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ÊËÀÑÓ H−2 ÑÀÌÎÑÏÐßÆÅÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

Cèíãóëÿðíi çáóðåííÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ äîñëiäæåíi ìàéæå ïîâíiñòþ. Òèïîâîþ

ìîäåëëþ òàêîãî çáóðåííÿ ¹ îïåðàòîð Ëàïëàñà çáóðåíèé ïîòåíöiàëîì òèïó δ-ôóíêöiÿ Äiðà-

êà. Çáóðåííÿ ñàìîñïðÿæåíîãî îïåðàòîðà íåñèìåòðè÷íèì ïîòåíöiàëîì ¹ íîâèì íàïðÿìîì

äîñëiäæåíü, ïîðîäæåíèì ìîäåëÿìè ç íå ëîêàëüíîþ âçà¹ìîäi¹þ. Òàêi çáóðåííÿ ðàíãó îäèí

ðîçãëÿíóòi ó ïîïåðåäíiõ ðîáîòàõ. Öi äîñëiäæåííÿ âæå óçàãàëüíåíi i íà âèïàäîê çáóðåííÿ

ñêií÷åíîãî ðàíãó, àëå êëàñó H−1.

Â ðîáîòi, ñèíãóëÿðíi ðàíãó îäèí íåñèìåòðè÷íi çáóðåííÿ óçàãàëüíåíi íà âèïàäîê ñêií÷å-

íîãî ðàíãó êëàñó H−2. Â öüîìó äîñëiäæåííi íàâåäåíî îçíà÷åííÿ òà äàíî îïèñ ðåçîëüâåíòè

òàêîãî çáóðåííÿ â àáñòðàêòíîìó ãiëüáåðòîâîìó ïðîñòîði i äëÿ äîâiëüíîãî ïî÷àòêîâîãî (íå-

îáìåæåíîãî) ñàìîñïðÿæåíîãî îïåðàòîðà. Îñíîâíi òâåðäæåííÿ ðîáîòè ïðîiëþñòðîâàíi íà

÷èñåëüíîìó ïðèêëàäi

Êëþ÷îâi ñëîâà i ôðàçè: ñèíãóëÿðíî çáóðåíèé îïåðàòîð, øêàëà ãiëüáåðòîâèõ ïðîñòîðiâ,

íåñèìåòðè÷íå çáóðåííÿ.
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Ïåðøèìè ðîáîòàìè, ïðèñâÿ÷åíèìè ñèíãóëÿðíî çáóðåíèì îïåðàòîðàì áóëè ðîáîòè

Ô.À.Áåðåçiíà i Ë.Ä.Ôàää¹¹â 1961 ð. Âîíè ðîçãëÿäàëè îïåðàòîð Ëàïëàñà çáóðåíèé δ-

ïîòåíöiàëîì. Iç òèõ ÷àñiâ ñèìåòðè÷íèì çáóðåííÿì ñàìîñïðÿæåíèõ îïåðàòîðiâ ïðèñâÿ-

÷åíà äóæå âåëèêà êiëüêiñòü ðîáiò, ÿêi çiáðàíi ó ìîíîãðàôiÿõ [1, 2]. Â ðîáîòàõ àâòîðiâ

[8, 9] âïåðøå ðîçãëÿäàëèñÿ ñèíãóëÿðíi íåñèìåòðè÷íi çáóðåííÿ ñàìîñïðÿæåíîãî îïåðà-

òîðà êëàñiâ H−1 i H−2 àëå ðàíãó îäèí òà îïèñàíi äåÿêi âëàñòèâîñòi òî÷êîâîãî ñïåêòðà,

ÿêèé âèíèêà¹ ïðè òàêèõ íåñèìåòðè÷íèõ çáóðåííÿõ.
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Ó äàíié ðîáîòi ìè ïðîïîíó¹ìî óçàãàëüíåííÿ ðåçóëüòàòiâ ðîáiò [8, 9] òà [2] íà âèïàäîê

íåñèìåòðè÷íèõ êëàñó H−2 çáóðåíü ñêií÷åíîãî ðàíãó. À ñàìå, ðîçãëÿäà¹ìî ôîðìàëüíèé

âèðàç

Ã = A+
n∑
j=1

αj〈·, ωj〉δj, (1)

äå A � çàäàíèé íåçáóðåíèé ñàìîñïðÿæåíèé îïåðàòîð ó ñåïàðàáåëüíîìó ãiëüáåðòîâîìó

ïðîñòîði H, αj ∈ C, ωj, δj, j = 1, 2, ..., n < ∞ � âåêòîðè iç íåãàòèâíîãî ïðîñòîðó H−2

ïîáóäîâàíîãî çà îïåðàòîðîì A, 〈·, ·〉 � äóàëüíèé ñêàëÿðíèé äîáóòîê ìiæ ïîçèòèâíèì i

íåãàòèâíèì ïðîñòîðàìè. Òàêi îïåðàòîðè, íàïðèêëàä, âèíèêàþòü ó ìîäåëÿõ iç íåëîêàëü-

íîþ âçà¹ìîäi¹þ [3, 4], à òàêîæ iç çáóðåííÿìè ãàðìîíi÷íîãî îñöèëÿòîðà íåñèìåòðè÷íèìè

ïîòåíöiàëàìè òèïó δ-ôóíêöiÿ Äiðàêà [10].

Äåÿêi âàæëèâi ïîÿñíåííÿ ïî ðîáîòi îôîðìëåíi çàóâàæåííÿìè, ÿêi òàêîæ âëàñòèâi i

äëÿ ñèìåòðè÷íèõ çáóðåíü, çîêðåìà êëàñó H−1.

1 Ïîïåðåäíi âiäîìîñòi

Íàâåäåìî ñòàíäàðòíi ïîçíà÷åííÿ, ÿêi ¹, íàïðèêëàä, â [2]. Íåõàé ó ñåïàðàáåëüíîìó

ãiëüáåðòîâîìó ïðîñòîði H, çi ñêàëÿðíèì äîáóòêîì (·, ·) i íîðìîþ ‖ · ‖ =
√

(·, ·), çàäàíî
íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð A iç îáëàñòþ âèçíà÷åííÿD(A). Ïîçíà÷èìî ÷åðåç

ρ(A) ìíîæèíó ðåãóëÿðíèõ òî÷îê îïåðàòîðà A.

Ðîçãëÿíåìî ëàíöþã ïðîñòîðiâ

H−2 ⊃ H−1 ⊃ H ≡ H0 ⊃ H+1 ⊃ H+2, (2)

äå H+k = D(|A|k/2) � ïîçèòèâíèé ïðîñòið ç íîðìîþ ‖ϕ‖+k = ‖(|A| + I)k/2ϕ‖, ϕ ∈
D(|A|k/2), H−k � ïîïîâíåííÿ H çà íîðìîþ ‖f‖−k = ‖(|A|+ I)−k/2f‖, f ∈ H, k = 1, 2, I �

îäèíè÷íèé îïåðàòîð. Î÷åâèäíî H+2 = D(A). ×åðåç 〈·, ·〉 ïîçíà÷à¹ìî äóàëüíèé ñêàëÿð-

íèé äîáóòîê äëÿ ïàðè ïðîñòîðiâ H+2 i H−2.

Ðîçøèðåííÿ îïåðàòîðà A çà íåïåðåðâíiñòþ íà âåñü ïðîñòið H−2 ìîæíà ââàæàòè

îáìåæåíèì îïåðàòîðîì, ùî äi¹ ç H+2 â H−2, à òàêîæ � íåîáìåæåíèì îïåðàòîðîì â H−2,

àëå iç îáëàñòþ âèçíà÷åííÿ H+2. Òàêå ðîçøèðåííÿ ïîçíà÷åíî ÷åðåç A.

Ó ëàíöþãó (2) ðîçãëÿíåìî ëiíiéíèé îïåðàòîð

V =
n∑
j=1

αj〈·, ωj〉δj, n <∞, ωj, δj ∈ H−2 (3)

iç îáëàñòþ âèçíà÷åííÿ D(V ) ⊂ H+2 i îáëàñòþ çíà÷åíü R(V ) ⊂ H−2; αj ∈ C \ {0}. Îòæå
ñóìà A+V ¹ îáìåæåíèì îïåðàòîðîì ç îáëàñòþ âèçíà÷åííÿ H+2 i îáëàñòþ çíà÷åíü H−2.

Ôîðìàëüíèé âèðàç (1) íàæàëü íå ìîæíà ðîçóìiòè ÿê îïåðàòîð A +
n∑
j=1

αj〈·, ωj〉δj,

ç ïðîñòîðó H+2 â H−2, çâóæåíèé íà H, ÿê öå çðó÷íî ðîáèòè ïðè çáóðåííÿõ êëàñó

H−1. Òîìó ïðè äîäàòêîâèõ ïðèïóùåííÿõ íàâåäåìî îçíà÷åííÿ íåñèìåòðè÷íî ñèíãóëÿð-

íî ñêií÷åíîãî ðàíãó çáóðåíîãî ñàìîñïðÿæåíîãî îïåðàòîðà êëàñó H−2. Ïîêëàäåìî Ω :=

span{ωj}nj=1, ∆ := span{δj}nj=1 i äëÿ ïî÷àòêó ââàæàòèìåìî: ïî-ïåðøå Ω ⊂ H−2, ∆ ⊂
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H−2, òîáòî çáóðåíèé îïåðàòîð ¹ êëàñó H−2, à ïî-äðóãå Ω ∩H−1 = {0}, ∆ ∩H−1 = {0},
òîáòî çáóðåíèé îïåðàòîð ¹ ÷èñòî ñèíãóëÿðíî çáóðåíèì êëàñó H−2, (íå ìà¹ êîìïîíåí-

òè êëàñó H−1 i, òèì áiëüøå, ðåãóëÿðíî¨ êîìïîíåíòè � çáóðåíèé i íåçáóðåíèé îïåðàòîð

çáiãàþòüñÿ íà ùiëüíié ìíîæèíi â H i ÿêà íå ¹ ùiëüíîþ â H+2 àëå ¹ ùiëüíîþ â H+1).

Ïðîòÿãîì ðîáîòè áóäå âèêîðèñòîâóâàòèñÿ ïîçíà÷êà A çàìiñòü A, ÿêùî öå íå áóäå

âåñòè äî ñóïåðå÷íîñòi.

2 Îçíà÷åííÿ çáóðåíîãî îïåðàòîðà êëàñó H−2

Îçíà÷åííÿ 1. Íåõàé A � íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð â ñåïàðàáåëüíîìó

ãiëüáåðòîâîìó ïðîñòîði H. Äëÿ íàáîðiâ ëiíiéíî íåçàëåæíèõ âåêòîðiâ {ωj}nj=1 ⊂ H−2 i

{δj}nj=1 ⊂ H−2, n < ∞, òàêèõ ùî Ω ∩ H−1 = {0}, ∆ ∩ H−1 = {0}, äå Ω := span{ωj}nj=1,

∆ := span{δj}nj=1, ïîáóäó¹ìî îïåðàòîð V =
n∑
j=1

αj〈·, ωj〉δj.

Îïåðàòîð Ã íàçèâà¹òüñÿ ñèíãóëÿðíî ðàíãó n çáóðåíèì H−2-êëàñó âiäíîñíî A, ÿêùî

ïðè äåÿêîìó ôiêñîâàíîìó z ∈ ρ(A) éîãî îáëàñòü âèçíà÷åííÿ

D(Ã) =

{
ϑ = ϕ−

n∑
i,j=1

bi,j(z)〈ϕ, ωi〉(A− z)−1δj | ϕ ∈ D(A)

}
, (4)

äå bi,j(z) � åëåìåíòè ìàòðèöi îáåðíåíî¨ äî

G(z) =


1
α1

+ g11(z) g12(z) . . . g1n(z)

g21(z) 1
α2

+ g22(z) . . . g2n(z)
...

...
. . .

...

gn1(z) gn2(z) . . . 1
αn

+ gnn(z)

 , (5)

äå gi,j(z) = τi,j + ((A− z)−1(1 + zA)(A2 + 1)−1δi, ωj), T = {τi,j}ni,j=1 � ìàòðèöÿ-ïàðàìåòð,

τi,j ∈ C, i, j = 1, 2, ..., n, çà óìîâè det G(z) 6= 0; òà

D(Ã) =DH2+̇span{(A− z)−1δj}nj=1,

DH2 =
{
ϕ ∈ D(A) | ((A− z)ϕ, (A− z̄)−1ωj) = 0, j = 1, 2, ..., n

}
,

(6)

çà óìîâè detG(z) = 0; i äiÿ íà âåêòîðàõ ç D(Ã) çàäà¹òüñÿ ïðàâèëîì

(Ã− z)ϑ = (A− z)ϕ. (7)

(Òàêèé îïåðàòîð ïîçíà÷à¹ìî Ã ∈ Pn−2(A)).

Çàóâàæåííÿ 1. Äâà âàðiàíòè îáëàñòi âèçíà÷åííÿ D(Ã) çáóðåííÿ êëàñó H−2 (ÿê i êëàñó

H−1) òðàäèöiéíî îáóìîâëåíi òèì, ùî ó âèïàäêó (6) äåÿêà òî÷êà z ìîæå ñòàòè òî÷êîþ

òî÷êîâîãî ñïåêòðà îïåðàòîðà Ã, òîáòî z ∈ σp(Ã), i îòæå ìè îòðèìó¹ìî detG(z) = 0. Ó

iíøîìó ðàçi, òîáòî (4), ìà¹ìî z 6∈ σp(Ã), i îòæå òîäi detG(z) 6= 0.
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Çàóâàæåííÿ 2. Äàëi áóäå çðîçóìiëî, ùî îáëàñòü âèçíà÷åííÿ íàâåäåíà â îçíà÷åííi íå

çàëåæàòü âiä âèáîðó z ∈ ρ(A). À òàêîæ áóäå çðîçóìiëî, ùî ÷èñëî z, âiäïîâiäíå âèïàäêó

(4), çàâæäè iñíó¹, îñêiëüêè ñêií÷åíî-âèìiðíi çáóðåííÿ ñàìîñïðÿæåíîãî îïåðàòîðà íå

ìiíÿþòü éîãî íåïåðåðâíèé ñïåêòð.

Çàóâàæåííÿ 3. ßêùî â îçíà÷åííi 1 äëÿ ñàìîñïðÿæåíîãî îïåðàòîðà A, ïîêëàñòè ωj =

δj, i αj ∈ R \ {0}, j = 1, 2, ..., n, òî îòðèìó¹ìî âiäîìå âèçíà÷åííÿ ñèíãóëÿðíî çáóðåíîãî

ðàíãó n ñàìîñïðÿæåíîãî îïåðàòîðà êëàñó H−2 [2].

Çàóâàæåííÿ 4. Â ðîáîòi ðîçãëÿäà¹òüñÿ ôîðìàëüíèé âèðàç ó âèãëÿäi (1), à íå Ã =

A+
n∑

i,j=1

αi,j〈·, ωi〉δj, òîìó ùî îñòàííié âèðàç øëÿõîì ïåðåòâîðåíü ìîæíà çàâæäè çâåñòè

äî âèãëÿäó (1).

Çàóâàæåííÿ 5. Îñêiëüêè îïåðàòîð Ã íå ¹ ñàìîñïðÿæåíèì, òî éîãî ñïðÿæåíèé Ã∗ ¹

âiäìiííèì âiä Ã, i òàêîæ ìîæå áóòè îçíà÷åíèì, ïîäiáíî äî Ã. Îòæå íåõàé A � íåî-

áìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð â ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîði H. Äëÿ
íàáîðiâ ëiíiéíî íåçàëåæíèõ âåêòîðiâ {ωj}nj=1 i {δj}nj=1, n <∞, òàêèõ ùî Ω∩H−1 = {0},
∆ ∩ H−1 = {0}, äå Ω := span{ωj}nj=1, ∆ := span{δj}nj=1, ïîáóäó¹ìî îïåðàòîð V ∗ =
n∑
j=1

ᾱj〈·, δj〉ωj, î÷åâèäíî, ñïðÿæåíèé äî V .

Îïåðàòîð Ã∗ ∈ Pn−2(A) ¹ ñïðÿæåíèì äî ñèíãóëÿðíî ðàíãó n çáóðåíîãî H−2-êëàñó

âiäíîñíî A, ÿêùî ïðè äåÿêîìó ôiêñîâàíîìó z̄ ∈ ρ(A) éîãî îáëàñòü âèçíà÷åííÿ

D(Ã∗) =

{
ϑ = ϕ−

n∑
i,j=1

b∗i,j(z̄)〈ϕ, δi〉(A− z̄)−1ωj | ϕ ∈ D(A)

}
, (8)

äå b∗i,j(z̄) � åëåìåíòè ìàòðèöi îáåðíåíî¨ äî

G∗(z) =


1
α1

+ g∗11(z̄) g∗12(z̄) . . . g∗1n(z̄)

g∗21(z̄) 1
α2

+ g∗22(z̄) . . . g∗2n(z̄)
...

...
. . .

...

g∗n1(z̄) g∗n2(z̄) . . . 1
αn

+ g∗nn(z̄)

 , (9)

äå g∗i,j(z̄) = τ̄i,j + ((A− z̄)−1(1 + z̄A)(A2 + 1)−1δi, ωj), T
∗ = {τ ∗i,j}ni,j=1 � ìàòðèöÿ-ïàðàìåòð

ñïðÿæåíà äî T , òîáòî τ ∗i,j = τ̄j,i, τi,j ∈ C, i, j = 1, 2, ..., n, çà óìîâè detG∗(z) 6= 0; òà

D(Ã∗) =DH2+̇span{(A− z̄)−1ωj}nj=1,

DH2 =
{
ϕ ∈ D(A) | ((A− z̄)ϕ, (A− z)−1δj) = 0, j = 1, 2, ..., n

}
,

(10)

çà óìîâè detG∗(z) = 0; i äiÿ çàäà¹òüñÿ ïðàâèëîì:

(Ã∗ − z̄)ϑ = (A− z̄)ϕ. (11)

Çàóâàæåííÿ 6. Ñïðÿæåíèé ñèíãóëÿðíî çáóðåíèé îïåðàòîð ìîæíà âèêîðèñòàòè äëÿ

îïèñó îáîõ îïåðàòîðiâ ÿê ¹äèíèé îá'¹êò. Ïðîòå òàêèé îïèñ íå ¹ çðó÷íèì. Ëiíiéíèé çà-

ìêíåíèé îïåðàòîð Ã 6= A, ùiëüíî âèçíà÷åíèé â H, ¹ ñèíãóëÿðíî çáóðåíèì êëàñó H−2

âiäíîñíî ñàìîñïðÿæåíîãî îïåðàòîðà A, ÿêùî îáèäâi ìíîæèíè

D = {f ∈ D(A) ∩D(Ã) | Af = Ãf}, D∗ = {f ∈ D(A) ∩D((Ã)∗) | Af = Ã∗f}
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¹ ùiëüíèìè â H.
Î÷åâèäíî, ùî äëÿ êîæíî¨ ïàðè A i Ã òà A i Ã∗ iñíó¹ ñïiëüíå (çîêðåìà, ñèìåòðè÷íå)

çâóæåííÿ, òîáòî îïåðàòîðè Ȧ := A � D i Ȧ∗ := A � D∗ iç íåòðèâiàëüíèìè iíäåêñàìè

äåôåêòó êîæíèé

n±(Ȧ) = dim ker(Ȧ∓ z)∗ 6= 0, n±(Ȧ∗) = dim ker(Ȧ∗ ∓ z)∗ 6= 0, z ∈ ρ(A).

Ó äàíié ðîáîòi: n±(Ȧ) = n±(Ȧ∗) = n <∞. Îñòàííi ìiðêóâàííÿ ¹ áëèçüêèìè äî ðîçâ'ÿçíèõ

ðîçøèðåíü, îïèñàíèõ â ðîáîòi Ì.È.Âiøèêà [5], òà íîðìàëüíèõ ðîçøèðåíü ôîðìàëüíî

íîðìàëüíîãî îïåðàòîðà [6, 7]. Àëå òàêèé îïèñ íå ðîçðiçíÿ¹ çáóðåííÿ êëàñiâ H−1 i H−2.

ßêùî D = D∗ i Ã = Ã∗, òî îòðèìó¹ìî çâè÷àéíèé îïèñ ñèíãóëÿðíî çáóðåíîãî ñàìîñïðÿ-

æåíîãî îïåðàòîðà [2].

3 Ðåçîëüâåíòà ñèíãóëÿðíî íåñèìåòðè÷íî ðàíãó n çáóðåíîãî êëàñó

H−2 îïåðàòîðà

Ïîçíà÷èìî, äëÿ z ∈ ρ(A), ðåçîëüâåíòó Rz = (A− z)−1 íåçáóðåíîãî ñàìîñïðÿæåíîãî

îïåðàòîðà A i íàâåäåìî çàãàëüíèé âèãëÿä ðåçîëüâåíòè ñèíãóëÿðíî íåñèìåòðè÷íî ðàíãó

n çáóðåíîãî êëàñó H−2 îïåðàòîðà R̃z = (Ã− z)−1, z ∈ ρ(Ã) â H.

Òåîðåìà 1. Íåõàé A � íåîáìåæåíèé ñàìîñïðÿæåíèé îïåðàòîð â ñåïàðàáåëüíîìó ãiëü-

áåðòîâîìó ïðîñòîði H i Ã ∈ Pn−2(A) � ñèíãóëÿðíî íåñèìåòðè÷íî ðàíãó n çáóðåíèé êëàñó

H−2 âiäíîñíî A îïåðàòîð, âèçíà÷åíèé â îçíà÷åííi 1.

Òîäi ðåçîëüâåíòè íåçáóðåíîãî Rz i çáóðåíîãî R̃z îïåðàòîðiâ ïîâ'ÿçàíi ôîðìóëîþ òèïó

Ì.Êðåéíà

R̃z = Rz +
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z), z, ξ ∈ ρ(A) ∩ ρ(Ã) (12)

iç âåêòîðíî-çíà÷íèìè ôóíêöiÿìè

nj(z) = (A− ξ)(A− z)−1nj(ξ), mj(z) = (A− ξ)(A− z)−1mj(ξ), j = 1, 2, ..., n, (13)

äå nj(z),mj(z) ∈ H\H+1, i ìàòðè÷íî-çíà÷íîþ ôóíêöi¹þ G(z)−1 = {−bi,j(z)}ni,j=1, òàêîþ

ùî

G(z)−G(ξ) = (z − ξ)Γ(ni(ξ),mj(z̄)), (14)

äå Γ( · · ) � ìàòðèöÿ Ãðàìà âåêòîðiâ ni(z) = Rzδi, mj(z) = Rzωj; i êîåôiöi¹íòè 0 < |αi| <
∞, i, j = 1, 2, ..., n.

Äîâåäåííÿ. Âèðàç (12) ïî ñóòi âèïëèâà¹ ç (4) (òî÷íiøå, òðàäèöiéíî, (4) ôîðìóâàëîñü

ç îãëÿäó íà (12)). Äiéñíî ïîêëàäåìî ∀f ∈ H, (A − z)−1f = ϕ, òîáòî f = (A − z)ϕ i

ïiäñòàâèìî éîãî â (12). Òîäi

D(Ã) 3 ϑ := R̃f = ϕ+
n∑

i,j=1

bi,j(z)(ϕ, ωi)(A− z)−1δj,

(ç óðàõóâàííÿì çíàêà ïðè G(z)).
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Ïîêàæåìî (13). Äiéñíî, ÿêùî ïîêëàñòè nj(z) = (A− z)−1δi, nj(ξ) = (A− ξ)−1δi, òî

(A− z)nj(z) = (A− ξ)nj(ξ), nj(z) = (A− ξ)(A− z)−1nj(ξ), i = 1, 2, ..., n.

Àíàëîãi÷íî ÿêùî mj(z) = (A− z)−1ωi, mj(ξ) = (A− ξ)−1ωi, òî

(A− z)mj(z) = (A− ξ)mj(ξ), mj(z) = (A− ξ)(A− z)−1mj(ξ), i = 1, 2, ..., n.

Çàóâàæèìî äëÿ ïîäàëüøîãî, ùî îñêiëüêè {δj}, j = 1, 2, ..., n i {ωj}, j = 1, 2, ..., n �

ìíîæèíè ëiíiéíî íåçàëåæíèõ âåêòîðiâ, òî, âiäïîâiäíî, i {nj(z)}, j = 1, 2, ..., n, i {mj(z)},
j = 1, 2, ..., n ïðè êîæíîìó ôiêñîâàíîìó z ∈ ρ(A) òàêîæ ¹ ìíîæèíè ëiíiéíî íåçàëåæíèõ

âåêòîðiâ (çàâäÿêè ëiíiéíîñòi îïåðàòîðà A).

Ïîêàæåìî (14). Çàïèøåìî ëiâèé áiê (14), âèêîðèñòîâóþ÷è (5):

G(z)−G(ξ) =


g11(z)− g11(ξ) g12(z)− g12(ξ) . . . g1n(z)− g1n(ξ)

g21(z)− g21(ξ) g22(z)− g22(ξ) . . . g2n(z)− g2n(ξ)
...

...
. . .

...

gn1(z)− gn1(ξ) gn2(z)− gn2(ξ) . . . gnn(z)− gnn(ξ)

 ,
òîáòî (âèêîðèñòîâóþ÷è ñêîðî÷åíó ôîðìó çàïèñó ìàòðèöü ìà¹ìî

G(z)−G(ξ)

=
{
〈δi, [(A− z)−1(1 + zA)(A2 + 1)−1δi − (A− ξ)−1(1 + ξA)(A2 + 1)−1δi], ωj〉

}n
i,j=1

=
{
〈[(A− z)−1(1 + zA)(A2 + 1)−1 − (A− ξ)−1(1 + ξA)(A2 + 1)−1]δi, ωj〉

}n
i,j=1

=
{
〈[(A− z)−1(1 + zA)− (A− ξ)−1(1 + ξA)](A2 + 1)−1δi, ωj〉

}n
i,j=1

=
{
〈[(A− z)−1 − (A− ξ)−1 + zA(A− z)−1 − ξA(A− ξ)−1](A2 + 1)−1δi, ωj〉

}n
i,j=1

=
{(

[(z − ξ)(A− z)−1(A− ξ)−1 + zA(A− z)−1 − ξA(A− ξ)−1]

·(A2 + 1)−1(A− ξ)ni(ξ), (A− z̄)mj(z)
)}n

i,j=1

=
{(

[(z − ξ) + zA2 − zξA− ξA2 + zξA](A2 + 1)−1ni(ξ),mj(z)
)}n

i,j=1

= (z − ξ)
{(

[1 + A2](A2 + 1)−1ni(ξ),mj(z)
)}n

i,j=1

= (z − ξ)Γ(ni(ξ),mj(z̄)),

äå âèêîðèñòàíî òîòîæíiñòü Ãiëüáåðòà (A− z̄)−1−(A− ξ̄)−1 = (z̄− ξ̄)(A− z̄)−1(A− ξ̄)−1.

Çàóâàæåííÿ 7. Âçàãàëi ó òåîðåìi ìîæíà ïîêëàäàòè äåÿêi αi = 0, i = 1, 2, ..., n. Ó

òàêîìó ðàçi ìà¹ìî, àáî çáóðåííÿ ðàíãó ìåíøå çà n, àáî âçàãàëi R̃z = Rz. Òàêîæ ìî-

æíà ïîêëàäàòè äåÿêi αi = ∞, i = 1, 2, ..., n. Ó òàêîìó ðàçi íà ìiñòi âiäïîâiäíèõ 1
αi
, íå

ïîðóøóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè íóëi.

Çàóâàæåííÿ 8. Äëÿ ñïðÿæåíîãî îïåðàòîðà Ã∗, ìîæíà òàêîæ ñôîðìóëþâàòè i äîâåñòè

òåîðåìó àíàëîãi÷íà äî Òåîðåìà 1.
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4 Îáåðíåíà çàäà÷à äëÿ ñèíãóëÿðíî íåñèìåòðè÷íî çáóðåíîãî ðàíãó n

êëàñó H−2 îïåðàòîðà

Äëÿ çáóðåíîãî îïåðàòîðà êëàñó H−2, Ã ∈ Pn−2(A), ÿê i äëÿ êëàñó H−1, òà ñàìîñïðÿ-

æåíèõ çáóðåíü, òàêîæ ôîðìóëþ¹òüñÿ i ðàçâ'ÿçó¹òüñÿ îáåðíåíà çàäà÷à.

Òåîðåìà 2. Íåõàé â ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðîñòîðiH çàäàíèé ñàìîñïðÿæåíèé

îïåðàòîð A, òîäi îïåðàòîðíî-çíà÷íà ôóíêöiÿ, äëÿ z ∈ ρ(A),

R̃z := (A− z)−1 +
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z) (15)

¹ ðåçîëüâåíòîþ ñèíãóëÿðíî çáóðåíîãî êëàñó H−2 îïåðàòîðà, ÿêùî äëÿ ni(z̄), mi(z), j =

1, 2, ..., n òà G(z)−1 = {−bi,j(z)}ni,j=1 âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

nj(z̄) = (A− ξ̄)(A− z̄)−1nj(ξ̄), mj(z) = (A− ξ)(A− z)−1mj(ξ), j = 1, 2, ..., n, (16)

G(z)−G(ξ) = (z − ξ)Γ(ni(ξ),mj(z̄)), (17)

i span{ni(z)}ni=1, span{mi(z)}ni=1 ⊂ H \H+1.

Äîâåäåííÿ. Âèêîðèñòîâó¹ìî òåîðåìè 1 i 2 ç [11], Ðîçäië VIII, �1. À ñàìå, îïåðàòîðíî-

çíà÷íà ôóíêöiÿ (16) R̃z ¹ ðåçîëüâåíòîþ äåÿêîãî çàìêíåíîãî îïåðàòîðà ÿêùî:

� R̃z çàäîâîëüíÿ¹ òîòîæíiñòü Ãiëüáåðòà ç äåÿêèìè z, ξ ∈ C: R̃z−R̃ξ = (z−ξ)R̃zR̃ξ, òîáòî

(â òåðìiíàõ [11]) ¹ ïñåâäîðåçîëüâåíòîþ i

� R̃z ìà¹ ëèøå òðèâiàëüíå ÿäðî, òîáòî ker(R̃z) = {0}.

Ïiäñòàâèìî (15) ó âèãëÿäi

R̃z := Rz −
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z)

ó òîòîæíiñòü Ãiëüáåðòà R̃z − R̃ξ = (z − ξ)R̃zR̃ξ, à ñàìå

[Rz −
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z)]− [Rξ −
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))mj(ξ)]

= (z − ξ)[Rz −
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z)] · [Rξ −
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))mj(ξ)]

= Rz −
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z)−Rξ +
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))mj(ξ)

= (z − ξ)RzRξ − (z − ξ)
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))Rzmj(ξ)− (z − ξ)
n∑

i,j=1

bi,j(z)(·, Rξ̄ni(z̄))mj(z)
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+(z − ξ)
n∑

i,j=1

n∑
p,q=1

bi,j(z)bp,q(ξ)(mq(ξ), ni(z̄))(·, np(z̄))mj(z).

Âèêîðèñòîâóþ÷è òîòîæíiñòü Ãiëüáåðòà äëÿ Rz òà ðiâíîñòi

(z − ξ)Rzmj(ξ) = mj(z)−mj(ξ), (z̄ − ξ̄)Rξ̄ni(z̄) = ni(z̄)− ni(ξ̄),

ÿêi âèïëèâàþòü ç (16), îòðèìó¹ìî:

n∑
i,j=1

bi,j(ξ)(·, ni(ξ̄))mj(ξ)−
n∑

i,j=1

bi,j(z)(·, ni(z̄))mj(z)

=
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))[mj(z)−mj(ξ)]−
n∑

i,j=1

bi,j(z)(·, [ni(z̄)− ni(ξ̄)])mj(z)

+(z − ξ)
n∑

i,j=1

n∑
p,q=1

bi,j(z)bp,q(ξ)(mq(ξ), ni(z̄))(·, np(z̄))mj(z).

Ðîçêðèâà¹ìî êâàäðàòíi äóæêè i çâîäèìî ïîäiáíi

0 =
n∑

i,j=1

bi,j(ξ)(·, ni(ξ̄))mj(z)−
n∑

i,j=1

bi,j(z)(·, ni(ξ̄))mj(z)

+(z − ξ)
n∑

i,j=1

n∑
p,q=1

bi,j(z)bp,q(z)(mq(ξ), ni(z̄))(·, np(z̄))mj(z).

Îñêiëüêè â îñòàííié ðiâíîñòi ó âñiõ äîäàíêiâ ¹ îäíàêîâèé êîìïîíåíò
n∑

i,j=1

(·, ni(ξ̄))mj(z),

òî

0 = G−1(ξ)−G−1(z) + (z − ξ)G−1(ξ)Γ(mq(ξ), nj(z̄))G−1(z),

äå, íàãàäà¹ìî, −G−1(z) = {bi,j(z)}ni,j=1. I ïiñëÿ ïåðåõîäó äî G(ξ) i G(z) îòðèìó¹ìî (17).

Ïîêàæåìî äðóãó ç óìîâ iñíóâàííÿ ðåçîëüâåíòè. Äëÿ âåêòîðà f ∈ H, òàêîãî ùî

f ⊥ nj(z̄), j = 1, 2, ..., n, î÷åâèäíî ìà¹ìî R̃zf = Rzf .

Íàãàäà¹ìî, ùî îñêiëüêè âñi δj, j = 1, 2, ..., n, ââàæàþòüñÿ ëiíiéíî íåçàëåæíèìè, òî i,

ïðè z ∈ ρ(A), âåêòîðè nj(z) = (A−z)−1δj òàêîæ ¹ ëiíiéíî íåçàëåæíèìè. Òîìó çíàéäåòüñÿ

âåêòîð f ∈ H, òàêèé ùî f 6⊥ ni(z̄) i f ⊥ nj(z̄), j = 1, 2, ..., n, j 6= i, ïðè êîæíîìó

ôiêñîâàíîìó i = 1, 2, ..., n. Äëÿ òàêîãî âåêòîðà

R̃zf = Rzf +
n∑
j=1

bi,j(f, ni(z̄))mj(z) 6= 0.

ßêáè Rzf = −
n∑
j=1

bi,j(f, ni(z̄))mj(z), òî öå îçíà÷àëî á, ùî ç îäíîãî áîêó span{mj(z)} ∈

H+2, à çà óìîâè òåîðåìè span{mj(z)} ∈ H \ H+1.

Îòæå R̃z ¹ ðåçîëüâåíòîþ äåÿêîãî çàìêíåíîãî îïåðàòîðà, ÿêèé ìîæíà ïîçíà÷èòè ÷å-

ðåç Ã. Òîé ôàêò, ùî A i Ã çáiãàþòüñÿ íà äåÿêié ùiëüíié ìíîæèíi, âèïëèâà¹ ç óìîâè

span{mj(z)} ∈ H \ H+1. Àíàëîãi÷íî, òîé ôàêò, ùî A i Ã∗ çáiãàþòüñÿ íà äåÿêié ùiëüíié

ìíîæèíi, âèïëèâà¹ ç óìîâè span{nj(z)} ∈ H \ H+1.
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Çàóâàæåííÿ 9. Ç òåîðåìè 2 âèïëèâà¹, çîêðåìà, i òîé ôàêò, ùî îáëàñòü âèçíà÷åííÿ

ñèíãóëÿðíî çáóðåíîãî îïåðàòîðà â îçíà÷åííi 1 íå çàëåæèòü âiä âèáîðó z ∈ ρ(A).

Çàóâàæåííÿ 10. Äëÿ îïåðàòîðà Ã∗ òàêîæ ìîæíà ñôîðìóëþâàòè i äîâåñòè òåîðåìó,

àíàëîãi÷íó äî òåîðåìè 2.

Çàóâàæåííÿ 11. Ïèòàííÿ, êîëè çáóðåíèé ðàíãó n îïåðàòîð êëàñó H−2 ìîæíà îïèñàòè

ìåòîäàìè êëàñó H−1, ÿê öå áóëî ïîêàçàíî äëÿ ðàíãó îäèí â [8, 9], ïëàíó¹òüñÿ ðîçãëÿ-

íóòè â îêðåìié ïóáëiêàöi¨. Òàêîæ ïëàíó¹òüñÿ i îêðåìî ïîêàçàòè ìiøàíi ôîðìè çáóðåíü,

íàïðèêëàä, Ã ∈ Pn−2(A) âîäíî÷àñ Ã∗ ∈ Pn−1(A), ÷è âçàãàëi Ã∗ � ðåãóëÿðíå çáóðåííÿ, àáî

íàâïàêè ïî âiäíîøåííþ äî A i Ã, òà iíøå.

5 Ïðèêëàä

Íàâåäåìî íàî÷íèé, ïîðiâíÿíî ëåãêî îá÷èñëþâàëüíèé, ïðèêëàä, âëàñòèâèé âèêëþ÷íî

äëÿ çáóðåíîãî îïåðàòîðà êëàñó H−2, ÿêèé iëþñòðó¹ îñíîâíi òâåðäæåííÿ ðîáîòè.

Íåõàé â ãiëüáåðòîâîìó ïðîñòîði H = L2 := L2([0,∞], dx) çàäàíèé îïåðàòîð A �

ìíîæåííÿ íà �x2�, òîáòî

Af(x) = x2f(x), f ∈ D(A) := {f(x) ∈ L2 | x2f(x) ∈ L2}.

Ó òàêîìó ðàçi

H+1 = L2([1,∞], (x2 + 1)dx), H−1 = L2([1,∞],
1

(x2 + 1)
dx),

H+2 = L2([1,∞], (x2 + 1)2dx), H−2 = L2([1,∞],
1

(x2 + 1)2
dx).

Ðîçãëÿíåìî ñèíãóëÿðíå ðàíãó äâà íåñèìåòðè÷íå çáóðåííÿ:

Ã = A+ α1〈·, ω1〉δ1 + α2〈·, ω2〉δ2,

äå ω1 = x, δ1 = x − 1, ω2 = x + 1, δ2 = x. Ëåãêî ïåðåâiðèòè, ùî ωi ∈ H−2 \ H−1,

δi ∈ H−2 \ H−1, i = 1, 2. Òàêèì ÷èíîì ìà¹ìî çáóðåíèé îïåðàòîð çàäàíèé ôîðìàëüíèì

âèðàçîì,:

Ãf(x) = xf(x) + α1(x− 1)

∞∫
0

f(x)x dx+ α2x

∞∫
0

f(x)(x+ 1) dx,

îñêiëüêè âií i éîãî ñïðÿæåíèé íàëåæàòü äî êëàñó H−2. Çãiäíî îçíà÷åííÿ 1 çàïèøåìî

éîãî îáëàñòü âèçíà÷åííÿ, äå, äëÿ ïðîñòîòè îá÷èñëåíü, ïîêëàäåìî z = i. Äëÿ öüîãî

ñïî÷àòêó îá÷èñëèìî âåëè÷èíè:

(A− z)−1(1 + zA)(A2 + 1)−1 = (A− i)−1(1 + iA)(A2 + 1)−1

=
1 + ix2

(x2 − i)(x4 + 1)
=

(1 + ix2)(x2 + i)

(x2 − i)(x2 + i)(x4 + 1)
= i

1

x4 + 1
;
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i äàëi

〈(A− i)−1(1 + iA)(A2 + 1)−1δ1, ω1〉 = i

∞∫
0

x2 − x
(x4 + 1)

dx = i

√
2− 1

4
π,

〈(A− i)−1(1 + iA)(A2 + 1)−1δ1, ω2〉 = i

∞∫
0

x2 − 1

(x4 + 1)
dx = 0,

〈(A− i)−1(1 + iA)(A2 + 1)−1δ2, ω1〉 = i

∞∫
0

x2

(x4 + 1)
dx = i

√
2π

16
,

〈(A− i)−1(1 + iA)(A2 + 1)−1δ2, ω2〉 = i

∞∫
0

x2 + x

(x4 + 1)
dx = i

√
2 + 1

4
π.

Òîäi äëÿ S := (A− i)−1(1 + iA)(A2 + 1)−1, ìà¹ìî

∆ = det

∣∣∣∣∣ 1
α1

+ τ11 + 〈Sδ1, ω1〉 τ12 + 〈Sδ1, ω2〉
τ21 + 〈Sδ2, ω1〉 1

α2
+ τ22 + 〈Sδ2, ω2〉

∣∣∣∣∣
= det

∣∣∣∣∣ 1
α1

+ τ11 + i
√

2−1
4
π τ12

τ21 + i
√

2π
16

1
α2

+ τ22 + i
√

2+1
4
π

∣∣∣∣∣ .
Ïðè öüîìó

(Ã− i)−1δ1 =
1
α2

+ τ22 + i
√

2+1
4
π

∆
(A− i)−1δ1 −

τ21 + i
√

2π
16

∆
(A− i)−1δ2

=
1
α2

+ τ22 + i
√

2+1
4
π

∆

x− 1

x− i
−
τ21 + i

√
2π

16

∆

x

x− i
,

(Ã− i)−1δ2 = −τ12

∆
(A− i)−1δ1 + τ11 +

1
α1

+ i
√

2−1
4
π

∆
A−1δ2

= −τ12

∆

x

x− i
+

1
α1

+ τ11 + i
√

2−1
4
π

∆

x− 1

x− i
.

Îòæå îáëàñòü âèçíà÷åííÿ D(Ã) ñêëàäà¹òüñÿ iç âåêòîðiâ âèãëÿäó:

ϑ(x) = ϕ(x)−

(
1

α2

+ τ22 + i

√
2 + 1

4
π

)
1

∆

x− 1

x− i

∞∫
0

ϕ(x)x dx

+

(
τ21 + i

√
2π

16

)
1

∆

x

x− i

∞∫
0

ϕ(x)x dx

+
τ12

∆

x− 1

x− i

∞∫
0

ϕ(x)(x+ 1) dx

−

(
1

α1

+ τ11 + i

√
2− 1

4
π

)
1

∆

x

x− i

∞∫
0

ϕ(x)(x+ 1) dx, ϕ(x) ∈ D(A).
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À äiÿ ðåçîëüâåíòè îïåðàòîðà â òî÷öi z = i íà âåêòîð ìà¹ âèãëÿä:

(Ã− i)−1f(x) =
1

x− i
f(x)−

(
1

α2

+ τ22 + i

√
2 + 1

4
π

)
1

∆

x− 1

x− i

∞∫
0

f(x)
x

x− i
dx

+

(
τ21 + i

√
2π

16

)
1

∆

x

x− i

∞∫
0

f(x)
x

x− i
dx

+
τ12

∆

x− 1

x− i

∞∫
0

ϕ
x+ 1

x− i
dx

−

(
1

α1

+ τ1 + i

√
2− 1

4
π

)
1

∆

x

x− i

∞∫
0

f(x)
x+ 1

x− i
dx, f(x) ∈ L2.

Ïàðàìåòðè τi,j ∈ C, i, j = 1, 2 ¹ äîâiëüíèìè ÷èñëàìè.
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Dudkin M.E., Dyuzhenkova O.Y. Singularly �nite rank nonsymmetric perturbations H−2-class

of a self-adjoint operator, Bukovinian Math. Journal. 9, 1 (2021), 140�151.

The singular nonsymmetric rank one perturbation of a self-adjoint operator from classes

H−1 and H−2 was considered for the �rst time in works by Dudkin M.E. and Vdovenko T.I.

[8, 9]. In the mentioned papers, some properties of the point spectrum are described, which

occur during such perturbations.

This paper proposes generalizations of the results presented in [8, 9] and [2] in the case

of nonsymmetric class H−2 perturbations of �nite rank. That is, the formal expression of the

following is considered

Ã = A+

n∑
j=1

αj〈·, ωj〉δj ,

where A is an unperturbed self-adjoint operator on a separable Hilbert space H, αj ∈ C, ωj ,

δj , j = 1, 2, ..., n <∞ are vectors from the negative space H−2 constructed by the operator A,

〈·, ·〉 is the dual scalar product between positive and negative spaces.


