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MOJEJNIOBAHHA PH-KPUBUX'Y BUTJIA L
OYHIAMEHTAJIBHOI'O CIINTAUHY
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Menpauk O.B.,

['omoB B.B.

Hayionanvnuii mexniunuu ynisepcumem Yxpainu “Kuiscoxuu
nonimexuiunuu incmumym imeni leops Cikopcvkoeo” (Vrpaina)

Poboma euceimnaioe cnocié6 nodyooeu npocmoposux Kpusux 3a
2ooozpagpom Iligpazopa (PH-kpuseux) y eucnaoi QynoameHmanibHo2o
CnaaiiHy. 3HAUOEHO yMOo6u 011 GU3HAYUEHHA MOYOK CHIAAUHY 014
Kybiunux kpueux. Haeedeno npuxnaou Kpueux.

Knwuoei cnosa: pynoamenmanvruii cnaaiin, cnaaiun Kammann-
Poma, PH-kpuea, kpuea 3a zooozpagom Ilighazopa.

Ilocmanoeéka npobaemu. JIns 3aBHaHHsA KPHUBOI 3 KOHKPETHOO
JIOBKWHOIO TYTH JOLUTFHO BUKOPUCTOBYBATH KJlac KPUBHUX 3a rojorpadom
[MTigaropa (PH-kpusi) [1, 2]. JloBkrHa QyrH TakKuX KPUBUX MOXKE OYTH
po3paxoBaHa 0e3 4YMCEIbHUX METO[IB, (hopmyia A OOYUCIEHHS Mae
BUTJISIJT TOJIHOMA. Y 0araTbOX CHCTEMaxX KOMIT'IOTepHOi rpadiku s
noOyJOBM KPUBUX Ta MOBEPXOHBb 3aCTOCOBYETHCS 1H(OpMAIlIS TOYKOBOIO
psy, TOMy aKTyaJbHUM TMHUTAHHS € JOCTIKEHHS MPEICTaBICHHS KPUBHUX
3a rogorpadom Ilidaropa y Burisai pyHmameHTanbHoOro cruiaitny [3].

Ananiz ocmannix oocnioxcenv i nyodaixayin. Ilpodecop Pinma
dapoyku Ta #oro cmiBaBTopH [1, 2] AOCTIKYIOTh 3aCTOCYBaHHS KPHUBHX
3a rogorpadom Ilidparopa (PH) y reomerpwunHoMy mau3aiiHi, rpadiri,
IJIaHyBaHHI Ta KepyBaHHI pyXxoM. Po3risimaeTscsi Teopisi, aqrOpuTMHU Ta
BUKOPUCTaHHS IUIOCKMX Ta mpoctopoBux PH-kpuBux.  Pobota [4]
HalpaBJieHa Ha JOCIIDKCHHS Ta TMOO0YyJIOBY 130TPOMHOI KPHUBOi 3a
rogorpadom Ilidaropa y Burmsiai kpuboi bes’e Tperboro mopsiaxky. B
nojaybomMy [5] s KprBa BUKOPUCTOBYETHCS JJIsi MOJACTIOBAHHS IJIOCKOT
OPTOTOHAIBHOI Ta 130TEPMIYHOI  CITKH. ABTOopoM pobotu [6]
JTOCTIKY€EThCSI TOOYI0Ba 130TPOITHOTO MTPOCTOPOBOTO (PyHIAMEHTATBLHOTO
CIUTaiHY, 3HalJIEHI YMOBH 130TPOIHOCTI.

Dopmynrweanns yineit cmammi. MeToro 1aHoi poOOTH € po3poOKa
cnoco0y koHcTpytoBanHs PH-kpuBoi y Burmsiai ¢yHIaMEHTalIbHOTO
CIUIANHY.

Ocnoeéna uacmuna. Ilnocka xpusa  r(u)=[x(u) y()] Oyzme
KpuBOt0 3a roporpadom Iliparopa (PH-kpuBa) Tomi i TINBKH TOII, KOJIH
rogorpad (moximui) Big r(U) moB’s3aHi HACTYITHUM CITiBBIIHOIICHHIM [2]:
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F) =X'(u)* +y'(U)* = ou) (1)
JUIs esikoro MHorowiena o (U).

Jns Bupaszy (1) Oynu 3HalieHI YMOBH, 3a SKUMH IOJIIHOMiaJibHa
KpuBa Moxe 0yt PH-kpuBoro:

X'(u) = w(u)(f (u)* = v(u)*),
Y'(u) = 2w(u) f (Uv(v), @)
ne f(u), v(u), w(u) - momiHOMHU.
Sxmo mijgcraButd 3HadeHHs (2) y (1) 3a ymoBu w(u)=1, Toxmi
OyJ1eMo MaTH:
X'(U)* +y'(u)" =(f(u)" +v(u)’)*. 3)
3HaleMO 3aJIKHOCTI ISl TUIOCKOTO (PYyHIaMEHTaIbHOIO CIUIaiiHa
TaKi, 11100 BUKOHYBajack ymMoBa (3), ToOTO KpuBa MepEeTBOPUIIACH HA KPUBY
3a roporpadom Ilidaropa, ane Bu3Havanach Ha OCHOBI 3HaYE€Hb TOYKOBOT'O
KapKacy.
Jlna xyOiuHOi kpuBoi Oynemo mrykatd f(u) ta v(u) y Burasmi
JIHIAHUX MTOJIIHOMIB:
f(u)=a, +au, 4)
v(u)=b, +bu,
ae ay, &, by, b, - neski uncna.
Hinsaka (QyHIaMEHTaIBbHOTO CIUTAMHY 3aJa€ThCS  TOJIOKCHHIM
YOTHPHOX TOYOK 33JaHOTO TOYKOBOTO KapKacy, a JOTUYHI B KOXKHIM TOYII

OOUYHMCHIOIOTBCS 32 KOOpPAMHATAMHM JIBOX CYCAHIX Todok. Hexai
(byHIaMEHTaIbHUN CIUTalH 33a€Thesl y BUTIIAIL [3]:

PU)=[(P1— Pk—l)(u3 —2u% +u)+ (P2 — Pk)(U3 —u?)]s+ ()

+[P.(2u® =3u® +1) + P, (—2u® + 3u?)],
ne Py, P, Py, Bio- TOukH 3amaHoro ToukoBoro kapkacy (puc.l),
1-t

= t - mapametp HatAary crutaiiny. Skmo t =0, maemMo pi3HOBUT

(GyHmaMeHTaNbHOTO CIUIaiiHy, a came crutailH Karmami-Poma (Catmull-
Rom slines).
Bizsmemo moxigHy Bin Bupasy (5):
P'(u) = (Ra—Ra)s+2u[-2s(Rs —R4) —s(R. —R)+3(Ra—  (6)
—R)1+3u’[s(R,; — R 1) +S(R., —R)—2(R, —R)I.
[TincraBumo 3nadenns f(u), v(u) 3 piBasHHS (4) B ymoBH it PH-
KpuBOi (2). OTprMaemo :
x'(u)=a,” —b,” +2u(a,a —b,b)+u?(@° -b°), (7)
y'(u) =2a,b, + 2u(a,b, —ah,) + 2u*ab,.
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h
Pk+2

Puc. 1. ®opmyBanHs GpyHIaMEHTAIBLHOTO CILUIAMHY

Bynemo 3amaBath KoopauMHATH TOYKH B (X4, Viy). Hdas
3HAXOJKCHHA KOOpHHHaT TOYOK Pk (Xk ! yk)' I:)I<+1(Xk+1’ yk+l)’ I:)k+-2 (Xk+2’ yk+2)

IPUPIBHAEMO KOE(IIEHTH MPU BIANOBIIHUX MHOXHHUKax 3 pIBHSIHB (6) 1

(7). Onep>xuMO CUCTEMY PIBHSHB:
2

2" —by" =5(X .1 — % 1),
a8y — by = 28X, + (s —3) X + (3 —29) X1 — SXy42
8" —by" =3(K, 5 + (5= 2) Xy + (2 )X — Xy ), (8)
280y = (Y1 — Vi)
aghy +aby =28y + (s =3) Yy +(3—29)Yii1 — Yy,
28,0 =3(SY 42 + (5= 2) Yyur +(2—9) Yy — i)
Po3B’s13ytoun cuctemy piBHSIHB (8) OTpUMaEMO KOOPIUHATH TOUOK
3aJ1aHOTr'0 TOYKOBOT'O KapKacy:

2 2
a,” —b
K+l :%4' X 1s
2a,b
Yia = — + Yia
S
2 2
X, =X, (1—-8)+sx,_, —aa +bb — %, 9)
2a,b
Yi :yk+1(l_s)+syk—l_a0b1_ 1Mo —,
2 2
a —-b 2 2
Xii2 :% - (1__)Xk+1 - (g_l)xk + Xy
2ab

Yo = ( - ) Yia (__l)yk + Y
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Ilpuxnao 1. TloGynyemo crnaiin Katmami-Poma 3-ro mopsiaky 3a
rogorpapom Ilidaropa (puc. 2). 3amamo: f(u)=2+3u,v(u)=-2-u,
Pk—l = (1’1)-

Ha ocHoBi oTpuManux piBHSHB (9) 3HaIEMO KOOPIWHATH BCIX
TOYOK JJIs1 33JJAaHOTO TOYKOBOT'O KapKacy:

R (% ¥i) = (=3.3) 5 Beia (X1 Yien) = (L-15);
I:)k+2(xk+2! yk+2) =(13,-57).

Tenep 3HaitaeMo noBXkUHY ciaiiHy Katmann-Poma 3-ro nopsiaky 3a
rogorpadom Ilidaropa. s mporo ckopucraeMoch Bupaszom (3):

L= [3/X'(u)? + y'(u)2du = [J( f(u)? +v(u)?)2du=[( f(u)? +v(t)* do
0 0 0 )

Sx BunHo 3 ymoBu (10), mane momaHHs KPUBOI JO3BOJISIE TO30YTHCS
KOpeHsi, ToOTO  ojaepkaTH TOYHE 3HA4YeHHsS  iHTerpana. Jlng
(GyHIaAMEHTAIBHOTO CILIAaiHY TPETHOTO MOPSAIKY Oy/IeMO MaTu:

2
L=su (Xk+l - Xk—l) +Uu (ZSXk—l + (S - 3)Xk + (3 - ZS)Xk+1 - SXk+2)

11
FU(SKy + (S 2)Xn + (2 S)%, — X,.,). (11)

Pospaxyemo nosxkuHy cruaitny Karmamn-Poma nns npuxnamy 1.
Jns uporo mifcraBuM y Bupa3 (11) snadenns S=1/2. bymemo maru:
L=4.

Ilpuxnao 2. Tlobyayemo crunaitn Karmamn-Poma 3-ro mopsaky 3a
rogorpadom Iliaropa Ha ocHOBI 3amaHuMx TOYOK Kapkacy B, =(11),
P =(-710/3), P, =(-5,9) (puc. 3).

Ha ocHoBi piBHAHb (8) Ta  4YHCEIBHUX METOAIB 3HAWJIEMO
koediLieHTH &, a, by, b ans niHiiiHUX nomiHoMmiB:by =2; a, =1; b =-1;
a =2.

[TincraBuMo oTpumaHi KoediieHTH B (9) 11 3HAXOHKSHHS

KOOPJIMHAT OCTaHHBOI TOUKU Kapkacy. OTpuMaemo
Poo(Xein, Yiin) =(9,15.3333) . osxkuna crutaifny L =2.

+1
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Py, (1 3,»57).

Puc. 2. Crunaiis 3a rogorpadom
[Tiaropa Ha OCHOBI 3a/1TaHUX
JHIAHUX QYHKLIA

Puc. 3. Crnaitn 3a ronorpadom
[Tiaropa Ha OCHOBI 3aJJaHUX TOYOK

Bucnosku. B pe3ynbTaTi  BHKOHAHHUX  JOCHIKEHb  OyJo
3alpONOHOBAHO OyayBaTH KpuBy 3a rogorpadom Ilidaropa y Burmsai
(byHIaMEHTAJIBHOTO CIUIaiiHy. JIOBXKMHY Takoi KpMBOi MOXXKHA BU3HAYaTU
0e3 3acTocyBaHHS alpOKCMMALIMHMX METOMAIB. byllo po3riasHyTo 1Ba
nigxoau a0 (opmyBaHHS (QyHAAMEHTAIBHOIO CIUIAHY: MEepLIui - depes
3aBaHHSA KOEQIIIEHTIB JHIMHUX (QYHKIIA, JPYrHUil — 4epe3 3aBIaHHs
TOYOK CIUIANHY.
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MOJEJIHUPOBAHHUE PH-KPUBBIX HA OCHOBE
OYHIAMEHTAJIBHOI'O CIINTAUHA

Aymesa H.H, Mensnuk O.B., ['omos B.B.

B pabome  paccmampusaemcs cnocoo nocmpoenus
npocmpancmeennvix Kpuewvix no zooozpaqyy Iugpazopa (PH-kpusvie) na
ocrHose (ynoamenmanvnozo cnaaitna. Haitdenvt ycnoeusa 0asa
onpeoenenus mo4ek Qynoamenmanvnozo cnaaitna. Ilpueedenvt
npumepvl KPUsblXx.

Knwuesvlte cnosa: @ynoamenmanvuwlii  cnaaiiH,  CHIAUH
Kammann-Poma, PH-kpueas, kpueas no zooozpagpy Ilugazopa.

MODELING OF PH-CURVES IN THE FORM
OF THE BASIC SPLINE

Ausheva N., Melnyk O., Homov V.

The work elucidates the way of constructing Pythagorean-
Hodograph curves (PH-curves) in the form of the basic spline. The
conditions for determining points of the cubic spline curves are found.
The examples of curves are given.

Keywords: basic spline, Catmull-Rom spline, PH-curve,
Pythagorean-Hodograph Curves.



