)

dφ

dτ
=
ω(τ)

ε
+ Y (τ, aΛ, φΘ), (2)

äå τ ∈ [0, L], a ∈ D - îáìåæåíà çàìêíåíà îáëàñòü â Rn, φ ∈ Tm - m-âèìiðíèé òîð, ìàëèé
ïàðàìåòð ε ∈ (0, ε0], ε0 ≪ 1, aΛ = (aλ1 , . . . , aλp), φΘ = (φθ1 , . . . , φθq), 0 < λ1 < · · · < λp ≤
1, 0 < θ1 < · · · < θq ≤ 1, aλi

(τ) = a(λiτ), φθj(τ) = φ(θjτ). Âåêòîð-ôóíêöi¨ X i Y âèçíà÷åíi
i äîñòàòíüî ãëàäêi çà âñiìà çìiííèìè â îáëàñòi G = [0, τ ]×Dpn × T qm âåêòîð-ôóíêöi¨.

Çàäàìî äëÿ ñèñòåìè ðiâíÿíü (1), (2) òàêi óìîâè

r∑
ν=1

bνa(τν) = d1, 0 ≤ τ1 < τ1 < . . . τl ≤ L, (3)

ξ∫
0

[ q∑
j=1

βj(τ)φθj(τ) + g1(τ, aΛ(τ), φΘ(τ))
]
dτ+

+

L∫
η

[ q∑
j=1

γj(τ)φθj(τ) + g2(τ, aΛ(τ), φΘ(τ))
]
dτ = d2,

(4)

äå 0 ≤ τ1 < · · · < τr ≤ L, 0 < ξ < η < L, d1 ∈ Rn, d2 ∈ Rm,
r∑

ν=1

bν ̸= 0, âåêòîð-ôóíêöi¨ g1 i

g2 çàäîâîëüíÿþòü òàêi æ óìîâè, ÿê X i Y .
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Óñåðåäíåííÿ â ñèñòåìi ðiâíÿíü (1), (2) é iíòåãðàëüíèõ óìîâàõ (4) çäiéñíþ¹òüñÿ çà
øâèäêèìè çìiííèìè φθj . Îäåðæèìî çíà÷íî ïðîñòiøó çàäà÷ó

da

dτ
= X0(τ, aΛ), (5)

dφ

dτ
=
ω(τ)

ε
+ Y0(τ, aΛ), (6)

p∑
ν=1

bνa(τν) = d1, (7)

ξ∫
0

[ q∑
j=1

βj(τ)φθj
(τ) + g10(τ, aΛ(τ))

]
dτ+

+

L∫
η

[ q∑
j=1

γj(τ)φθj
(τ) + g20(τ, aΛ(τ))

]
dτ = d2.

(8)

Òåïåð ìîæíà îêðåìî ðîçâ'ÿçóâàòè çàäà÷ó (5), (7) äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó a(τ) =
a(τ, y), a(0, y) = y, ïiñëÿ ÷îãî ðîçâ'ÿçàòè çàäà÷ó (6), (8) äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó
φ(τ) = φ(τ, y, ψ, ε), ψ(y, ε) = φ(0, y, ψ(y), ε).

Ðåçóëüòàò iç îáãðóíòóâàííÿ ìåòîäó óñåðåäíåííÿ îòðèìàíèé íà ïiäñòàâi ìåòîäó îöií-
êè îñöèëÿöiéíèõ iíòåãðàëiâ, çàïðîïîíîâàíèé À.Ì. Ñàìîéëåíêîì [12], i ðîçâèíóòèé ó
éîãî ïðàöÿõ iç Ð.I. Ïåòðèøèíèì [3].

2 Òåõíi÷íi ëåìè

Ëåìà 1. Íåõàé c > 0, t0 ≥ 0, J = [t0, T ], kj ∈ C(J), ki(t) ≥ 0, íåñïàäíi ôóíêöi¨

αi ∈ C1(J), t0 ≤ αi(t) ≤ t, i = 1, q, i

u(t) ≤ c+

q∑
i=1

α(t)∫
α(t0)

ki(s)u(s)ds, t ∈ J. (9)

Òîäi äëÿ t ∈ J âèêîíó¹òüñÿ íåðiâíiñòü

u(t) ≤ c · exp
[ q∑

i=1

αi(t)∫
αi(t0)

ki(s)ds
]
t.

Äîâåäåííÿ. Çàñòîñó¹ìî ìåòîäèêó äîâåäåííÿ iç ðîáîòè [13]. Ïîçíà÷èìî ÷åðåç z(t) ïðàâó
÷àñòèíó íåðiâíîñòi (9). Îñêiëüêè z(t0) = c i z(t) > 0, òî

z′(t) =

q∑
i=1

ki(αi(t))u(αi(t))α
′
i(t) ≤ (

q∑
i=1

ki(αi(t))α
′
i(t))z(t).
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Íåðiâíiñòü (9) îäåðæèìî, iíòåãðóþ÷è íåðiâíiñòü

z′(t)

z(t)
≤

q∑
i=1

ki(αi(t))α
′
i(t), t0 ≤ t ≤ T.

Íàñëiäîê 1. Íåõàé t0 = 0, kj = const > 0, αi(t) = θit, 0 < θi ≤ 1, i = 1, q. Òîäi

u(t) ≤ c · exp
[ q∑

i=1

kiθi]t. (10)

Ëåìà 2. Íåõàé X0 ∈ C1
aΛ
(G), G = [0, L] × Dn i a = a(τ, y) � ðîçâ'ÿçîê ðiâíÿííÿ (5) iç

ïî÷àòêîâîþ óìîâîþ y ∈ D ïðè τ = 0. Òîäi â îáëàñòi [0, L]×D ïðàâèëüíà îöiíêà

∥∂a(τ, y)
∂y

∥ ≤ c1. (11)

Äîâåäåííÿ. Iç ðiâíÿííÿ (5) ìà¹ìî

a(τ, y) = y +

τ∫
0

X0(s, aΛ(s, y))ds,

çâiäêè çíàõîäèìî

∂a(τ, y)

∂y
= I +

τ∫
0

n∑
i=1

∂X0(s, aΛ)

∂aλi

∂aλi
(s, y)

∂y
ds.

Îöiíêà íîðìè ïîõiäíî¨ íàáóâà¹ âèãëÿäó

∥∂a(τ, y)
∂y

∥ ≤ 1 +

p∑
i=1

σ
(i)
1

τ∫
0

∥∂aλi
(s, y)

∂y
∥ds = 1 +

p∑
i=1

σ
(i)
1 λ

−1
i

λiτ∫
0

∥∂a(s, y)
∂y

∥ds

Íà ïiäñòàâi íåðiâíîñòi (10) îäåðæèìî

∥∂a(τ, y)
∂y

∥ ≤ exp
( p∑

i=1

σ
(i)
1

)
τ ≤ exp

( p∑
i=1

σ
(i)
1

)
L = c1.

3 Iñíóâàííÿ ðîçâ'ÿçêó óñåðåäíåíî¨ çàäà÷i (5), (7)

Äîâåäåìî, ùî ïðè âèêîíàííi äåÿêèõ óìîâ, iñíó¹ ¹äèíèé ðîçâ'ÿçîê óñåðåäíåíî¨ çàäà÷i
(5) - (8), ùî áóäå îäíi¹þ iç óìîâ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i (1) - (4).

Òåîðåìà 1. Íåõàé:
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1) íà ïðîìiæêó [0,L] iñíó¹ ¹äèíèé ðîçâÿçîê ïî÷àòêîâî¨ çàäà÷i (5), a(0) = y:

∥y∥ ≤ c1 := ∥d1∥+ σ1

p∑
j=1

|bj|τj, ∥
∂X0(τ, aΛ)

∂aλj

∥ ≤ σ
(i)
1 . (12)

2) âèêîíó¹òüñÿ îöiíêà

2c1
( r∑

j=1

|bj|τj
)( n∑

i=1

σ
(i)
1

)
≤ 1;

3)

detQ(ξ, η) := det
[ q∑

i=1

( ξ∫
0

βi(τ)dτ +

L∫
η

γi(τ)dτ
)]

̸= 0.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5) � (8).

Äîâåäåííÿ. Íåõàé a(τ, y) � ðîçâ'ÿçîê ðiâíÿííÿ (5), a(0, y) = y, íà [0,L]. Ïèòàííÿ iñíóâà-
ííÿ i ¹äèíîñòi òàêîãî ðîçâ'ÿçêó ðîçãëÿíóòî â [7]. Iç óìîâè (6) ìà¹ìî

y ̸=
p∑

j=1

bj

τj∫
0

X0(τ, aΛ(τ, y))dτ = d1,

çâiäêè îäåðæèìî

y = Φ(y) := d1 −
p∑

j=1

bj

τj∫
0

X0(τ, aΛ(τ, y))dτ.

Îñêiëüêè (12) ∥Φ(y)∥ ≤ c2 ïðè ∥y∥ ≤ c2. Ïîêàæåìî, ùî ïðè òàêîìó çíà÷åííi y
âiäîáðàæåííÿ Φ � ñòèñêàþ÷å. Iç âèãëÿäó Φ ìà¹ìî

∂Φ(y)

∂y
= −

p∑
j=1

bj

τj∫
0

n∑
i=1

∂X0(τ, aΛ)

∂aλj

∂a(λ, τ)

∂y
dτ.

Çàñòîñóâàâøè óìîâó 2 é îöiíêè (11)

∥∂Φ(y)
∂y

∥ ≤
p∑

j=1

|bj|
τj∫
0

n∑
i=1

∥∂X0

∂aλj

∥ · ∥
∂aλj

∂y
∥dτ ≤ 1/2.

Îòæå, âiäîáðàæåííÿ Φ - ñòèñêàþ÷å , òîìó äëÿ íüîãî iñíó¹ ¹äèíà íåðóõîìà òî÷êà y,
∥y∥ ≤ c2.

Òåïåð çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i (6), (8) çâîäèòüñÿ äî çàäà÷i iíòåãðóâàííÿ, ÿêùî
âiäîìå ïî÷àòêîâå çíà÷åííÿ ψ = φ(0, y, ψ, ε). Ñïðàâäi, iç óìîâè (8) ìà¹ìî

Q(ξ, η)ψ = d2 −
ξ∫

0

[ q∑
j=1

(
βj(τ)φ(θjτ, 0, y, 0, ε) + g10(τ, aΛ(τ, y))

]
dτ−

−
L∫

η

[ q∑
j=1

(
γj(τ)φ(θjτ, 0, y, 0, ε) + g20(τ, aΛ(τ, y))

]
dτ.

Îñêiëüêè detQ(ξ, η) ̸= 0, òî iñíó¹ ¹äèíå ïî÷àòêîâå çíà÷åííÿ ψ.
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4 Iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1) - (4) òà îöiíêà ïîõèáêè

ìåòîäó óñåðåäíåííÿ

Ïðèïóñòèìî, âèêîíóþòüñÿ òàêi óìîâè: 1) Âåêòîð-ôóíêöi¨ (X,Y, g1, g2) ∈ C1,2,mq+2
r,aΛ,φΘ

(G, σ1),
ñòàëîþ σ1 îáìåæåíi íîðìè ôóíêöié òà ¨õ ïîõiäíèõ äî âiäïîâiäíîãî ïîðÿäêó.

2) Iñíó¹ ¹äèíèé ðîçâ'ÿçîê óñåðåäíåíî¨ çàäà÷i (5) - (8), ïðè÷îìó êîìïîíåíòà ðîçâ'ÿçêó
a(τ, y) ëåæèòü â D ðàçîì iç äåÿêèì ρ-îêîëîì.

3) Íåâèðîäæåíèìè ¹ ìàòðèöi Q(ξ, η) i

P (y) :=
r∑

ν=1

bν

τν∫
0

∂X0(τ, aΛ(τ, y))

∂y
dτ.

4) Âèçíà÷íèê Âðîíñüêîãî ïîðÿäêó mq, ïîáóäîâàíèé çà ñèñòåìîþ ôóíêöié{
ω(θ1τ), . . . , ω(θqτ)

}
âiäìiííèé âiä íóëÿ íà [0, L].

Óìîâà 4 çàáåçïå÷ó¹ íåçàñòðÿãàííÿ ðîçâ'ÿçêó a(τ, ε) ó ìàëîìó îêîëi ðåçîíàíñíèõ ïî-
âåðõîíü, ÿêi â òî÷öi τ ∈ [0, L] çàäàþòüñÿ óìîâàìè [7]

q∑
ν=1

θν
(
kν , ω(θντ)

)
= 0, kν ∈ Zm,

q∑
ν=1

∥kν∥ ̸= 0. (13)

Íà ïiäñòàâi óìîâè 4 äîâîäèòüñÿ é îöiíêà ïîõèáêè ìåòîäó óñåðåäíåííÿ äëÿ ïî÷àòêîâî¨
çàäà÷i, êîëè ε ≤ ε0 ≪ 1, à ñàìå [5, 6]

∥χ(τ, y, ψ, ε)− χ(τ, y, ψ, ε)∥ ≤ c3ε
α, τ ∈ [0, L], (14)

äå α = (mq)−1, χ(τ, y, ψ, ε) = (a(τ, y, ψ, ε), φ(τ, y, ψ, ε)), χ(τ, y, ψ, ε)) = (a(τ, y), φ(τ, y, ψ, ε)),
c3 > 0 i íå çàëåæèòü âiä ε. Òàêà æ îöiíêà ïðàâèëüíà i äëÿ ïîõiäíèõ âiäõèëåííÿ ðîçâ'ÿçêiâ
òî÷íî¨ é óñåðåäíåíî¨ ñèñòåì iç îäíàêîâèìè ïî÷àòêîâèìè óìîâàìè.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè 1�4, ìàòðè÷íi ôóíêöi¨ βi ∈ C[0, κ], γi ∈ C[η, L]
Òîäi äëÿ äîñèòü ìàëîãî ε∗ ∈ (0, ε0] iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1) - (4) i ∀(τ, ε) ∈

[0, L]× (0, ε∗] âèêîíó¹òüñÿ îöiíêà

∥χ(τ, y + µ, ψ + ξ, ε)− χ(τ, y, ψ, ε)∥ ≤ c19ε
α, α = (mq)−1. (15)

Äîâåäåííÿ. Äëÿ ïîâiëüíèõ çìiííèõ óñåðåäíåíî¨ ñèñòåìè

∥a(τ, y + µ)− a(τ, y)∥ ≤ ∥µ∥+
p∑

i=1

σ1

λiτ∫
0

∥a(τ, y + µ)− a(τ, y)∥dτ ≤ ∥µ∥Lepσ1 ≤ p/2,

ÿêùî ∥µ∥ ≤ c4ρ, c4 = e−pσ1/2L.
Òîäi iç íåðiâíîñòi (14) äëÿ ε ∈ (0, ε1], c3εα1 ≤ ρ/2,

∥χ(τ, y + µ, ψ + η, ε)− χ(τ, y, ψ + η, ε)∥ ≤ 0.5c3ε
α. (16)
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Ïîêàæåìî, ùî iñíóþòü òàêi µ ∈ Rn i η ∈ Rm, ùî ðîçâ'ÿçîê χ(τ, y + µ, ψ + η, ε)

âèçíà÷åíèé íà [0, L] i çàäîâîëüíÿ¹ óìîâè (3), (4). Ïiäñòàâèâøè âåêòîð-ôóíêöiþ a(τ, y+

µ, ψ + η, ε) â (3) i âðàõóâàâøè (7), îäåðæèìî

r∑
ν=1

bν
(
a(τν , y + µ, ψ + η, ε)− a(τν , y + µ)

)
+

r∑
ν=1

bν
(
a(τν , y + µ)− a(τν , y)

)
= 0.

Íà ïiäñòàâi óìîâ 1 i 3 ìà¹ìî µ = Φ1(µ), äå

Φ1(µ) = −P−1(y)
r∑

ν=1

bν
[
R

(ν)
2 (µ) +

(
a(τν , y + µ, ψ + η, ε)− a(τν , y + µ)

)]
.

Iç óìîâè 1 é îöiíêè (14) âèïëèâà¹, ùî

∥Φ1(µ)∥ ≤ c6
[ r∑
ν=1

|bν |(c5∥µ∥2 + c3ε
α)
]
= c7∥µ∥+ c8ε

α,

äå c6 = ∥P−1(y)∥, c7 = c5c6
r∑

ν=1

|bν |, c8 = c3c6
r∑

ν=1

|bν |.

Âèáåðåìî µ òàêå, ùî ∥µ∥ ≤ c9ε
α, c9 = 2c8 . ßêùî

c7c
2
9ε

α
2 ≤ c8, (17)

òî äëÿ ε ≤ ε2 ìà¹ìî
∥Φ1(µ)∥ ≤ 2c8ε

α = c9ε
α,

òîáòî Φ1 : S → S, äå S - êóëÿ â Rn iç öåíòðîì ó ïî÷àòêó êîîðäèíàò i ðàäióñîì c9ε
α.

Ïîêàæåìî, ùî âiäîáðàæåííÿ ¹ ñòèñêàþ÷èì. Ìà¹ìî

∂Φ1(µ)

∂µ
= −P−1(y)

r∑
ν=1

bν
[∂R(ν)

2 (µ)

∂µ
+

∂

∂µ

(
a(τν , y + µ, ψ + η, ε)− a(τν , y + µ)

)]
.

Iç âèêîíàííÿ óìîâè 1 i îöiíîê ïîõiäíèõ ìàòðè÷íèõ âåêòîð ôóíêöié [?] âèïëèâà¹, ùî

∥∂R
(ν)
2 (µ)

∂µ
∥ ≤ c10∥µ∥.

Âðàõîâóþ÷è íåðiâíiñòü (15) îäåðæèìî

∥∂Φ1(µ)

∂µ
∥ ≤ c6

r∑
ν=1

|bν |
(
c10∥µ∥+ c4ε

α
)
≤ 0.5,

ÿêùî ε ≤ ε3 = (2c6(c9c10 + c4)
r∑

ν=1

|bν |)−1.

Îòæå, iñíó¹ ¹äèíà íåðóõîìà òî÷êà âiäîáðàæåííÿ Φ1, òîáòî ¹äèíå ïî÷àòêîâå çíà÷åííÿ
y = y+µ äëÿ êîìïîíåíòè a(τ, y, ψ, ε) ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (1), (2), ÿêå çàäîâîëüíÿ¹
óìîâó (3)
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Iç (2), (5), i (4), (8) çíàõîäèìî ðiâíÿííÿ äëÿ ïî÷àòêîâîãî çíà÷åííÿ ψ = ψ + η

êîìïîíåíòè φ(τ, y, ψ, ε) ðîçâ'ÿçêó ðiâíÿííÿ (2), ÿêà çàäîâîëüíÿ¹ óìîâó (4), ó âèãëÿäi
η = Φ2(ξ, µ), äå

Φ2(ξ, µ) = −Q−1(κ, η)×
[ κ∫

0

[ q∑
ν=1

βν(τ)

θντ∫
0

(
Y (z, aΛ, φΘ)− Y0(z, aΛ)

)
dz+

+
(
g1(τ, aΛ, φΘ)− g10(τ, aΛ)

]
+

L∫
η

[ q∑
ν=1

γν(τ)

θντ∫
0

(
Y (z, aΛ, φΘ)− Y0(z, aΛ)

)]
dz

]
dτ.

Iç óìîâè 1 òåîðåìè 2 òà îöiíîê (14) i (15) îäåðæèìî

∥
θντ∫
0

(
Y (z, aΛ, φΘ)− Y0(z, aΛ)

)
dz∥ ≤ σ1θνp(c3 + c9Lε

pσ1)τεα + ∥
θντ∫
0

Ỹ (z, aΛ, φΘ)dz∥.

ßêùî âèêîíó¹òüñÿ óìîâà 4, òî íà ïiäñòàâi îöiíîê îñöèëÿöiéíèõ iíòåãðàëiâ [3, 5] òà
ãëàäêîñòi âåêòîð-ôóíêöi¨ Y çà âñiìà çìiííèìè îäåðæèìî

∥
s∫

0

Ỹ (z, aΛ, φΘ)dz∥ := ∥
∑
k ̸=0

s∫
0

Yk(τ, aΛ)exp
(
i

q∑
ν=1

(kν , φν)
)
dτ∥ ≤ c11sε

α.

Òàêi æ îöiíêè ïðàâèëüíi äëÿ íîðì iíòåãðàëiâ g1-g10 i g2-g20 iç ñòàëîþ c12.
Ó ïiäñóìêó îäåðæèìî

∥Φ2(µ, ξ, ε)∥ ≤ ∥Q−1∥
[
0.5c11

q∑
ν=1

Qν(κ
2 max
τ∈[0,κ]

∥βν(τ)∥+

+(L− η)2 max
τ∈[L−η,η]

∥γν(τ)∥) + c12(L+ κ− η)
]
εα = (cc11 + cc12)ε

α = c13ε
α

Ïîêàæåìî, ùî äëÿ ∥η∥ ≤ c13ε
α âiäîáðàæåííÿ Φ2 ¹ ñòèñêàþ÷èì. Ðîçãëÿíåìî âèðàç

S :=

c∫
0

∂

∂η

(
Y (z, aΛ(τ, y + µ, ψ + η), ε)− Y0(z, aΛ(τ, y))

)
dz =

=
∂

∂η

c∫
0

∑
k ̸=0

Yk(z, aΛ)exp
(
i

q∑
ν=1

(kν , φθν )
)
dz +

∂

∂η

τ∫
0

(
Y0(z, aΛ)− Y0(z, ãΛ)

)
dz,

ãΛ = aΛ(τ, y + η), S = S1 + S2.

Íîðìà ïîõiäíî¨ S1 îöiíþ¹òüñÿ ÷åðåç îöiíêè îñöèëÿöiéíèõ iíòåãðàëiâ i ìà¹ ïîðÿäîê
εα. Âðàõîâóþ÷è, ùî Y0 ∈ C2

aΛ
(G, σ1) òà îöiíêó äëÿ ∂

∂η
(aΛ − a), îäåðæèìî ïðè 0 < τ ≤ s

∥∂P2

∂η
∥ ≤ pσ1c3ε

α + c14ε
α = c15ε

α,

äå c14 = c14(c3, c13) > 0.
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Îòæå, ïðè 0 < τ ≤ s ìà¹ìî

∥∂P
∂η

∥ ≤ ∥∂P1

∂η
∥+ ∥∂P2

∂η
∥ ≤ c16sε

α,

äå ñòàëà c16 - êîåôiöi¹íò â îöiíöi îñöèëÿöiéíîãî iíòåãðàëà. Òàêi æ îöiíêè iç ñòàëîþ c17
îäåðæóþòüñÿ äëÿ ïîõiäíèõ ïî η äëÿ g1 − g10 i g2 − g20.

ßêùî ε ≤ ε4 = max(ε1, c
−mq
18 ), c−1

18 = cc16 + cc17, òî

∥∂Φ2

∂η
∥ ≤ ∥Q−1∥

[ κ∫
0

q∑
ν=1

∥βν(τ)∥Qντc16ε
αdτ + c17κε

α+

+

L∫
η

κ∑
ν=1

∥γν(τ)∥Qντc16ε
αdτ + c17(L− η)εα ≤ 1

2
c−1
18 ε

α ≤ 1

2

Îòæå, âiäîáðàæåííÿ Φ2 ¹ ñòèñêàþ÷èì ïðè ε ≤ ε4, òîìó iñíó¹ ¹äèíà íåðóõîìà òî÷êà
η ∈ Rm. Ùîäî îöiíêè ïîõèáêè ìåòîäó óñåðåäíåííÿ, òî ïðè ε ≤ ε∗, ε∗ = min(ε2, ε3, ε4),
∥µ∥ ≤ c9ε

α, ∥η∥ ≤ c13ε
α.

∥χ(τ, y, ψ, ε)− χ(τ, y, ψ, ε)∥ ≤
≤ ∥χ(τ, y, ψ, ε)− χ(τ, y, ψ, ε)∥+ ∥χ(τ, y, ψ, ε)− χ(τ, y, ψ, ε)∥ ≤

≤ c3ε
α + c9Le

pσ1εα + c13ε
α = c19ε

α,

äëÿ âñiõ 0 ≤ τ ≤ L.

Çàóâàæåííÿ 1. Ðåçóëüòàòè, îäåðæàíi â òåîðåìàõ 1 i 2 ïåðåíîñÿòüñÿ íà âèïàäîê iíòå-

ãðàëüíèõ óìîâ, çàäàíèõ íà ñêií÷åíié êiëüêîñòi ïðîìiæêiâ, ÿêi íå ïåðåòèíàþòüñÿ.

Ñïèñîê ëiòåðàòóðè

[1] E. Grebenikov, Y. Ryabov, Y. Mitropolskii. Introduction to Resonance Analytical Dynamics - Stability
and Control : Theory, Methods and Applications. Yanus-K, Moscow, 1999.

[2] Khapaev M.M. Averaging in the theory of stability. Science, Moscow, 1986.

[3] Samoilenko A.M., Petryshyn R.I. Multifrequency Oscillations of Nonlinear Systems. Kluwer,
Dordrecht�Boston�London, Netherlands, 2004.

[4] Neishtadt A.I. Averaging, passage through resonances and capture into resonance in two-frequency

system. Russian Mathematical Surveys 2104, 69 (5), 771-843.

[5] Bihun Ya.Y. Existence of solution and averaging of nonlinear multifrequency problems with delay. Ukr.
math. journal. 2007, 59 (4), 485-499.

[6] Bihun Ya.Y. Existence of solution and averaging of multipoint boundary problems for multifrequency

systems with a linearly transformed argument. Nonlinear Oscillations 2008, 11 (4), 462-471.

[7] Ya.Y. Bihun, R.I. Petryshyn, I.V. Krasnokutska Averaging in multifrequency systems with linearly

transformed arguments and multipoint and integral conditions. Bukovinian Mathematical Journal 2016,
4 (3-4), 30-35.



Óñåðåäíåííÿ â áàãàòî÷àñòîòíèõ ñèñòåìàõ iç çàïiçíåííÿì 23

[8] Grebenshchikov B.G., Lozhnikov A.B. Stabilization of a system containing constant and linear delay.

Di�erential Equations 2004, 40 (1-2), 1587-1595.

[9] Szatanik W. Minimal and maximal solutions for integral boundary value problems for the second order

di�erential equations with deviating arguments. Dynamic Systems and Applications 2010, 19, 87-96.

[10] Jankowski T. FIRST-ORDER DIFFERENTIAL EQUATIONS WITH NONLOCAL BOUNDARY

CONDITIONS. Dynamic Systems and Applications 2015, 24, 195-210.

[11] Johnny Henderson and Rodica Luca. Boundary Value Problems for Systems of Di�erential, Di�erence
and Fractional Equation. Kluwer, Dordrecht�Boston�London, Netherlands, 2016.

[12] Samoilenko A.M. On the topic of substantiating the averaging method for multifrequency oscillatory

systems. Di�erential Equations 1987, 23 (2), 267-278.

[13] Pachpatte B.G. Explicit Bounds on Certain Integral Inequalities. J. Math. and Appl. 2002, 267, 48-61.

Íàäiéøëî 14.12.2020

Yaroslav Bihun, Ihor Skutar Averaging in multifrequency systems with delay and local integral

conditions, Bukovinian Math. Journal. 8, 2 (2020), 14�23.

Multifrequency systems of di�erential equations were studied with the help of averaging
method in the works by R.I. Arnold, Ye.O. Grebenikov, Yu.O. Mitropolsky, A.M. Samoilenko
and many other scientists. The complexity of the study of such systems is their inherent resonant
phenomena, which consist in the rational complete or almost complete commensurability of
frequencies. As a result, the solution of the system of equations averaged over fast variables in
the general case may deviate from the solution of the exact problem by the quantity O (1). The
approach to the study of such systems, which was based on the estimation of the corresponding
oscillating integrals, was proposed by A.M. Samoilenko, which allowed to obtain in the works by
A.M. Samoilenko and R.I. Petryshyn a number of important results for multifrequency systems
with initial , boundary and integral conditions.

For multifrequency systems with an argument delay, the averaging method is substantiated
in the works by Ya.Y. Bihun, R.I. Petryshyn, I.V. Krasnokutska and other authors.

In this paper, the averaging method is used to study the solvability of a multifrequency
system with an arbitrary �nite number of linearly transformed arguments in slow and fast
variables and integral conditions for slow and fast variables on parts of the interval [0, L] of
the system of equations. An unimproved estimate of the error of the averaging method under
the superimposed conditions is obtained, which clearly depends on the small parameter and
the number of linearly transformed arguments in fast variables.


