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Ó ðîáîòi âèâ÷àþòüñÿ òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì äîäàòíîãî

ðÿäó
∑
ak, äå a2n−1 = 3/4n+3/4in òà a2n = 2/4n+2/4in, n ∈ N , çàëåæíîãî âiä íàòóðàëüíî-

ãî ïàðàìåòðà i ≥ 2, ÿêèé ¹ ïåâíèì çáóðåííÿì âiäîìîãî ðÿäó Ãàòði-Íiìàíà. Âñòàíîâëåíî,

ùî ìíîæèíà íåïîâíèõ ñóì òàêîãî ðÿäó ¹ êàíòîðâàëîì (ùî ¹ ñïåöèôi÷íèì îá'¹äíàííÿì

äîñêîíàëî¨ íiäå íå ùiëüíî¨ ìíîæèíè íóëüîâî¨ ìiðè ëåáåãà i íåñêií÷åííîãî îá'¹äíàííÿ ií-

òâåðâàëiâ), ìiðà Ëåáåãà ÿêîãî îá÷èñëþ¹òüñÿ çà ôîðìóëîþ: λ(X+
i ) = 1+ 1

4i−3 . Îñíîâíà iäåÿ

äîâåäåííÿ òâåäæåííÿ ãðóíòó¹òüñÿ íà âiäîìié òåîðåìi Êàêåÿ, çàìêíåíîñòi ìíîæèí íåïîâ-

íèõ ñóì ðÿäó i âñþäè ùiëüíîñòi ìíîæèíè ó ïåâíîìó âiäðiçêó. Ó ðîáîòi íàâîäèòüñÿ ïîâíå

îáãðóíòóâàííÿ ôàêòiâ äëÿ âèïàäêó i = 2. Äëÿ îáãðóíòóâàííÿ îñíîâíèõ ôàêòiâ âèêîðèñòî-

âó¹òüñÿ ñïiââiäíîøåííÿ ìiæ ÷ëåíàìè òà çàëèøêàìè ðÿäó. Äëÿ i = 2 ìà¹ìî r0 =
∑
ak = 2,

a2n − r2n = 1
3 ·

1
4n + 5

3 ·
1

16n r2n−1 − a2n−1 = 2
3 ·

1
4n −

2
3 ·

1
16n . Àêòóàëüíiñòü âèâ÷åííÿ îá'¹êòà
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Âñòóï

Ðîçãëÿäà¹òüñÿ àáñîëþòíî çáiæíèé ÷èñëîâèé ðÿä:

r0 = u1 + u2 + ...+ un + ... = u1 + u2 + ...+ un + rn = sn + rn. (1)

Íàãàäà¹ìî, ùî ÷èñëî

x = x (M) =
∑

n∈M⊆N

un =
∞∑
n=1

εnun, εn =

{
1 ïðè n ∈M,

0 ïðè n /∈M,
(2)

íàçèâà¹òüñÿ íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó (1), âèçíà÷åíîþ ìíîæèíîþM . Ìíîæèíà

E = E[un] óñiõ ÷èñåë âèäó (2) íàçèâà¹òüñÿ ìíîæèíîþ íåïîâíèõ ñóì (ïiäñóì) ðÿäó (1).
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Î÷åâèäíî, ùî 0 ∈ E[un] ⊂ [0; r0], r0 ∈ E, âñi ÷ëåíè ðÿäó (un), ïîñëiäîâíiñòü éîãî ÷à-

ñòèííèõ ñóì (Sn) i ïîñëiäîâíiñòü çàëèøêiâ ðÿäó (rn) íàëåæàòü ìíîæèíi E[un]. Ïðîñòî

äîâîäèòüñÿ êîíòèíóàëüíiñòü òà çàìêíåíiñòü ìíîæèíè íåïîâíèõ ñóì ðÿäó. Ðîáîòà Êà-

êåÿ [5] ïîêëàëà ïî÷àòîê äîñëiäæåííÿì òîïîëîãî-ìåòðè÷íèõ âëàñòèâîñòåé ìíîæèí íå-

ïîâíèõ ñóì àáñîëþòíî çáiæíèõ ÷èñëîâèõ ðÿäiâ. Íà äàíèé ìîìåíò çàãàëüíà òåîðiÿ (à ìè

¨¨ íàçèâà¹ìî ãåîìåòði¹þ ÷èñëîâèõ ðÿäiâ) ¹ äîñòàòíüî áiäíîþ. Ñåðåä ôàêòiâ öi¹¨ òåîði¨

òåîðåìà Êàêåÿ i òåîðåìà ïðî òîïîëîãi÷íó ñòðóêòóðó ìíîæèíè íåïîâíèõ ñóì. Ðàçîì ç

öèì äëÿ îêðåìèõ êëàñiâ ðÿäiâ îòðèìàíî ïîâíi ðîçâ'ÿçêè òîïîëîãî-ìåòðè÷íèõ çàäà÷ i

çàäà÷ ïðî ôðàêòàëüíi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì [10,11,13].

Ó 1988 ðîöi Äæ. Ãàòði òà Äæ. Íiìàí [4] äîâåëè, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó

3

4
+

2

4
+

3

42
+

2

42
+ · · ·+ 3

4n
+

2

4n
+ . . . (3)

ìiñòèòü âiäðiçîê [3/4, 1], ïðîòå íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ. Òàêi ìíîæèíè

ñòàëè íàçèâàòè êàíòîðâàëàìè (Ì-êàíòîðâàëàìè), âîíè òàêîæ çóñòði÷àþòüñÿ ïðè âè-

â÷åííi àðèôìåòè÷íèõ ñóì äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó [7].

Òàêîæ êàíòîðâàë ìîæíà îçíà÷èòè ÿê

X ≡ C ∪
∞⋃
n=1

G2n−1 = [0, 1] \
∞⋃
n=1

G2n,

äå C � êëàñè÷íà ìíîæèíà Êàíòîðà, Gk � îá'¹äíàííÿ óñiõ öåíòðàëüíèõ òðåòèí, ÿêi âè-

ëó÷àþòüñÿ iç âiäðiçêà [0, 1] íà k-îìó êðîöi ïîáóäîâè ìíîæèíè C.

Ó ðîáîòàõ [4] òà [6] âñòàíîâëåíî, ùî ìíîæèíà íåïîâíèõ ñóì äîâiëüíîãî çáiæíîãî

äîäàòíîãî ðÿäó íàëåæèòü îäíîìó ç òðüîõ òèïiâ: ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ; ãî-

ìåîìîðôíîþ ìíîæèíi Êàíòîðà; M-êàíòîðâàëîì (ñèìåòðè÷íèì êàíòîðâàëîì).

Íà ñüîãîäíiøíié äåíü íåîáõiäíi i äîñòàòíi óìîâè òîãî, ùî ìíîæèíà íåïîâíèõ ñóì

çáiæíîãî äîäàòíîãî ðÿäó ¹ êàíòîðâàëîì àáî ¹ ãîìåîìîðôíîþ ìíîæèíi Êàíòîðà (ç äî-

äàòíîþ ìiðîþ Ëåáåãà àáî íóëüîâî¨ ìiðè Ëåáåãà òà äðîáîâî¨ ðîçìiðíîñòi Ãàóñäîðôà-

Áåçèêîâè÷à) çàëèøàþòüñÿ íåâiäîìèìè. Òîìó íàóêîâöi ðîçâ'ÿçóþòü öþ çàäà÷ó äëÿ ïåâ-

íèõ êëàñiâ ðÿäiâ (áiãåîìåòðè÷íèõ, ìóëüòèãåîìåòðè÷íèõ [1], ðÿäiâ ç óçàãàëüíåíèõ ÷èñåë

Ôiáîíà÷÷i [12], ðÿäiâ ç ïåâíîþ óìîâîþ îäíîðiäíîñòi [8, 9]) òîùî.

Îñêiëüêè êàíòîðâàë ìiñòèòü öiëi âiäðiçêè, òî ïðèðîäíüîþ ¹ çàäà÷à ïðî ìiðó Ëåáåãà

òàêî¨ ìíîæèíè. Ñòðóêòóðà êàíòîðâàëó X, ùî ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó Ãàòði-

Íiìàíà (3), âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè ìiæX-iíòåðâàëàìè òàX-ùiëèíàìè (äåòàëü-

íiøå ó [2]). Äëÿ òàêîãî êàíòîðâàëó äîáðå âèâ÷åíi òîïîëîãi÷íi òà ìåòðè÷íi âëàñòèâîñòi.

Çîêðåìà âñòàíîâëåíî, ùî ÷àñòèíè ìíîæèíè ïîäiáíi ñàìié ìíîæèíi X ç êîåôiöi¹íòîì ïî-

äiáíîñòi 1/4n. Íà îñíîâi öüîãî áóëà îá÷èñëåíà ìiðà Ëåáåãà òàêîãî êàíòîðâàëà X. Âîíà

äîðiâíþ¹ 1 [2].

Ùå îäíèì öiêàâèì íàïðÿìîì äîñëiäæåííÿ ó öié îáëàñòi ¹ âèâ÷åííÿ âëàñòèâîñòi ïiä-

ìíîæèíè U ⊂ X óñiõ ÷èñåë, ÿêi ìàþòü ¹äèíå ïðåäñòàâëåííÿ çà äîïîìîãîþ íåïîâíî¨ ñóìè

ðÿäó (3). Äëÿ ðÿäó Ãàòði-Íiìàíà âñòàíîâëåíi êðèòåði¨ ïðèíàëåæíîñòi ÷èñëà ïiäìíîæèíi

U . Äîâåäåíî, ùî ìíîæèíà U ¹ âñþäè ùiëüíîþ â X òà âèâ÷åíi äåÿêi ¨¨ âëàñòèâîñòi [3].
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Îêðiì êàíòîðâàëóX, ÿêèé ìà¹ âiäíîñíî ïðîñòó òîïîëîãi÷íó ñòðóêòóðó, çàðóáiæíèìè

òà âiò÷èçíÿíèìè ìàòåìàòèêàìè àêòèâíî âèâ÷àþòüñÿ êàíòîðâàëè, ùî ïîðîäæåíi ðÿäàìè

ç ïåâíèìè óìîâàìè îäíîðiäíîñòi. Ó ðîáîòi [1] âèâ÷àþòüñÿ êàíòîðâàëè, ùî ¹ ìíîæèíàìè

íåïîâíèõ ñóì ðÿäó k1+k2+ · · ·+km+k1q+k2q+ · · ·+kmq+ · · ·+k1q
n+ · · ·+kmq

n+ . . . , äå

k1, k2, . . . , km � ôiêñîâàíi íàòóðàëüíi ÷èñëà, q ∈ (0, 1/2). ×ëåíè òàêîãî ðÿäó óòâîðþþòü

ìóëüòèãåîìåòðè÷íó ïðîãðåñiþ çi çíàìåííèêîì q.

Ñòàòòÿ [9] ïðèñâÿ÷åíà äîñëiäæåííþ êàíòîðâàëiâ, ÿêi ¹ ìíîæèíàìè íåïîâíèõ ñóì

ðÿäiâ
∑
an, äëÿ ÿêèõ

∞∑
n=1

an = 1 òà lim
n→∞

an
an+k

= +∞.

Âñòàíîâëåíî, ùî äëÿ áóäü-ÿêîãî ε > 0 â òàêié ñiì'¨ iñíó¹ ðÿä, ìiðà Ëåáåãà ìíîæèíè

íåïîâíèõ ñóì ÿêîãî ¹ áiëüøîþ çà 1− ε.
Ïiäñóìîâóþ÷è ðåçóëüòàòè öüîãî ðîçäiëó iíòåðåñ äî âèâ÷åííÿ êàíòîðâàëiâ çàðàç äî-

ñèòü âèñîêèé. Çîêðåìà, äëÿ êàíòîðâàëóX, ùî ïîðîäæåíèé ðÿäîì Ãàòði-Íiìàíà ðîçâ'ÿçàíèé

ðÿä òîïîëîãi÷íèõ, ìåòðè÷íèõ òà éìîâiðíiñíèõ çàäà÷. Ó öüîìó êîíòåêñòi áóäü-ÿêi ìî-

äèôiêàöi¨ ðÿäó (3) ïîòåíöiéíî ìîæíà âèêîðèñòàòè äëÿ ìîäåëþâàííÿ êàíòîðâàëiâ òà

ïîäàëüøîãî ¨õ äîñëiäæåííÿ.

1 Çáóðåíèé ðÿä Ãàòði-Íiìàíà

Ðîçãëÿäà¹òüñÿ çáiæíèé äîäàòíèé ðÿä(
3

4
+

3

16

)
+

(
2

4
+

2

16

)
+

(
3

42
+

3

162

)
+ · · ·+

(
3

4n
+

3

16n

)
+

(
2

4n
+

2

16n

)
+ . . . , (4)

ÿêèé ¹ ïåâíîþ ìîäèôiêàöi¹þ ðÿäó Ãàòði-Íiìàíà. ×è çáåðåæå ðÿä ïðè öüîìó ñâî¨ òîïîëîãî-

ìåòðè÷íi âëàñòèâîñòi? Äëÿ ÷ëåíiâ òà çàëèøêiâ ðÿäó (4) âèêîíóþòüñÿ íàñòóïíi ñïiââiä-

íîøåííÿ:

r0 =
∞∑
n=1

an =
∞∑
n=1

(
5

4n
+

5

16n

)
= 2,

r2n =
∞∑

k=n+1

(
5

4k
+

5

16k

)
=

5

3
· 1

4n
+

1

3
· 1

16n
<

2

4n
+

2

16n
= a2n,

r2n−1 =
2

4n
+

2

16n
+

∞∑
k=n+1

(
5

4k
+

5

16k

)
=

11

3
· 1

4n
+

7

3
· 1

16n
>

3

4n
+

3

16n
= a2n−1.

äëÿ äîâiëüíîãî n ∈ N . Âðàõîâóþ÷è íåðiâíîñòi a2n > r2n òà a2n−1 < r2n−1, äîõîäèìî äî

âèñíîâêó, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó (4) íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ (íå

âèêîíóþòüñÿ íåîáõiäíi òà äîñòàòíi óìîâè äëÿ öüîãî). Òàêèì ÷èíîì, E[an] ¹ êàíòîðâàëîì

àáî ìíîæèíîþ êàíòîðiâñüêîãî òèïó. Êîíêðåòèçó¹ âèñíîâîê íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Ìíîæèíà E íåïîâíèõ ñóì ðÿäó (4) ¹ êàíòîðâàëîì, ïðè÷îìó âîíà ìiñòèòü

âiäðiçîê
[
15
16
, 1
]
.
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Äîâåäåííÿ. Î÷åâèäíî, ùî ìíîæèíà âñiõ ÷èñåë âèäó

∆∗α1α2α3...αn... =
∞∑
n=1

(αn
4n

+
αn
16n

)
, (5)

äå αn ∈ {0, 2, 3, 5}, çáiãà¹òüñÿ ç ìíîæèíîþ íåïîâíèõ ñóì ðÿäó (4). Ïîêàæåìî, ùî âîíà

âñþäè ùiëüíà ó ÷åòâiðêîâîìó öèëiíäði äðóãîãî ðàíãó ∆4
33 =

[
15
16
, 1
]
, òîáòî ìíîæèíi

÷èñåë, ÿêi ìàþòü âèãëÿä ÷åòâiðêîâîãî ïðåäñòàâëåííÿ (çîáðàæåííÿ):

x = ∆4
33c3c4...

=
3

4
+

3

42
+
∞∑
n=3

cn
4n
, äå ci ∈ {0, 1, 2, 3}.

Ç öi¹þ ìåòîþ ñêîðèñòà¹ìîñü îçíà÷åííÿì âñþäè ùiëüíî¨ ìíîæèíè. Ïîêàæåìî, ùî

(∀ε > 0) (∀x = ∆4
33c3c4...cn(0)

) (∃y = ∆∗α1α2...αm(0)) |x− y| < ε.

Ïîáóäó¹ìî ÷èñëî y = ∆∗α1α2α3...αn(0)
çà íàñòóïíèì àëãîðèòìîì:

αn =

{
cn, ÿêùî cn ∈ {0, 2, 3},
5, ÿêùî cn = 1,

αn−1 =


cn−1, ÿêùî cn, cn−1 ∈ {0, 2, 3},
cn−1 − 1, ÿêùî cn = 1, cn−1 6= 2,

5, ÿêùî cn = 1, cn−1 = 2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α1 =

{
c1, ÿêùî c2 ∈ {0, 2, 3},
c1 − 1, ÿêùî c2 = 1.

Öå ÷èñëî y = ∆∗α1α2...αn(0)
íàçèâàòèìåìî ïåðøèì íàáëèæåííÿì äî ÷èñëà x òà ïîçíà-

÷àòèìåìî ÷åðåç ∆∗(1). Ìàòèìåìî ïðè y = ∆∗(1)

x− y = ∆4
33c3c4...cn(0)

−∆∗α1α2...αn(0) = −
n∑
i=1

αi
16i

.

Ó ñâîþ ÷åðãó òàêó ðiçíèöþ ìîæíà ïîäàòè ó âèãëÿäi
n∑
i=1

αi

16i
= ∆4

0α10α2...0αn(0)
òà àíàëîãi-

÷íèì ÷èíîì ïîáóäóâàòè äî íüîãî íàáëèæåííÿ ∆∗0α10α2...0αn(0)
. ×èñëî

∆∗α1α2...αn(0) −∆∗0α10α2...0αn(0) = ∆∗α1(α2 − α1)α3(α4 − α2) . . . 0αn︸ ︷︷ ︸
2n

(0)

áóäåìî íàçèâàòè 2-èì íàáëèæåííÿì äî ÷èñëà x òà ïîçíà÷àòèìåìî ÷åðåç ∆∗(2).

Íàáëèæåííÿì k-îãî ïîðÿäêó äî ÷èñëà x íàçèâàòèìåìî ÷èñëî ∆∗(k) = ∆∗γ1γ2γ3γ4...γ2kn
(0),

äå öèôðè γi, i = 1, 2kn âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

γ1 = α1, γ2 = α2 − α1, γ3 = α3, γ4 = α4 − α2 + α1,

γ5 = α5, γ6 = α6 − α3, γ7 = α7, γ8 = α8 − α4 + α2 − α1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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γi = αi + (−1)i−1µi, äå µn =

{
0, ÿêùî i 6= 2m,

α i
2

+ µ i
2
, ÿêùî i = 2m.

Ëåãêî áà÷èòè, ùî

|x−∆∗(k)| =
n∑
i=k

αi
162i
→ 0 ïðè k →∞.

Âàðòî çàóâàæèòè, ùî γi íå çàâæäè ¹ öèôðàìè àëôàâiòó {0, 2, 3, 5}. Òîìó çàëèøà¹òüñÿ
ïðèâåñòè çîáðàæåííÿ ÷èñëà ∆∗(k) äî ôîðìè (5). Îñêiëüêè

4

4n
+

4

16n
=

(
1

4n−1
+

1

16n−1

)
− 3

42n−1 ,
1

4n
+

1

16n
=

(
4

4n+1
+

4

16n+1

)
+

3

42n+1
,

òî ñïðàâåäëèâèìè áóäóòü ðiâíîñòi

∆∗γ1γ2...γn−14γn+1...
= ∆∗γ1γ2...(γn−1+1)0γn+1...γ2n−2(γ2n−1+3)γ2n...(γ4n−1−3)...,

∆∗γ1γ2γ3...γn−11γn+1...
= ∆∗γ1γ2γ3...γn−10(γn+1+4)...γ2n(γ2n+1−3)...γ4n(γ4n+1+3)....

Âðàõîâóþ÷è ¨õ, áà÷èìî, ùî äîâiëüíå ÷èñëî ∆∗(k) = ∆∗γ1γ2γ3γ4...γ2kn
(0) ìîæíà ïåðåòâîðèòè

(ç òî÷íiñòþ äî ε) ó ÷èñëî âèäó (5). Òàêèì ÷èíîì ìíîæèíà E ¹ âñþäè ùiëüíîþ ó ìíîæèíi

÷èñåë ∆4
33, òîáòî âñþäè ùiëüíîþ ó âiäðiçêó

[
15
16
, 1
]
. Âðàõîâóþ÷è çàìêíåíiñòü ìíîæèíè

íåïîâíèõ ñóì ðÿäó, ïiäñóìîâó¹ìî
[
15
16
, 1
]
⊂ E. Îòæå, E êàíòîðâàë.

Íàñëiäîê 1. Ìíîæèíà E íåïîâíèõ ñóì ðÿäó (4) ìiñòèòü âiäðiçîê
[
1; 17

16

]
.

Òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó (4) ñèìåòðè÷íà âiä-

íîñíî ñåðåäèíè âiäðiçêà [0; 2] � ìiíiìàëüíîãî âiäðiçêà, ùî ¨¨ ìiñòèòü.

2 Ìiðà Ëåáåãà êàíòîðâàëà

Äëÿ çðó÷íîñòi ïîçíà÷èìî êàíòîðâàë, ÿêèé ¹ ìíîæèíîþ íåïîâíèõ ñóì ðÿäó (4) ÷åðåç

X+. Âðàõîâóþ÷è ñïiââiäíîøåííÿ ìiæ ÷ëåíàìè òà çàëèøêàìè ðÿäó

a2n − r2n =
1

3
· 1

4n
+

5

3
· 1

16n
òà r2n−1 − a2n−1 =

2

3
· 1

4n
− 2

3
· 1

16n

ìíîæèíó X+ ìîæíà ëåãêî âèïèñàòè ïîñëiäîâíiñòü ñóìiæíèõ iíòåðâàëiâ.

Ñóìiæíèìè ìíîæèíi ¹ iíòåðâàëè
(

7
16
, 10
16

)
òà
(
22
16
, 25
16

)
, ÿêi ìàþòü äîâæèíè 3

16
òà ïî-

ðîäæåíi íåðiâíiñòþ a2 > r2. Íàñòóïíi øiñòü iíòåðâàëiâ
(

27
256
, 34
256

)
,
(

78
256
, 85
256

)
,
(
187
256
, 194
256

)
,(

318
256
, 325
256

)
,
(
427
256
, 434
256

)
òà
(
478
256
, 485
256

)
ìàþòü äîâæèíó 7

256
òà ïîðîäæåíi íåðiâíiñòþ a4 > r4.

Íàñòóïíi iíòåðâàëè ïîðîäæåíi íåðiâíiñòþ a2n > r2n òà ìàþòü äîâæèíó, ùî íå ïåðåâè-

ùó¹ âåëè÷èíó 1/4n. I ò.ä.

Ââåäåìî ïîçíà÷åííÿ

A(n) =
∑
k>n

(
2

4k
+

2

16k

)
=

2

3
· 1

4n
+

2

15
· 1

16n
òà A(0) =

2

3
+

2

15
=

4

5
,

B(n) =
∑
k>n

(
3

4k
+

3

16k

)
=

1

4n
+

1

5
· 1

16n
òà B(0) = 1 +

1

5
=

6

5
,
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C(n) =
∑
k>n

(
5

4k
+

5

16k

)
=

5

3
· 1

4n
+

1

3
· 1

16n
òà C(0) = 2.

Äëÿ îïèñó âiäðiçêiâ, ùî íàëåæàòü êàíòîðâàëó X+ ðîçãëÿíåìî íàñòóïíi ìíîæèíè

Kn =

[
4

5
,
6

5

]⋂{
n∑
i=1

(αi
4i

+
αi
16i

)
: αi ∈ {0, 2, 3, 5}, i = 1, n

}
.

Íå âàæêî ïåðåêîíàòèñÿ, ùî K1 =
{

15
16

}
òà K2 =

{
211
256
, 15
16
, 245
256
, 274
256
, 291
256

}
. Ó çàãàëüíîìó æ

âèïàäêó âðàõîâóþ÷è, ùî A(0) = 4
5
òà A(n) < 1

4n
+ 1

16n
ðîáèìî âèñíîâîê, ùî ÷èñëî

fn1 =

(
3

4n
+

3

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
¹ íàéìåíøèì ó ìíîæèíi Kn. Ç iíøîãî áîêó, âðàõîâóþ÷è C(n) = 5

3
· 1
4n

+ 1
3
· 1
16n

< 2
4n

+ 2
16n

òà B(0) = 6
5
ðîáèìî âèñíîâîê, ùî

fn|Kn| =
n∑
i=1

(
3

4i
+

3

16i

)
<

6

5

¹ íàéáiëüøèì äiéñíèì ÷èñëîì ó ìíîæèíi Kn (|Kn| � êiëüêiñòü åëåìåíòiâ ìíîæèíè).

Òåîðåìà 2. Âiäñòàíü ìiæ åëåìåíòàìè ìíîæèíè Kn íå ïåðåâèùó¹ âåëè÷èíó d(n) = 2
4n
,

à êiëüêiñòü åëåìåíòiâ ìíîæèíè Kn îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

|Kn| =
1

3
(4n − 1) òà |Kn+1| = 4|Kn|+ 1.

Äîâåäåííÿ. Îñêiëüêè |K1| = 1 òà |K2| = 5, òî òåîðåìà ñïðàâåäëèâà äëÿ n = 1, 2. Ïðè-

ïóñòèìî, ùî Kn−1 =
{
fn−11 , fn−12 , . . . , fn−1|Kn|

}
, äå

fn−11 =

(
3

4n−1
+

3

16n−1

)
+

n−2∑
i=1

(
2

4i
+

2

16i

)
, fn−1j+1 − fn−1j <

2

4n−1
+

2

16n−1

äëÿ 0 < j < |Kn−1|−1, ïðè÷îìó fn−1|Kn| =
∑n−1

i=1

(
3
4n

+ 3
16n

)
. Ðîçãëÿíåìî îá'¹äíàííÿ ìíîæèí

Kn−1
⋃(

2

4n
+

2

16n
+Kn−1

)⋃(
3

4n
+

3

16n
+Kn−1

)⋃(
5

4n
+

5

16n
+Kn−1

)
.

Âèäàëèìî ç öi¹¨ ìíîæèíè ÷èñëî(
5

4n
+

5

16n

)
+

n−1∑
i=1

(
3

4i
+

3

16i

)
>

4

5

i äîäàìî äî íå¨ ÷èñëà

fn1 =

(
3

4n
+

3

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
, fn3 =

(
5

4n
+

5

16n

)
+

n−1∑
i=1

(
2

4i
+

2

16i

)
.

Â ðåçóëüòàòi îòðèìà¹ìî øóêàíó ìíîæèíó

Kn =
{
fn1 , f

n
2 , . . . , f

n
1
3
(4n−1)

}
.
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Íàñëiäîê 2. Âiäðiçîê
[
4
5
, 6
5

]
ìiñòèòüñÿ â êàíòîðâàëi X.

Äîâåäåííÿ. Ïîêàæåìî, ùî (∀ε > 0) (∀x ∈ [4/5, 6/5]) (∃n ∈ N) (∃y ∈ Kn) |x− y| < ε.

Äiéñíî, ÿêùî âèáðàòè n > (1 − log2 ε)/2, òî çãiäíî ç òåîðåìîþ 2 åëåìåíòè ìíîæèíè

Kn áóäóòü çíàõîäèòèñÿ íà âiäñòàíi, ùî íå ïåðåâèùó¹ 2/4n. Îòæå, ìíîæèíà Kn âñþäè

ùiëüíà íà âiäðiçêó [4/5, 6/5] . Îñêiëüêè
⋃
Kn ⊂ X+, òî i âiäðiçîê [4/5, 6/5] íàëåæàòü

öüîìó êàíòîðâàëó.

Ëåãêî äîâåñòè íàñòóïíå òâåðäæåííÿ.

Ëåìà 1. Ìíîæèíà X+ \
[
4
5
, 6
5

]
¹ îá'¹äíàííÿì äâîõ íåïåðåòèííèõ içîìåòðè÷íèõ ôiãóð,

ïîäiáíèõ ìíîæèíi X+. Ìíîæèíà X+\
((

4
5
, 6
5

)⋃
( 7
40
, 21
80

)
⋃

(139
80
, 73
40

)
)
¹ îá'¹äíàííÿì øåñòè

íåïåðåòèííèõ içîìåòðè÷íèõ êîïié D =
[
0, 7

40

]⋂
X+, ÿêi ïîäiáíi ìíîæèíi X+.

Òåîðåìà 3. Ìiðà Ëåáåãà êàíòîðâàëà X+ ðiâíà 14/13.

Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 1, ïiäðàõó¹ìî ñóìó äîâæèí óñiõ ñóìiæíèõ X+ iíòåðâàëiâ

l =
∞∑
n=1

2 · 3n−1(a2n − r2n) =
∞∑
n=1

2 · 3n−1
(

1

3
· 1

4n
+

5

3
· 1

16n

)
=

2

3
+

10

39
=

12

13
.

Îòæå, λ(X+) = 2− l = 14
13
.

Ç iíøîãî áîêó, ñóìà äîâæèí óñiõ ñóìiæíèê ìíîæèíi X+ iíòåðâàëiâ äîðiâíþ¹

I = B(0)− A(0) +
∞∑
n=1

2 · 3n−1 (B(n)− A(n)) =

=

(
1

3
+

1

15

)
+
∞∑
n=1

2 · 3n−1 ·
(

1

3
· 1

4n
+

1

15
· 1

16n

)
=

14

13
.

Çàóâàæåííÿ 1. Àíàëîãi÷íî ÷èíîì ìîæíà äîâåñòè, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó

(
3

4
+

3

4i

)
+

(
2

4
+

2

4i

)
+

(
3

42
+

3

42i

)
+ · · ·+

(
3

4n
+

3

4ni

)
+

(
2

4n
+

2

4ni

)
+ . . . ,

n ∈ N , ¹ äåÿêèì êàíòîðâàëîì X+
i (X+ ≡ X+

2 ) òà îá÷èñëèòè éîãî ìiðó Ëåáåãà âèêîðè-

ñòîâóþ÷è ìiðêóâàííÿ, ðîçãëÿíóòi âèùå. Ìàòèìåìî λ(X+
i ) = 1 + 1

4i−3 .
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In this paper we study topological and metric properties of the set of incomplete sums for

positive series
∑
ak, where a2n−1 = 3/4n + 3/4in and a2n = 2/4n + 2/4in, n ∈ N . The series

depends on positive integer parameter i ≥ 2 and it is some perturbation of the known Guthrie-

Nymann series. We prove that the set of incomplete sums of this series is a Cantorval (which is

a speci�c union of a perfect nowhere dense set of zero Lebesgue measure and an in�nite union

of intervals), and its Lebesgue measure is given by formula: λ(X+
i ) = 1 + 1

4i−3 . The main idea

of ??proving the theorem is based on the well-known Kakey theorem, the closedness of sets

of incomplete sums of the series and the density of the set everywhere in a certain segment.

The work provides a full justi�cation of the facts for the case i = 2. To justify the main facts,

the ratio between the members and the remainders of the series is used. For i = 2 we have

r0 =
∑
ak = 2, a2n − r2n = 1

3 ·
1
4n + 5

3 ·
1

16n r2n−1 − a2n−1 = 2
3 ·

1
4n −

2
3 ·

1
16n . The relevance of

the study of the object is dictated by the problems of the geometry of numerical series, fractal

analysis and fractal geometry of one-dimensional objects and the theory of in�nite Bernoulli

convolutions, one of the problems of which is the problem of the singularity of the convolution

of two singular distributions.


