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Îïòèìàëüíå êåðóâàííÿ â áàãàòîòî÷êîâié êðàéîâié çàäà÷i äëÿ

2b-ïàðàáîëi÷íèõ ðiâíÿíü

Äîñëiäæó¹òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ñèñòåìîþ, ùî îïèñó¹òüñÿ çàãàëüíîþ

áàãàòîòî÷êîâîþ êðàéîâîþ çàäà÷åþ äëÿ 2b-ïàðàáîëi÷íèõ ðiâíÿíü. Ðîçãëÿíóòî âèïàäêè âíó-

òðiøíüîãî, ñòàðòîâîãî i ìåæîâîãî êåðóâàííÿ. Êðèòåðié ÿêîñòi çàäà¹òüñÿ ñóìîþ îá'¹ìíèõ òà

ïîâåðõíåâèõ iíòåãðàëiâ. Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà êðàéîâî¨ çàäà÷i äëÿ 2b-ïàðàáîëi÷íîãî

ðiâíÿííÿ âñòàíîâëåíî iñíóâàííÿ, ¹äèíiñòü òà iíòåãðàëüíå çîáðàæåííÿ ðîçâ'ÿçêiâ çàãàëüíî¨

áàãàòîòî÷êîâî¨ êðàéîâî¨ çàäà÷i äëÿ 2b-ïàðàáîëi÷íèõ ðiâíÿíü. Çíàéäåíî îöiíêè ðîçâ'ÿçêiâ

áàãàòîòî÷êîâî¨ êðàéîâî¨ çàäà÷i òà éîãî ïîõiäíèõ â ãåëüäåðîâèõ ïðîñòîðàõ. Âñòàíîâëåíî

íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ îïòèìàëüíîãî ðîçâ'ÿçêó ñèñòåìè, ùî îïèñó¹òüñÿ çà-

ãàëüíîþ áàãàòîòî÷êîâîþ êðàéîâîþ çàäà÷åþ äëÿ 2b-ïàðàáîëi÷íèõ ðiâíÿíü.
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Âñòóï

Îïòèìàëüíå êåðóâàííÿ ñèñòåìàìè, ùî îïèñóþòüñÿ äèôåðåíöiàëüíèìè ðiâíÿííÿìè ç

÷àñòèííèìè ïîõiäíèìè ¹ íàäçâè÷àéíî ïëiäíèì ïîëåì äëÿ äîñëiäæåíü òà äæåðåëîì äëÿ

áàãàòüîõ ñêëàäíèõ ìàòåìàòè÷íèõ ïðîáëåì òà öiêàâèõ çàñòîñóâàíü. Ïîïóëÿðíiñòü òàêîãî

ðîäó äîñëiäæåíü ïîâ'ÿçàíà ç ¨õ àêòèâíèì âèêîðèñòàííÿì ïðè âèðiøåííi ïðîáëåì ïðè-

ðîäîçíàâñòâà, çîêðåìà ãiäðî- i ãàçîäèíàìiêè, ôiçèêè òåïëà, ôiëüòðàöi¨, äèôóçi¨, ïëàçìè,

òåîði¨ áiîëîãi÷íèõ ïîïóëÿöié.

Îñíîâè òåîði¨ îïòèìàëüíîãî êåðóâàííÿ äåòåðìiíîâàíèìè ñèñòåìàìè, ùî îïèñóþòüñÿ

ðiâíÿííÿìè ç ÷àñòèííèìè ïîõiäíèìè, çàêëàäåíî ó ìîíîãðàôi¨ [1]. Âàæëèâi ðåçóëüòàòè

öi¹¨ òåîði¨ ó âèïàäêó åâîëþöiéíèõ ðiâíÿíü, ùî çàäàíi íà îáìåæåíîìó ÷àñîâîìó ïðîìiæ-

êó, îòðèìàíi, çîêðåìà, ó ïðàöÿõ [2], [3], [4], [5], [6].

Ó ðîáîòàõ [7], [8], [9] âèâ÷àëèñü çàäà÷i îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè, ùî îïèñó-

þòüñÿ íåëiíiéíèìè ðiâíÿííÿìè ç ÷àñòèííèìè ïîõiäíèìè. Çîêðåìà, ó ïðàöi [7] âèâ÷àþòü

çàäà÷ó ðîçïîäiëó ðåñóðñiâ, ÿêà ïîëÿãà¹ ó ìàêñèìiçàöi¨ ÷èñåëüíîñòi åëåìåíòiâ ïåâíîãî

âèäó.
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Çàäà÷à âèáîðó îïòèìàëüíîãî êåðóâàííÿ ñèñòåìàìè, ùî îïèñóþòüñÿ ïàðàáîëi÷íèìè

êðàéîâèìè çàäà÷àìè ç îáìåæåíèì âíóòðiøíiì êåðóâàííÿì ïðèñâÿ÷åíî ïðàöi [10], [11],

[12], [13]. Ôóíêöiîíàëè ÿêîñòi âèçíà÷àþòüñÿ îá'¹ìíèìè iíòåãðàëàìè.

Ó öié ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à âèáîðó îïòèìàëüíîãî êåðóâàííÿ ñèñòåìè, ùî îïè-

ñó¹òüñÿ çàãàëüíîþ áàãàòîòî÷êîâîþ ïàðàáîëi÷íîþ çàäà÷åþ ç îáìåæåíèì âíóòðiøíiì, ìå-

æîâèì òà ñòàðòîâèì êåðóâàííÿì. Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà çàãàëüíî¨ ïàðàáîëi÷íî¨

êðàéîâî¨ çàäà÷i äîâåäåíî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàãàëüíî¨ áàãàòîòî÷êîâî¨ êðàéî-

âî¨ çàäà÷i òà âñòàíîâëåíî îöiíêè ïîõiäíèõ ðîçâ'ÿçêó ó ãåëüäåðîâèõ ïðîñòîðàõ. Îäåðæàíi

ðåçóëüòàòè âèêîðèñòîâóþòüñÿ äëÿ âñòàíîâëåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàí-

íÿ îïòèìàëüíîãî ðîçâ'ÿçêó ñèñòåìè, ùî îïèñó¹òüñÿ áàãàòîòî÷êîâîþ êðàéîâîþ çàäà÷åþ

äëÿ 2b-ïàðàáîëi÷íèõ ðiâíÿíü ç âíóòðiøíiì, ñòàðòîâèì òà ìåæîâèì êåðóâàííÿì. Êðèòå-

ðié ÿêîñòi çàäà¹òüñÿ ó âèãëÿäi ñóìè îá'¹ìíèõ òà ïîâåðõíåâèõ iíòåãðàëiâ.

1 Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìåæåííÿ

Íåõàé t0, t1, . . . , tN+1 � äîâiëüíi ÷èñëà, 0 ≤ t0 < t1 < . . . < tN+1, D � îáìåæåíà îáëàñòü

â Rn ç ìåæeþ ∂D, Γ = [t0, tN+1) × ∂D. Ðîçãëÿíåìî â îáëàñòi Q = [t0, tN+1) ×D çàäà÷ó

çíàõîäæåííÿ ôóíêöié (u, q), q = (q1, q2, q3), íà ÿêèõ ôóíêöiîíàë

I(q) =

tN+1∫
t0

dt

∫
D

F1(t, x;u, q1)dx+

∫
D

F2(x, u(t1, x; q), . . . , u(tN , x; q), q2)dx+

+

tN+1∫
t0

dt

∫
∂D

F3(t, x;u, q3)dxS (1)

äîñÿãà¹ ìiíiìóìó â êëàñi ôóíêöié q ∈ V =
{
q|q1 ∈ Cα(Q), q2 ∈ C2b+α(D), q3 ∈

C2b−ri+α(Γ), ν11(t, x) ≤ q1 ≤ ν12(t, x), ν21(x) ≤ q2 ≤ ν22(x), ν31(t, x) ≤ q3 ≤ ν32(t, x)
}
,

iç ÿêèõ u(t, x; q1(t, x), q2(x), q3(t, x)) çàäîâîëüíÿ¹ ïðè (t, x) ∈ Q ðiâíÿííÿ

(Lu)(t, x) ≡

Dt −
∑
|k|≤2b

Ak(t, x)Dk
x

u = f0(t, x; q1(t, x)), (2)

íåëîêàëüíó óìîâó çà ÷àñîâîþ çìiííîþ

(Bu)(x) ≡ u(t0, x; q) +
N∑
j=1

dj(x)u(tj, x; q) = ϕ(x; q2(x)) (3)

i íà ái÷íié ïîâåðõíi Γ êðàéîâó óìîâó

(Biu)(t, x)|Γ ≡

∑
|k|≤ri

b
(i)
k (t, x)Dk

x

u|Γ = fi(t, x; q3(t, x)), (4)

0 ≤ ri ≤ 2b− 1, i ∈ {1, 2, . . . , b}, |k| = k1 + k2 + . . .+ kn, D
k
x = Dk1

x1
Dk2
x2
. . . Dkn

xn .
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Áóäåìî ââàæàòè âèêîíàíèìè òàêi óìîâè:

à) êðàéîâà çàäà÷à (2)�(4) ïàðàáîëi÷íà [14] iAk(t, x) ∈ C l+α(Q), b
(i)
k (t, x) ∈ C2b−ri+l+α(Γ),

di(x) ∈ C2b+α(D), ∂D ∈ C2b+l+α, l = 4b− 2r + 1, r = min
i
ri;

á) ôóíêöi¨ ϕ(x; q2(x)) ∈ C2b+α(D), f0(t, x; q1(t, x)) ∈ Cα(Q), fi(t, x; q3(t, x)) ∈ C2b−ri+α(Γ),

(Biϕ)(0, x)|Γ = fi(0, x; q3(0, x));

â) f0(t, x; q1(t, x)) = r0(t)ψ0(x, q1(x)), fi(t, x; q3(t, x)) = ri(t)ψi(x, q3(x)), F1(t, x;u(t, x; q), q1),

F2(x;~v), ~v = {v1, . . . , vN+1} = {u(t1, x; q), u(t2, x; q), . . . , u(tN , x; q), q2}, F3(t, x;u(t, x; q), q3)

ìàþòü ïîõiäíi äðóãîãî ïîðÿäêó çà çìiííèìè (u; q1, q2, q3), ÿêi íàëåæàòü, ÿê ôóíêöi¨ çìií-

íèõ (t, x), x âiäïîâiäíî ïðîñòîðàì Cα(Q), C2b+α(D), C2b−ri+α(Γ), ν1l ∈ Cα(Q), ν2l ∈
C2b+α(D), ν3l ∈ C2b−ri+α(Γ), l ∈ {1, 2, 3}.

Çà óìîâ íàêëàäåíèõ íà ãëàäêiñòü êîåôiöi¹íòiâ ðiâíÿííÿ (2) i êðàéîâèõ óìîâ (4), iñíó¹

ôóíêöiÿ Ãðiíà (G0, G1, . . . , Gb) êðàéîâî¨ çàäà÷i ([14], òåîðåìà 1)

(Lω)(t, x) = f0(t, x; q1), ω(t0, x; q) = ϕ(x; q2), (Biω)(t, x)|Γ = fi(t, x; q3), (5)

çà äîïîìîãîþ ÿêî¨ ðîçâ'ÿçîê çàäà÷i (5) âèçíà÷à¹òüñÿ ôîðìóëîþ

ω(t, x; q) =

t∫
t0

dτ

∫
D

G0(t, x, τ, ξ)f0(τ, ξ; q1)dξ +

∫
D

G0(t, x, t0, ξ)ϕ(ξ, q2)dξ+

+
b∑
i=1

t∫
t0

dτ

∫
∂D

Gi(t, x, τ, ξ)fi(τ, ξ; q3)dξS. (6)

ßêùî l ≥ 0 i âèêîíàíi óìîâè à), á), òî çãiäíî ç òåîðåìîþ 1 [14] iñíó¹ ¹äèíèé ðîçâ'ÿçîê

çàäà÷i (5) â ïðîñòîði C2b+α(Q) ïðè äîâiëüíèõ q ∈ V i äëÿ íüîãî ïðàâèëüíà îöiíêà

‖ω‖C2b+α(Q) ≤ c

(
‖ϕ‖C2b+α(D) + ‖f0‖Cα(Q) +

b∑
i=1

‖fi‖C2b−ri+α(Γ)

)
. (7)

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíàíi óìîâè à), á),
N∑
j=1

|dj(x)|
∫
D

|G0(tj, x, t0, ξ)|dξ ≤ λ0 < 1. Òîäi

iñíó¹ ôóíêöiÿ Ãðiíà çàäà÷i (2)�(4) ç êîìïîíåíòàìè (G0, G1, . . . , Gb;Z0, Z1, . . . , Zb), ñïðà-

âåäëèâà ôîðìóëà

u(t, x, q) =

t∫
t0

dτ

∫
D

G0(t, x, τ, ξ)f0(τ, ξ; q1)dξ +

∫
D

G0(t, x, t0, ξ)ϕ(ξ; q2)dξ+

+
b∑
i=1

t∫
t0

dτ

∫
∂D

Gi(t, x, τ, ξ)fi(τ, ξ; q3)dξS +
N∑
j=1

 t∫
t0

dτ

∫
D

Z0(tj, t, x, τ, ξ)f0(τ, ξ; q1)dξ+
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+

∫
D

Z0(tj, t, x, t0, ξ)ϕ(ξ; q2)dξ +
b∑
i=1

t∫
t0

dτ

∫
∂D

Zi(tj, t, x, τ, ξ)fi(τ, ξ; q3)dξS

 (8)

i äëÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4) ïðàâèëüíà îöiíêà

‖u‖C2b+α(Q) ≤ c

(
‖f0‖Cα(Q) + ‖ϕ‖C2b+α(D) +

b∑
i=1

‖fi‖C2b−ri+α(Γ)

)
. (9)

Äîâåäåííÿ. Ðîçâ'ÿçîê çàäà÷i (2)�(4) øóêà¹ìî ó âèãëÿäi

u(t, x; q) = ω(t, x; q) +

∫
D

G0(t, x, t0, ξ)u(t0, ξ; q)dξ, (10)

äå ω(t, x; q) � ðîçâ'ÿçîê çàäà÷i (5).

Çàäîâîëüíÿþ÷è íåëîêàëüíó óìîâó (3), ìà¹ìî

u(t0, x; q) +
N∑
j=1

dj(x)

∫
D

G0(tj, x, t0, ξ)u(t0, ξ; q)dξ = −
N∑
j=1

dj(x)ω(tj, x; q) ≡ Φ(x). (11)

Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (11) øóêà¹ìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü i

äëÿ íüîãî ñïðàâåäëèâà îöiíêà

|u(t0, x; q)| ≤ cλ0

1− λ0

(
‖f0‖C(Q) + ‖ϕ‖C(D) +

b∑
i=1

‖fi‖C(Γ)

)
. (12)

Çàïèøåìî ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (11) ó âèãëÿäi

u(t0, x; q) = Φ(x) +

∫
D

R(x, y)Φ(y)dy, (13)

äå R(x, y) � ðåçîëüâåíòà, ÿêà çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ

R(x, y) +
N∑
j=1

dj(x)G0(tj, x, t0, ξ) = −
∫
D

N∑
j=1

dj(x)G0(tj, x, t0, y)R(y, ξ)dy

çâiäêè âèïëèâà¹ îöiíêà ∣∣∣∣∣∣
∫
D

R(x, ξ)dξ

∣∣∣∣∣∣ ≤ λ0

1− λ0

.

Ïiäñòàâëÿþ÷è ó ðiâíiñòü (13) çàìiñòü Φ(x) çíà÷åííÿ

Φ(x) = −
N∑
j=1

dj(x)

 tj∫
t0

dτ

∫
D

G0(tj, x, τ, ξ)f0(τ, ξ; q1)dξ +

∫
D

G0(tj, x, t0, ξ)ϕ(ξ; q2)dξ+
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+
b∑
i=1

tj∫
t0

dτ

∫
∂D

Gi(tj, x, t0, ξ)fi(τ, ξ; q3)dξS

 (14)

i çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ, îòðèìà¹ìî

u(t0, x; q) =
N∑
j=1

 tj∫
t0

dτ

∫
D

Γ0(tj, x, τ, ξ)f0(τ, ξ; q1)dξ +

∫
D

Γ0(tj, x, t0, ξ)ϕ(ξ; q2)dξ+

+
b∑
i=1

tj∫
t0

dτ

∫
∂D

Γi(tj, x, τ, ξ)fi(τ, ξ; q3)dξS

 , (15)

Γm(tj, x, τ, ξ) = −dj(x)Gm(tj, x, τ, ξ)−
∫
D

dj(y)R(x, y)Gm(tj, y, τ, ξ)dy, m ∈ {0, 1, . . . , b}.

Ïiäñòàâëÿþ÷è ó ðiâíiñòü (10) çíà÷åííÿ u(t0, x; q), âðàõîâóþ÷è çîáðàæåííÿ (6) òà

çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ, îòðèìà¹ìî äëÿ ðîçâ'ÿçêó çàäà÷i (2)�(4) ôîðìóëó (8),

äå

Zm(tj, t, x, τ, ξ) =

∫
D

G0(t, x, t0, y)Γm(tj, y, τ, ξ)dy, m ∈ {0, 1, . . . , b}.

Âðàõîâóþ÷è íåðiâíîñòi (12), (7), îöiíêè êîìïîíåíò ôóíêöié Ãðiíà çàäà÷i (5) iç [14] i

ðiâíiñòü (10), ìà¹ìî

‖u(tj, x; q)‖C2b+α(D) ≤ c

(
‖f0‖Cα(Q) + ‖ϕ‖C2b+α(D) +

b∑
i=1

‖fi‖C2b−ri+α(Γ)

)
. (16)

Çàïèøåìî çàäà÷ó (2)�(4) ó âèãëÿäi

(Lu)(t, x) = f0(t, x; q1), u(t0, x; q) = ϕ(x; q2)−
N∑
j=1

dj(x)u(tj, x; q),

(Biu)(t, x)|Γ = fi(t, x; q3).

Òîäi, âðàõîâóþ÷è îáìåæåííÿ ϕ(x, q2)−
N∑
j=1

dj(x)u(tj, x; q) ∈ C2b+α(D) i îöiíêó

∥∥∥∥∥ϕ−
N∑
j=1

dj(x)u(tj, x; q)

∥∥∥∥∥
C2b+α(D)

≤ c

(
‖f0‖Cα(Q) + ‖ϕ‖C2b+α(D) +

b∑
i=1

‖fi‖C2b−ri+α(Γ)

)
,

oòðèìà¹ìî îöiíêó (9).
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2 Çàäà÷à îïòèìàëüíîãî êåðóâàííÿ

Â îáëàñòi Q ðîçãëÿíåìî çàäà÷ó (1)�(4). Áóäåìî ââàæàòè, ùî âèêîíàíi óìîâè à), á),

â).

Ïîçíà÷èìî ÷åðåç

λ1(ξ) =

tN+1∫
t0

dt

t∫
t0

r0(τ)dτ

∫
D

∂F1(t, x;u)

∂u
G0(t, x, τ, ξ)dx+

tN+1∫
t0

dt
N∑
j=1

tj∫
t0

r0(τ)dτ×

×
∫
D

∂F1(t, x;u)

∂u
Z0(tj, t, x, τ, ξ)dx+

N∑
k=1

 tk∫
t0

r0(τ)dτ

∫
D

∂F2(x,~v)

∂vk
G0(tk, x, τ, ξ)dx+

+
N∑
j=1

tj∫
t0

r0(τ)dτ

∫
D

∂F2(x,~v)

∂vk
Z0(tj, tk, x, τ, ξ)dx

+

tN+1∫
t0

dt

t∫
t0

r0(τ)dτ

∫
∂D

∂F3(t, x;u)

∂u
×

×G0(t, x, τ, ξ)dx+

tN+1∫
t0

dt
N∑
j=1

tj∫
t0

r0(τ)dτ

∫
∂D

∂F3(t, x;u)

∂u
Z0(tj, t, x, τ, ξ)dx,

λ2(ξ) =

tN+1∫
t0

dt

∫
D

∂F1(t, x;u)

∂u

[
G0(t, x, t0, ξ) +

N∑
j=1

Z0(tj, t, x, t0, ξ)

]
dx+

+
N∑
k=1

∫
D

∂F2(x,~v)

∂vk

[
G0(tk, x, τ, ξ) +

N∑
j=1

Z0(tj, tk, x, t0, ξ)

]
dx+

+

tN+1∫
t0

dt

∫
∂D

∂F3(t, x;u)

∂u

[
G0(t, x, t0, ξ) +

N∑
j=1

Z0(tj, t, x, t0, ξ)

]
dx,

µi(ξ) =

tN+1∫
t0

dt

t∫
t0

ri(τ)dτ

∫
D

∂F1(t, x;u)

∂u
Gi(t, x, τ, ξ)dx+

tN+1∫
t0

dt
N∑
j=1

tj∫
t0

ri(τ)dτ×

×
∫
D

∂F1(t, x;u)

∂u
Zi(tj, t, x, τ, ξ)dx+

N∑
k=1

 tN+1∫
t0

ri(τ)dτ

∫
D

∂F2(x,~v)

∂vk
Gi(tk, x, τ, ξ)dx+

+
N∑
j=1

tk∫
t0

ri(τ)dτ

∫
D

∂F2(x,~v)

∂vk
Zi(tj, tk, x, τ, ξ)dx

+

tN+1∫
t0

dt

t∫
t0

ri(τ)dτ

∫
∂D

∂F3(t, x;u)

∂u
×

×Gi(t, x, τ, ξ)dxS +

tN+1∫
t0

dt

N∑
j=1

tj∫
t0

ri(τ)dτ

∫
∂D

∂F3(t, x;u)

∂u
Zi(tj, t, x, τ, ξ)dxS, i ∈ {1, 2, . . . , b},
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H1(ξ, u, λ1, q1) = λ1(ξ)f0(ξ; q1(ξ)) +

tN+1∫
t0

F1(t, ξ;u, q1)dt,

H2(ξ, u, λ2, q2) = λ2(ξ)ϕ(ξ; q2(ξ)) + F2(ξ, ~v),

H3(ξ, u, µ, q3) =
b∑
i=1

µi(ξ)ψi(ξ; q3(ξ)) +

tN+1∫
t0

F3(t, ξ;u, q3)dt,

q(0) =
(
q

(0)
1 , q

(0)
2 , q

(0)
3

)
� îïòèìàëüíå êåðóâàííÿ, u(t, x; q(0)) � îïòèìàëüíèé ðîçâ'ÿçîê çà-

äà÷i (1)�(4).

Ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 2. Íåõàé âèêîíàíi óìîâè à)�â). Òîäi

1) ÿêùî DqlHl > 0, l ∈ {1, 2, 3}, òî îïòèìàëüíå êåðóâàííÿ q(0) = (ν11, ν21, ν31);

2) ÿêùî DqlHl > 0, l ∈ {1, 2}, ∂q3H3 < 0, òî îïòèìàëüíå êåðóâàííÿ q(0) = (ν11, ν21, ν32);

3) ÿêùîDq1H1 > 0,Dq2H2 < 0,Dq3H3 < 0, òî îïòèìàëüíå êåðóâàííÿ q(0) = (ν11, ν22, ν32);

4)ÿêùî DqlHl < 0, l ∈ {1, 2, 3}, òî îïòèìàëüíå êåðóâàííÿ q(0) = (ν12, ν22, ν32).

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê 1). Íåõàé ∆q = (∆q1,∆q2,∆q3) � äîïóñòèìèé ïðèðiñò

êåðóâàííÿ q = (q1, q2, q3). ×åðåç ∆u = ∆q1u + ∆q2u + ∆q3u ïîçíà÷èìî ïðèðiñò ôóíêöi¨

u(t, x; q1, q2, q3). Òîäi ∆qku â îáëàñòi Q áóäóòü ðîçâ'ÿçêàìè âiäïîâiäíèõ êðàéîâèõ çàäà÷

(L∆qku)(t, x) = δk1r0(t)∆f0(x, q1),

(B∆qku)(x) = δk2∆ϕ(x, q2),

(Bi∆qku)(t, x)|Γ = δk3∆fi(x, q3)ri(t), (17)

äå δij � ñèìâîë Êðîíåêåðà, k ∈ {1, 2, 3}.
Çà òåîðåìîþ 1 iñíó¹ ôóíêöiÿ Ãðiíà çàäà÷i (17) i ïðèðîñòè ∆qku çîáðàæàþòüñÿ ôîð-

ìóëàìè

∆q1u =

t∫
t0

dτ

∫
D

G0(t, x, τ, ξ)∆f0(ξ, q1(ξ))r0(τ)dξ+

+
N∑
j=1

t∫
t0

r0(τ)dτ

∫
D

Z0(tj, t, x, τ, ξ)∆f0(ξ, q1(ξ))dξ,

∆q2u =

∫
D

[
G0(t, x, t0, ξ) +

N∑
j=1

Z0(tj, t, x, t0, ξ)

]
∆ϕ(ξ, q2(ξ))dξ,

∆q3u =
b∑
i=1

 t∫
t0

ri(τ)dτ

∫
∂D

Gi(t, x, τ, ξ)∆fi(ξ, q3(ξ))dξS+

+
N∑
j=1

t∫
t0

ri(τ)dτ

∫
∂D

Zi(tj, t, x, τ, ξ)∆fi(ξ, q3(ξ))dξS

 . (18)
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Ðoçãëÿíåìî ïðèðiñò ôóíêöiîíàëó

∆I(q) = ∆q1I(q) + ∆q2I(q) + ∆q3I(q). (19)

Ñêîðèñòà¹ìîñÿ ôîðìóëîþ Òåéëîðà, òîäi

∆qkI =

tN+1∫
t0

dt

∫
D

[
∂F1

∂u
∆qku+O

(
‖∆qku‖2

)
+ δk1

(
∂F1

∂q1

∆q1 +O
(
|∆q1|2

))]
dx+

+

∫
D

N∑
j=1

[
∂F2

∂vk
∆qkv +O

(
‖∆qkv‖2

)
+ δk2

(
∂F2

∂q2

∆q2 +O
(
|∆q2|2

))]
dx+

+

tN+1∫
t0

dt

∫
∂D

[
∂F3

∂u
∆qku+O

(
‖∆qku‖2

)
+ δk3

(
∂F3

∂q3

∆q3 +O
(
|∆q3|2

))]
dxS. (20)

Ïiäñòàâëÿþ÷è (18), (20) ó (19) i, çìiíþþ÷è ïðè öüîìó ïîðÿäîê iíòåãðóâàííÿ, çíàõî-

äèìî

∆I(q) =

∫
D

[
Dq1H1(ξ, u, λ1, q1)∆q1 +Dq2H2(ξ, u, λ2, q2)∆q2 +O

(
|∆q1|2

)
+O

(
|∆q2|2

)]
dx+

+

∫
∂D

[
∆q3H3(ξ, u, µ, q3)∆q3 +O

(
|∆q3|2

)]
dxS.

ßêùî qk = νk1(x) iDqkHk > 0, òî ïðè äîñèòü ìàëèõ ∆qk ìà¹ìî ∆I(q) > 0, k ∈ {1, 2, 3}.
Íåõàé q(0) � îïòèìàëüíå êåðóâàííÿ, òîáòî ∆I(q) > 0. Ïåðåâiðèìî âèêîíàííÿ óìîâè 1)

òåîðåìè 2. ßêùî âèðàçè Dq1H1, Dq2H2, Dq3H3 � çíàêîçìiííi âåëè÷èíè, òîáòî Dq1H1 > 0

â D+
1 ⊂ D, Dq2H2 > 0 â D+

2 ⊂ D, Dq3H3 > 0 â Γ+ ⊂ Γ i Dq1H1 < 0 â D \D+
1 , Dq2H2 < 0 â

D \D+
2 , Dq3H3 < 0 â Γ \ Γ+ òî, âèêîðèñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹ çíà÷åííÿ, ìà¹ìî

∆I(q) = Dq1H1(x+, u+, λ+
1 , q

+
1 )

∫
D+

1

∆q1dx−
∣∣Dq1H1(x−, u−, λ−1 , q

−
1 )
∣∣ ∫
D\D+

1

∆q1dx+

+Dq2H2(x+, u+, λ+
2 , q

+
2 )

∫
D+

2

∆q2dx−
∣∣Dq2H2(x−, u−, λ−2 , q

−
2 )
∣∣ ∫
D\D+

2

∆q2dx+

+Dq3H3(x+, u+, µ+, q+
3 )

∫
Γ+

∆q3dx−
∣∣Dq3H3(x−, u−, µ−, q−3 )

∣∣ ∫
Γ\Γ+

1

∆q3dxS+

+

∫
D

[
O
(
|∆q1|2

)
+O

(
|∆q2|2

)]
dx+

∫
∂D

O
(
|∆q3|2

)
dxS.

Ïðè äîñèòü ìàëèõ ∆qk çíàê ∆I âèçíà÷à¹òüñÿ ïåðøèìè øiñòüìà äîäàíêàìè ñóìè.

Ðiçíèöÿ ïåðøèõ äâîõ i íàñòóïíèõ ïàð äâîõ äîäàíêiâ çìiíþ¹ çíàê ∆I â çàëåæíîñòi âiä

âåëè÷èí mesD+
1 , mesD \D+

1 , mesD \D+
2 , mesD

+
2 , mesΓ

+, mesΓ \ Γ+, ∆qk, k ∈ {1, 2, 3}.
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Ïðè äîñèòü ìàëèõ âåëè÷èíàõ mesD+
1 , mesD

+
2 , mesΓ

+ i ∆qk > 0 ìà¹ìî ∆I(q) < 0

i íàâïàêè ∆I(q) > 0, ÿêùî ìàëi âåëè÷èíè mes(D \ D+
1 ), mes(D \ D+

2 ), mes(Γ \ Γ+)

i ∆qk > 0. Îòæå, ôóíêöiîíàë I(q) íå äîñÿãà¹ ìiíiìóìó. Çíàõîäæåííÿ îïòèìàëüíîãî

êåðóâàííÿ q(0) ó iíøèõ âèïàäêàõ, ÿêi çàëåæàòü âiä çíàêó âåëè÷èí DqkHk, k ∈ {1, 2, 3},
äîâîäÿòüñÿ àíàëîãi÷íî.

Íåõàé óìîâè òåîðåìè 2 íå âèêîíàíi.

Òîäi ïðàâèëüíà òàêà òåîðåìà.

Òåîðåìà 3. Íåõàé âèêîíàíi óìîâè à)�â). Äëÿ òîãî, ùîá êåðóâàííÿ q(0) =
(
q

(0)
1 , q

(0)
2 , q

(0)
3

)
áóëî îïòèìàëüíèì, íåîáõiäíî òà äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

1) ôóíêöi¨ Hl(ξ, u, λl, qk), l ∈ {1, 2}, H3(ξ, u, µ, q3) çà àðãóìåíòàìè qk, k ∈ {1, 2, 3}
ìàþòü â òî÷öi q

(0)
k ìiíiìàëüíi çíà÷åííÿ;

2) äëÿ äîâiëüíîãî âåêòîðà
(
l
(1)
m , l

(2)
m

)
6= 0 âèêîíó¹òüñÿ íåðiâíiñòü

D2
uFm

(
t, x;u, q(0)

m

) (
l(1)
m

)2
+ 2DuDqmFm

(
t, x;u, q(0)

m

)
l(1)
m l(2)

m +

+D2
qmFm

(
t, x;u, q(0)

m

) (
l(2)
m

)2
> 0, m ∈ {1, 3};

3) äëÿ äîâiëüíîãî âåêòîðà (l1, l2, . . . , lN+1) 6= 0 âèêîíóâàëàñü íåðiâíiñòü

N+1∑
ij=1

D2
vivj

F2(x,~v)lilj > 0.

Äîâåäåííÿ òåîðåìè 3 ïðîâîäèòüñÿ çà äîïîìîãîþ ìåòîäèêè äîâåäåííÿ òåîðåìè 2.14

[15].
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Pukalskyi I.D., Luste I.P. Optimal control in the multipoint boundary value problem for 2b-

parabolic equations, Bukovinian Math. Journal. 10, 1 (2022), 110�119.

The potential theory method was used to study the existence of a solution of a multi-

point boundary value problem for a 2b-parabolic equation. Using the Green's function of a

homogeneous boundary value problem for a 2b-parabolic equation, the integral Fredholm equati-

on of the second kind is placed in accordance with the multipoint boundary value problem.

Taking into account the constraints on the coe�cients of the nonlocal condition and using the

sequential approximation method, an integrated image of the solution of the nonlocal problem

at the initial moment of time and its estimation in the Holder spaces are found. Estimates of

the solution of a nonlocal multipoint boundary value problem at �xed moments of time given in

a nonlocal condition are found by means of estimates of the components of the Green's functi-

on of the general boundary value problem for the 2b-parabolic equation. Taking into account

the obtained estimates and constraints on coe�cients in multipoint problem, estimates of the

solution of the multipoint problem for the 2b-parabolic equations and its derivatives in Holder

spaces are established. In addition, the uniqueness and integral image of the solution of the

general multipoint problem for 2b-parabolic equations is justi�ed. The obtained result is appli-

ed to the study of the optimal system control problem described by the general multipoint

boundary value problem for 2b-parabolic equations. The case of simultaneous internal, initial

and boundary value control of solutions to a multipoint parabolic boundary value problem is

considered. The quality criterion is de�ned by the sum of volume and surface integrals. The

necessary and su�cient conditions for the existence of an optimal solution of the system descri-

bed by the general multipoint boundary value problem for 2b-parabolic equations with limited

internal, initial and boundary value control are established.


