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In this work, a large-scale instability of the hydrodynamic « -effect in an obliquely rotating stratified nanofluid taking into account
the effects of Brownian diffusion and particle flux under the influence of a temperature gradient (thermophoresis) is obtained. The
instability is caused by the action of an external small-scale non-spiral force, which excites small-scale velocity oscillations with zero
helicity and a low Reynolds number. Nonlinear equations for large-scale motions are obtained using the method of multiscale
asymptotic expansions by a small parameter (Reynolds number). A linear large-scale instability of hydrodynamic « -effect is
investigated depending on the parameters of rotation D , temperature stratification Ra, and concentration of nanoparticles Rn. A

new effect of the generation of large-scale vortex structures in nanofluid at Ra =0 isassociated with an increase in the concentration
of nanoparticles is obtained. The maximum instability increment is reached at inclination angles 6 ~ 7 /5 for the Prandtl numbers
Pr=5, and for the Prandtl numbers Pr=1 at inclination angles &~ /2 . It has been found that the frequency changing of the
parametric impact will make it possible to control and track the generation of large-scale vortex structures. It is shown that circularly
polarized Beltrami vortices appear in nanofluid as the result of new large-scale instability development. In this paper, the saturation
regime of large-scale instability in an obliquely rotating stratified nanofluid with an external small-scale non-spira force is
investigated. In the stationary regime was obtained a dynamic system of equations for large-scale perturbations of the velocity field.
Numerical solutions of this system of equations are obtained, which show the existence of localized vortex structures in the form of
nonlinear Beltrami waves and kinks. The velocity profile of kink tends to be constant at large Z values.

KEY WORDS: dtratified nanofluid, large-scale instability, Coriolis force, multiscale asymptotic expansions, « -effect, localized
vortex structures

In recent years there has been considerable attention to the problem of transfer processes in nanofluids, which
describe a two-phase system consisting of a carrier medium (base fluid or gas) and nanoparticles with characteristic
sizes from 1 to 100 nm [1]. Typical base fluids are water or some organic fluids, polymer solutions etc., and
nanoparticles are usually particles of metals (Al,Cu) , metal oxides (Al,O,,CuO) . It is obvious that the effective use of

nanofluids will become possible only when carrying out the theoretical studies of transfer processes. Specia attention
should be paid to the processes of formation and evolution of large-scale structures that affect heat transfer in
nanofluids.

In works [2-4] were investigated conditions for convective structures (convective cells) formation in rotating
layers of nanofluids taking into account the effects of thermophoresis and Brownian motion of particles. In [2] it was
shown that the temperature gradient and rotation have a stabilizing effect, while the volume fraction of nanoparticles
and the ratio of nanoparticles density to the base fluid have a destabilizing effect on the system. In [3] was carried out a
weakly nonlinear analysis of stability in a horizontal rotating nanofluid layer using the minimum order of the Fourier
series expansion. The vaues of heat transfer Nu and transfer of nanoparticle concentration Nu,, oscillate with time

initially strongly but with time reach a stationary value. The parameters of the Rayleigh number concentration R, and

the Lewis number L, increase the heat and mass transfer rates. An increase of the rotation parameter (Taylor number)

leads to a decrease of the heat and mass transfer rates. |n paper [4] was investigated the effect of variable gravity on the
occurrence of thermal convection in a horizontal layer of rotating nanofluid for a porous medium. It was also shown
there that a decrease in the gravity parameter has a stabilizing effect, while an increase in the gravity parameter has a
destabilizing effect on the stationary convection. In this case, the critical Rayleigh number increases with an increase of
the Taylor number, which indicates the suppression of the onset of convection. The influence of a periodic externa
action leads to the formation of oscillate convective structures. Therefore, it becomes possible to control the process of
heat transfer through the céells, i.e,, in the heat valve mode. Here it becomes possible to control the switching between
high and low thermal conductivity modes of the cell [5].

Unlike preceding articles [2-5] in this paper we investigated the large-scale vortex structures (LSV'S) formation
mechanism in arotating layer of stratified nanofluid under the influence of an external small-scale force. The generation
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of LSVS in a Newtonian rotating and temperature stratified fluid under the action of a small-scale force with zero
helicity Iforotlf0 =0 was considered in [6]. A necessary condition for the occurrence of large-scae instability

considered in [6] isthe oblique rotation of the fluid.
The aim of this work is to study generation and nonlinear evolution of vortices fields in a rotating stratified

nanofluid under the action of the nonhelical force F,. Similartly to study [6], we also will use a mathematical
formalism based on the asymptotic method of multiscale expansions in the small parameter of the Reynolds humber

R=%<<1[7].

PROBLEM STATEMENT AND BASIC EVOLUTION EQUATIONS
We consider an infinite horizontal layer of incompressible nanofluid, which rotates with constant angular velocity

Q=(9,,Q,,Q,). The vector of angular velocity of rotation Q isinclined concerning to the plane (X,Y) as shown in
Fig. 1.

Figure 1. The angular velocity Q) isinclined to the plane (X,Y) where the external force F, islocated.

The nanofluid is enclosed between two parallel planes z=0 and z=h, where the temperature and volume
fraction of nanoparticles are kept constant:

T=T,,¢p=¢, at z=0, D

T=T,,¢p=¢, at z=h,

here T, >T,, ¢, > ¢, . We assume that the both boundaries surfaces are free. The hydrodynamic equations of a viscous
incompressible rotating nanofluid in the Boussinesq approximation has the following form (see for example [2-4]):

N oo : I
Poo [EW ~VVJ = VP + iV +[gp, + (1~ 9) peo (1= BT =T, )]G + 20,V x Q2+ F, @)
(p), (%+\7-VT) = K, V2T +(pc), [DBV(pVT ol 'VTJ 3)
op 2 Dr o
—+V -V =D, Vp+—V-T 4
ot 4 gV @ T 4
VV =0 (5)

Equations (2)-(5) are supplemented with boundary conditions for the velocity of nanofluid motion. The condition
of impermesability of layer boundariesin the vertical direction and the absence of shear stresses at the boundaries of the
layer give the following boundary conditions for the velocity

V, =0, aaZVZ:O, at z=0,h (6)

z 22
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Here u isthe viscosity of nanofluid, py, = @p, +(1-@)p; isthe nanofluid density at the reference temperature T,
p, isthe density of the nanoparticles, p; isthe base fluid density at the reference temperature T,, ¢ isthe volumetric
fraction of nanoparticles, S isthe thermal expansion coefficient, &€ = (0,0,1) isaunit vector in the direction of the axis
OZ, g isthe gravitational acceleration vector directed along the Z axis: g = (0,0,-9) . (oc);,(poC), arethe effective
heat capacities of the base fluid and nanoparticles. D, and D, denote the Brownian diffusion coefficient and

thermophoretic diffusion, respectively. The signs of the coefficients D, and D, are positive and they are respectively

equal:
0.26k
D, :kB_T, D, = Hi f 4,
3rud, i L 2K +K,

where d, isthe diameter of nanoparticles, k; isthe Boltzmann's constant, k;,k, are the thermal conductivity of base

nanofluid and nanoparticle, u, isthe viscosity of base nanofluid.
The external small-scale force F, isincluded in the Navier-Stokes equation (2). This force simulates the excitation
source of small-scale and high-frequency pulsations of the velocity field V,, in the medium with a small Reynolds

V.t
number R = /010 <« 1. The main role of the force F is to maintain a moderate level of small-scale movements in the
0

presence of dissipation. An explicit form of the external force If0 is given below. Let us pass in equations (2)-(5) and
boundary conditions (1), (6) to dimensionless variables, which we denoted by the asterisk () :

x  x _* va ’VZ h * t- * -h?
(X,y,z)_m (\/X,Vy,V)_(V y ) ,t = ;gf,P :P h ,
h e h XM
- O . . ond k
o=yl T e
Q, Dy~ Py T, —T, XiH (p0);

Omitting the asterisk (*) in the system of dimensionless equations (2)-(5) and boundary conditions (1), (6) we get

F(aa_\t/w VVJ——VP+V2\7—6RH¢—éRm +ERaT +Ta(V xQ) +F, )
r
ar o, Ng Ng
E+V VT = VT+ Vo- VT)+ L (VT -VT) 8
op i 1., N, o2
—+V -Vp=—Vp+—=V°T 9
at T ©)
V.V =0 (10)
T,=10,=0V,=2%=0 a 2=0 (11)
oz
T,=0,¢,=1V, :62\/5 =0 at z=1,
oz
_ —o.)ah?
where Pr=—% s the Prandtl number, R, = Py =P )0, =) is the concentration Rayleigh number,
Poo X MYt
+p,(1- h® -T h
R = PoPs t P AN o baic density Rayleigh number, Ra = 06— 1020980 e hermal Rayleigh

M KX
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2h4,000 . . . (pc)p .
number, Ta=—2"-="% is the Taylor number, L, = y, /D, is the Lewis number, N, = (¢, —(pd)-( is the
e PC)¢
DT (Td _Tu)

modified particle density increment, N, = isthe modified diffusivity ratio.

De T, (9, — 94
We represented all quantities in equations (7)-(10) as the sum of the ground (stationary) and perturbed states:
V=V.T=T,(2)+T,0=9,(2)+¢,P=PR(2)+P. (12)
After substituting (12) into equations (7)-(10), we find the evolution equations for perturbed quantities V', T , ¢’

ﬁ{%w W jz ~VP +VA -8R ¢ +ERaT +Ta(V xQ)+F,

IR SV S B(V¢) vty Nef Ao AT do dT, ) (13)
ot dz L, LE dz dz  dz dz
NyNg oo oo 2NN, dT dT,

+%(VT VT )+

5

L, dz dz

ivz(p' +No g

L, L

against the background of the ground equilibrium state given by constant gradients of temperature and volume fraction
of nanoparticles:

a_§0+\7' V(ﬂ +V;dﬂ =
ot dz

€

dr,
0=-—"-R,~Rq +Ral,
2
_ 4T, Ny (o, 0T, ) N,Ng (T, 14
dz? L, \dz dz L \dz

0= d?p, d-T,
dz2 " dz?
Using the boundary conditions (11), from the equations (14) we find solutionsfor T, =1-z and ¢, =z, which have a
linear dependenceon Z.
Let the external force lfo have the following properties:

divF, = 0, F,rotF, = 0, rotF, ¢OF—fF[ﬂ ttj (15)

where 4, is the characteristic scale, t, is the characteristic time, and f, is the characteristic amplitude. The external
force IfO isspecifiedinthe (X,Y) plane orthogonal to the rotation axis and satisfy all properties (15), i.e.

Fy. =0, R, = f,(icosg, + ]cos¢1), ¢ = kox—apt, 4, = Koy — oyt (16)

Here w,,k, arethe frequency and wavenumber of the external parametric action, respectively. A simple physical form

of an external force (16) can be easily implemented in laboratory experiments. Let us rescale the variables in the
equations for perturbations (13):

T_)L',go_)ﬂ' thO:ﬁ:t_O:l_

R R , A'OVO VO /102

Asaresult, we obtained the following system of equations for perturbations
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1(eV T - = = G = =
o E+RV-VV =-VP+V% —&Rnp+&Ral +V xD+F, (17)
r
- N N
TRV .VT -V, = V7T +R—B(V¢~VT)+—B[d—T—d—¢)+ (18)
ot L, L, \dz dz
+R—NANB (VT -VT)——2NANB ar
L, . 4z
op 7 1., Ny o2
—+RV -Vp+V, =—=Vp+—LVT 19
o P+V, N @ L (19)
where the new notation is introduced
S — 2h2 2 D — 3 pa— 3
D=—puthQ, R.a=R -4, Ra=Ra-4;.
M

Let us consider the Reynolds number R for small-scale motions to be a small parameter of the asymptotic
expansion and assume D, R, Ra to be arbitrary parameters that do not affect the expansion scheme. We consider the

external force as being of small scale and high frequency. This force leads to small scale fluctuations in velocity. After
averaging, these rapidly oscillating fluctuations vanish. Nevertheless, due to small nonlinear interactions in some orders
of perturbation theory, nonzero terms can occur after averaging. In the next section, we consider in detail how to find
the solvability conditions for the multi-scale asymptotic expansion, which define the evolution equations for large-scale
perturbations.

EQUATIONS FOR LARGE-SCALE FIELDS

In this section, we consider in more detail the application of the method of multiscale asymptotic expansionsto the
problem of nonlinear evolution of large-scale vortex disturbances in an obliquely rotating nanofluid. The method of
asymptotic equations is well presented in works [6-7]. Following these papers we introduce spatial and temporal
derivativesin equations (17)-(19) in the form of asymptotic expansions:

8 4 a 2

——>0,+R%0;, — >0, +R*V, (20)
ot OX.

whered; and 9, denote derivatives concerning fast variables x, =(%,.t,) and V,,o; derivatives concerning slow
variable X =(X,T). Variables x, and X can be called small-scale and large-scale variables. To construct the

nonlinear theory, thevariablesV , T , ¢, P are presented in the form of asymptotic series:

V(x,t) = %W,l(X) +V, + RV, + R?, + R%, +---
T(i,t):%T,l(X)+To+RT1+ R*T, + R°T, +--- 1)

i 1
o(X,1) = E¢71(X)+% +Ro, + Rzgz)2 + R3¢3 e

P(x) = %Rg +% P, +%Pﬁl+ P, +R(P,+ P1(X)) + R?P, + R°P, +---

By substituting developments (20)-(21) into the initial equations (17)-(19) and then gathering together the terms of the
same order, we obtained the equations of the multi-scale asymptotic development and wrote down the obtained

equations up to order R* including. The algebraic structure of the asymptotic development of equations (17)-(19) in

various ordersof R isgiven in Appendix A. It is also shown that in the order R® we got the main secular equation or
equation for the large-scale fields in a stratified nanofluid:
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1 i ki )| — D i
ﬁ(aTw_1 " (vovo)) =V, Pit AW 22)
k — N B N A N B
0TV, (WTo) = AT, + TE(Vop VT, )+ =22 (V,TV,T,) (23)
K 1 N,
09, +V, (Vo(po) = L_A¢-1+L_AT-1 (24)
Equations (22)-(24) are supplemented by the secular equations obtained in Appendix A:
~V,P,—&Rnp., +eRal, +&,W,D, =0, (25)
W’ =0, VW, =0, (26)
1 k i
_W—lka—l = _vi P—l' (27)
Pr
N 2N, N
W—klva—l = TB(azT-l - az (p-l) _%azT-v (28)
WV, 0, =0. (29)

The influence of small-scale oscillations excited by the external force F,, on the evolution of large-scale motion W, is
described by the equation (22). It can be seen from this equation that the large-scale temperature T, and the volume
fraction of nanoparticles ¢, do not influence on the dynamics of the large-scale velocity field VVfl. Therefore, we
restrict ourselves to studying the equation (22). This equation takes on a closed-form after calculating the correlation
function - Reynolds stress V, (viv;). The calculation of the Reynolds stress will be greatly smplified if we use the
«quasi -two-dimensional» approximation, where the horizontal scales significantly exceed the vertical ones. As a part of
this approach, the large-scal e derivatives according to are more preferable, i.e
V, = i > i i
oLz oX oY

and the geometry of large-scale fields is following:
W, = (W3(Z)W%(2),0), T, =T4(Z), ¢, = ¢4(Z), P, = const (30)

Then the equation (22) is simplified and takes the following form:

O W, — VAW, +V, (v;v;) =0, WX=W, (31)

8. W, — VAW, +V, (v;vg) =0, W=W, (32)

Equations (31)-(32) describe the evolution of large-scale eddy fields W . In order to obtain the final closed form of
equations (31)-(32) we have to calculate the Reynolds stresses V, (m) . This shows that we need to find solutions for

the small-scale velocity field v, . Appendix B contains a detailed technique to calculate the velocity field in a rotating
stratified nanofluid. Further, in Appendix C solutions for small-scale velocity field v, are used to find the Reynolds
stresses. Then equations (31)-(32) take a closed form:

12D,k (ks +wz - Ra-1, )

(aT _V§ )Wl = _vz (33)

2(k* + @2)A,
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£2D.k2(k* + @: —Ra—I
0 —V2W, =V, o DKy (Ko + o ”1)

— (34)
2('((;1 + o)A,

We used here the following notations:
~2
o2 = (@, _kowl,z)za A, =

—~2 ~2

2 2 Ra — ki —Prte
(kg+Pr2a)1,z) kg +Pr? e, +———2Ra-—>—— 12+rn12 +

Ky + @12 Ky + @12

_  Kigprt ~2
+2D2,| ki —Pran, —Ra-—o L2, o |Df,
’ kg + 2 2 ’

(k* + @n o)Lk — Prions)+ % K2(L'K2 = Prt oor ok — an ok 2(1+ Prt L)
I = —Zﬁn . e~ — +
(ki +an2)(L2Ks + or2)

2
ko [1+ ZII_\IA +’\:2Aj+ w12 w12 +k: Lt (l+ ’I\_IAJ
+Ra- — L +2RnRa- — —,
(k(;1 + a)l,z)(ngkg + a)l,z) (k(;l + a)l,z)(L;Zkg + a)l,z)

(k* + @ro) (LK + Prtons) + % KA (LS + Prtaons + na (Prt Lt -1))
p = —ﬁn . — - — y
"2 (k2 + @no) (LK + o)

~2
L;+TA( étel—‘ffj
| =Rn- " (K + ano).

Thus, in this section, we obtained the closed equations (33)-(34), which are called the equations of nonlinear
vortex dynamo in obliquely rotating stratified nanofluid under the parametric action of a small-scale non-spiral force.
The large-scale fields decay due to viscous dissipation if rotation (2 = 0) or external force ( f, = 0) disappears. For the

limit of a homogeneous fluid Ra =R, =0 and the absence of nanoparticles, the equation (33)-(34) coincide with the
results of [8]. At first, we will consider the stability of small perturbations of fields (linear theory).

LARGE-SCALE INSTABILITY
Equations (33)-(34) describe the nonlinear dynamics of large scale disturbances of the vortex field W = (Wl,Wz) .

Therefore it is interesting to clarify the question of the stability of small perturbations of the field W . Then for small
values (Wl,Wz) the equations (33)-(34) are linearized and can be reduced to the following system of linear equations:

{aTw1 ~V2W, —a,V,W, =0 (35)

oW, —V2W, +,V,W, =0

here «; , arethe coefficients of the linear vortex dynamo:

a, =f_02 D1,2k02 (R—i— A(l,z) (Ro _1)} Ro - ﬁé n ae Rn
' 2 A
0(1,2) 0(1,2)
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R = ZI:Oa)O Fja2 _ 4Rn _|n +af.:bo +2I§Oa)oa26 , (36)
(ko +@5)”  ao(ky + ) o ko + @

Ao(l,z) = (k: +Pr wg)z + 2(D12,2 -& E{\‘g‘)(kc‘; —pr? 605) + gO(D]fz - ﬁ";‘)2 + éé)sz +

~ a
+&(k{,‘ +Pr2af)-2D,Ra =,
a, 3,

Ao = Aoy P (k5 +Pr? @) = 202k, Pr (DY, - oRa) - &Ra(ky —Pr* )] -
_51(D12,2 - ,RE)Z _§1ID1‘fz _M(kc‘; +Pr? @) + ko, Pr? &"' 2D12,2§n ‘M'
8y 8 8
Here the coefficients ag, by, a0,00,&),&,,45,&,,85,b5,8,,b,,85,b,,8,,b,.8,,b,,a,, b, included in (36) have the form:

2
2 = (ki +w§)(Lﬁ+%{k§Lﬁ—&]],

2
e I(O

2N, o, 4 N, (kK &
b, = L’I*(OO(kg+a)§)—2k0a)0[Lel+TA[r°—k—§D,

€ € €

ke +Pr2al | _ 2kja,(1-Pr?)

ao = ngké +a)§, bo = 2k,@,, &, = Ok(‘)‘ +a)§ & (k(‘)‘ +w§)2
2 -2 5 2
_@f(1-Pr?) L 2kSwp(1-Pr?) - .
= 1 = , a = -2Rna, + Rna, + 2a,Rn Ra.,
§O k§+a)§ é:l (kg_{_wg)z 4 a'.l. 2 a‘3

b, = 2Rab, + Rab, + 2b,ReRa, &, = (k* + @?)(L'k? — Pre?) +

+%k5(Lekg — 2K2 (L4 P Prt YY), by = 2Ky (PrA(kE + of) — LK+l Prt) +

€

N 2N, N?
+2kw,(L+Pri+Prt L;l)TA, a, =k? [1+ - A +L—2Aj+a)§, b, = 2k,@,,

€ € €

e L R RO B
By = 2k, (0L L)+ 20,2, = (6 + o)L+ o P+
Npyag a1 2 /op-1 -1
+L—k0 (ko Ly + oy (Pr(1+ L") -1)),

b, = 2k,m, {kg‘(Le1 +Prt) + 20 Pr%% ks (Pr(1+ LY —1)}.

We choose perturbations (Wl,Wz) in (35) in the form of plane waves with the wave vector K || OZ ,i. e.
W, = A, exp(l')snkz, W, = A, exp(I't) coskKZ (37)

The solutions (37) describe a circularly polarized plane wave whose amplitude increases exponentialy with time. Such
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waves are called Beltrami waves because the large-scale velocity field (37) satisfies the Beltrami flow under which the
following condition is fulfilled:
W x rotW =0
Substituting (37) into the system of equations (35) we obtained the dispersion equation:
2
(T+K?*) —a2,K* =0 (39)

From here we found:

I=+Jaa,K-K? (39)

Solutions (39) show the existence of instabilities for large-scale vortical perturbations when ¢, > 0. When o, <0,

damped oscillations arise with frequency @, = \/a,a,K instead of the instabilities. The maximum increment of

XA

= 4% 2% . Coefficients «,, a, give a positive feedback

instability I',,, =———= is reached on the wavenumber K __ =

loop between velocity components. It should be noted that in the linear theory, the coefficients ¢,, «, do not depend

on field amplitudes but depend only on dimensionless parameters D, ,, Ra, Pr, Rn,N,,L, and the external force
amplitude f,. Let us analyze the dependence of these coefficients on the dimensionless parameters assuming, for
simplicity, that the dimensionless amplitude of the external force f, is equal to f, =10. Fixing the level of

dimensionless force means the selection of a certain level of the stationary background of small-scale and fast
oscillations. Asfor the coefficients ¢, , «,, instead of the Cartesian projections D, and D, it is convenient to use their

projections in the spherical coordinate system (D, p,0) (see Fig. 2). The coordinate surface D =const is the sphere,
0 isthelatitude € €[0,7] , ¢ isthelongitude ¢ €[0,27] . Let us analyze the dependence of the coefficients «,, «,
on the effects of rotation, stratification and concentration of nanoparticles. Then we assumed D, = D, for simplicity
that corresponds to a fixed value of longitude ¢ = z/4+ zn, where n=0,1,2..k, k is an integer. In this case, the
amplification coefficients of the vortex perturbations are, respectively, equal to:

_ o _ o kg A©)
a, =, =a,= 4\/§Dsn9A0(€)[R+AO(6)(RO 1)]

It should be noted that at inclination angles (6 =0, 8 = z) vortex disturbances are not generated since o, =0. It
isalso interesting to find out how the coefficient «,, depends on the inclination angle @ of the nanofluid rotation axis.

Figure 2. Relation of Cartesian projections of rotation parameter D (or angular rotation velocity € ) with their projections in a
spherical coordinate system.

This dependence ¢,(0) is shown in Fig. 3 by a solid line obtained for fixed vaues
D=2Ra=2k, =, =1,Pr=5R, =0.122,N, =5,L, =5000. The values of the nanofluid parameters Pr,Rn,N,,, L,

AT e
(ALO,-water) are taken from [2]. As seen from Fig. 3 a maximum value of ¢, for nanofluid is inclination angle

6, 715+ 7zn, and aminimum valuefor ;. ~ 7/ 2+ zn . Thedashed linein Fig. 3 a corresponds to the dependence
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a, (0) on the case of a pure fluid with the Prandtl number Pr =5. Graphs Fig. 3a shows that the maximum coefficient
a, = (ay )z, o for apurefluid is greater than for a nanofluid. This conclusion remains valid for the Prandtl numbers

Pr=1. In this case, the maximum coefficients «’ in nano- and pure fluid are at inclination angles @~ 7/ 2+ zn
(see Fig. 3b).

a) i b)
0"nf - s nf
Vas P 15 ; .
al 1 ] : ) : 5
: : | 10 y
10d 4 '- _:' N
: > 5 o \,
0 e - ‘ 0
0 T T 3 T St 3TN § 0 T T 3w T ST O3M IR
T 4 g§ 2 8§ 4 8§ 8 4 8 2 8 4 8

Figure 3. The solid line shows the dependence of the coefficient «,, for nanofluid on the inclination angle ¢ and the dashed line
shows the dependence of the coefficient ¢, for the pure liquid on the inclination angle 6. Graphs a) and b) are plotted for the
Prandtl numbers Pr=5 and Pr =1 respectively.

Consequently, the characteristic time T, and the characteristic scale L, of generated large-scale vortices in
nanofluid exceed the corresponding scales T, , L, in apurefluid

T, >T, L,>L, T, 2@ /4L ~(a, 12T, =@ 1H L, ~(e, /127"

Let us consider the influence of the nanofluid rotation effect on the coefficient «,, or the process of generation of
large-scale vortices. For this, we fixed the parameters of the nanofluid Pr,Rn,N,, L, and the Rayleigh number Ra = 2.
We chose the inclination angle equal to 6., =z /5, which corresponds to maximum values of the coefficient «,, (see
Fig. 3a). As see from Fig. 4a for a certain value of the rotation parameter D the coefficient ¢, (¢,) reaches its
maximum vaue o . Then with the increasing of D the coefficient « tends gradualy to zero i. e. the suppression
of a - effect occurs. A similar phenomenon was described in [9].

a) b)

nf anf

o
-~

25 o 30

20

20

15

10

~ 0 01 02 03 04 05 06 07§
Ra R
Figure 4. 8 The solid line shows the dependence of the coefficient ¢, for the nanofluid on the rotation parameter D, and the
dashed line shows the dependence of the coefficient ¢, for the pureliquid on the rotation parameter D ; b) The solid line shows the
dependence of the coefficient «, for the nanofluid on the Rayleigh number Ra, and the dashed line shows the dependence of the
coefficient ¢, for the pure fluid on the Rayleigh number Ra; C) point 1 corresponds to the value of ¢, (nanofluid) at Ra=0,

point 2 corresponds to the value of ¢, (pure fluid) at Ra=0.
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Next, fixing the parameters of nanofluid Pr,R.,N,,L,, rotation D=2 and inclination angle 6, =7 /5, we
determine the dependence of the coefficient «,, of Rayleigh number Ra . From the graphs Fig. 4b it can be seen that
the maximum value of the coefficient ¢, (o,) corresponds to small Rayleigh numbers Ra. Large-scale vortices are
efficiently generated in the range of Rayleigh numbers Ra <[0,3], then we observed the decay o, (a,) (Fig. 4b) with
anincrease in Ra and the generation of the LSV'S becomes ineffective. It means that for large Rayleigh numbers Ra ,
large-scale instability in nano- and ordinary fluidsis not realized and the ordinary convective instability is arisen. Under
the condition that there is no heating Ra = 0, the gain coefficient in pure fluid a, (point 2 in Fig. 4c) is less than in
nanofluid «,; (point 1inFig. 4c): a,; > «,. InFig. 4a-4bit is also seen that the maximum coefficient o, = (ary )z,
islarger for pure fluid than for nanofluid.

In Fig. 5ais a graph showing the combined effects of rotation and temperature stratification in the plane (D, Ra) .
Here the instability region ¢, > 0 ishighlighted in gray. Curve 1 corresponds to the instability boundary for nanofluid

(ﬁn =0.122) and curve 2 corresponds to the instability boundary for pure fluid (ﬁn =0).
Let us analyze the influence of the Rayleigh concentration number Rn on the coefficient a, or the generation of
LSVS for the following fixed parameters D =2,Ra=3,k, =@, =1,Pr=5,N, =5,L, =5000,0 = z/5. In Fig.5b

nf

shows the intersection of graphs (curve 1 and curve 2) at the point C(ﬁﬁo),a“”) . Curve 1 is plotted for the case when

there is a temperature gradient Ra=3. For R,=0, curve 1 shows the maximum vaue of o (point A)
corresponding to a pure stratified fluid.

Figure 5. & The plot for ¢, in the plane (D,ﬁE) , Where the gray color shows the region corresponding to positive values «
(unstable solutions), and the white color region shows negative values « . Curve 1 corresponds to the instability boundary for
nanofluid (ﬁn =0.122), and curve 2 corresponds to the instability boundary for pure fluid (ﬁn =0) . b) The plot of the dependence
onthe a9 - effect on the Rayleigh concentration number R. .

A further increase in the concentration of nanoparticles leads to a decrease in «,; . Curve 2 is plotted for the case

when there is no temperature gradient Ra=0. It can be seen from the behavior of curve 2 that an increase in the
concentration of nanoparticles at first leads to an increasein «,, , and then to adecrease. For Rn =0, curve 2 showsthe

maximum value of ¢ (point B'), corresponding to the coefficient & for ahomogeneous fluid [8]. Here we see that in
apure stratified fluid the generation of LSV S is more efficient than in a homogeneous fluid, which is consistent with the

conclusions of the work [6]. Thus, for a certain value of the number Ry (concentration of nanoparticles), we obtained
equal rates generation of LSVS (point C in Fig. 5b) in nanofluid as in the presence of a temperature gradient Ra=0,

and without it Ra=0. Physically, this process can be explained as follows. An increase in the concentration of
nanoparticles on the upper surface layer leads to the appearance of a flow due to the gravitational segregation of
nanoparticles to the lower surface. In turn, the presence of a temperature gradient arises a heat flux g ~&(T, -T,)/h,
which prevents the deposition of nanoparticles on the lower surface layer. An increase in the concentration of

nanoparticles Rn decreasesthe part of the heat flux and as a consequence, the coefficient ¢, is decreased.
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Figure 6. @) The graph of the dependence on the instability growth rate I' on wavenumbers K for different frequencies «, of the
external force If0 at k,=1. b) The graph of the dependence on the instability growth rate I' on wavenumbers K for different

wavenumbers k, of the externa force F, at w, =1.

Fig. 6 shows the dependence on the instability increment I on the wavenumbers K for the hydrodynamic ¢, -
effect in nanofluid at constant parameters D = 2,Ra = 2,Pr =5,R, =0.122,N, =5,L, =5000,6 = /5. Asit is shown
in Fig. 6a with an increase in the frequency w, of the external force F, at k, =1 the maximum growth rate T, of

large-scale vortex disturbances is decreased. Fixing the frequency of the external force lf0 at w, =1 we constructed a
graph of the increment I'(K) (see Fig. 6b) when the small-scale wavenumber k, changes. For numbers k, <1 we
observed an increase in the maximum growth rate T, of large-scale vortex disturbances (k, = 0.8) relative to the
level T, a k, =1, and a decrease the maximum growth rate of large-scale vortex disturbances at k, =0.5. This
behavior is due to the structural dependence of the coefficient o, on the small-scale parameters of the external
force (w,,k,) -

Thus, as aresult of the large-scale instability development in an obliquely rotating stratified nanofluid, the large-
scale spirdl circularly polarized Beltrami-type vortices are generated.

INSTABILITY SATURATION AND NON LINEAR STRUCTURES
The increase of W, and W, leads to the saturation of the instability. As a result of the development and

stabilization of the instability, non-linear structures appear. The study of these structures is of interest. In order to find
these structures let us examine the stationary case of equations (33)-(34) and integrate once by Z . For the sake of
smplicity, weassumethat D, =D,, 6 =z /2 (latitude), ¢ = z /4 (longitude), and Prandtl number Pr=1. Asaresult,

we get a system of nonlinear equations of the following form:

dw, 22 DKE(k{ + @2 —Ra-l, )
z 4 2(k* +@2)A,

+C,, (40)

dw, 1242 Dk (ki +@: —Ra-1,)
dz 4 2k + @2)A,

+C,. (41)

Here C,,C, are arbitrary constants of integration. It should be noted that the dynamic system of equations (40)-(41) is
conservative, and hence is Hamiltonian. It's easy to find it we write down the equations (40)-(41) in the Hamiltonian
form:

W _dH W, dH

dz dw,’ dz aw,

where the Hamiltonian has the form:
H= Hl(Wl)+ Hz(Wz)"'Cle_Cle (42)
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The functions H, , are respectively equal to:

20,4, 2 BA
B foz\/EDSinHJ_ko(ko+a)1,2 Ra |nly2)dW1'2

— (43)
2 F’I’(ké1 + (1)2)/\1’2

The integral in the Hamiltonian H,, cannot be calculated exactly in quadratures. We used the values of the nanofluid

parameters Pr=1,R, = 0.122, N, =5,L, =5000 (for AlL,O, -water) from the paper [2]. The equations (40)-(41) are
Hamiltonian thus only fixed points of two types. eliptic and hyperbolic can be observed in phase space. This can be
checked if we carry out a qualitative analysis of the system of equations (40)-(41). Linearizing the right-hand sides of
equations (40)-(41) in the neighborhood of fixed points, we establish their type and construct a phase portrait. As a
result of the analysis, we find the appearance of four fixed points, two of hyperbolic and two of elliptic type. Phase
portrait of a dynamical system of equations (40)-(41) for the constants C, =-0.005, C, =0.005 and parameters

D=Ra=2, k,=aw, =1, f, =10 isshowninFig. 7.

Figure 7. The phase plane of the dynamical system equations (40)-(41) with C, =—-0.05 and C, = 0.05. One can see the presence of
closed tragjectories around the elliptic points and separatrices that connect the hyperbolic points.

The phase portrait alows us to describe qualitatively the possible stationary solutions. The most interesting
localized solutions correspond to the phase portrait trajectories, which connect the stationary (singular) points on the
phase plane. Fig. 7 presents closed trajectories on the phase plane around the elliptic points and separatrices which
connect the hyperbolic points. Closed trgjectories correspond to nonlinear periodic solutions or nonlinear waves. The
separatrices correspond to localized vortex structures of the kinks type (see Fig. 8).

Figure 8. On the left a nonlinear helical wave, which corresponds to a closed trajectory on the phase plane; on the right a localized
nonlinear vortex structure (kink), which corresponds to the separatrix on the phase plane.

CONCLUSION
In this work, we have obtained a new type of large-scale instability caused by the temperature gradient and the

specific concentration of nanoparticles gradient under the action of a small-scale force with zero helicity Iforotlf0 =0in
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an obliquely rotating nanofluid. This force maintains small-scale fluctuations in the nanofluid and simulates the action
of small-scale turbulence with Reynolds number R « 1. We assumed that the external force isin the plane (X,Y) and

the gravity field is directed § vertically downward along an axis OZ . Applying the method of multiscale asymptotic

expansions we obtained a closed system of equations for large-scale perturbations of the nanofluid velocity W . For
small amplitudes W this system of equations describes the instability of the hydrodynamic « -effect, since positive
feedback appears between the velocity components. We have shown that the instability occurs only when the vector of
the angular velocity of rotation isinclined from the axis OZ . Moreover, for the Prandtl numbers Pr =5, the maximum
instability increment reaches inclination angles 8~ /5, and for the Prandtl numbers Pr=1 inclination angles
O~ /2 . Taking into account the effects of rotation and temperature stratification of the nanofluid together leads to a
significant increase in large-scale vortex disturbances in contrast to the case of a homogeneous medium [8]. In addition,
we have obtained a new effect of generation of LSVS in nanofluids at Ra=0 associated with an increase in the
concentration of nanoparticles (see Fig. 5b, curve 2). With an increase in the frequency of the parametric action of an
external force, the generation of LSV S becomes less efficient. This effect allows you to control and monitor the process
of generating LSVS. The instability becomes nonlinear with increasing amplitude W . In this case, the emergence of
stationary nonlinear vortex structures is assumed. The numerical solutions show that in the non-linear stage, the
instability saturation leads to specific velocity profiles (kinks) for which the velocity tends to be constant for large
values of Z . The phase portrait contains elliptic stationary points therefore, there are nonlinear periodic solutions in the
form of nonlinear Beltrami waves that correspond to closed tragjectories. These structures are the result of saturation of
large-scale instability (see section LARGE-SCALE INSTABILITY). Obtained results can find their applications in
many problems of |aboratory experiments on rotating stratified nanofluids.

APPENDIX
A. MULTISCALE ASYMPTOTIC DEVELOPMENTS
Let us find the algebraic structure of the asymptotic development in various orders of R, starting from the lowest

one. In order of R there is only one equation:
0,P,=0=P,=P,(X) (44)

Inorder R appears the equations:
0,P,=0=P,=P,(X) (45)

Inorder R™, we obtain the more complicated system of equations:

%(awj1 +WEO W' ) = —0,P, ~ VP, + ;W —¢ Rag, +6RaT , +£,W,D, (46)
k 7 — A2 NB NB
O 4 +WAQT, ~W = Ty +-20,0.0,T, +L—(62T71 ~8,0.4)+ (47)
e e
N,N 2N, N
+—A B(akalakal)-%aszl
k 7z 1 2 NA 2
09 +W 0,0 + W, = rakq)—l +L_akT—1 (48)

oW’ =0 (49)
The averaging of equations (46)-(49) over the fast variables gives the following secular equations:
~V,P,—&Rnp, +&Ral, +&,W,D, =0 (50)
W2 =0 (51)
In zero order in R° we have the equations:

%(atv(‘) + W50, Vs +VsO W', ) = =0,P, = VP, + 3V} — € Rngp, + & RaT, + £, ViD, +F, (52)
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N
0T, +W 0, T, +Vvio, T, -V = 02T, +L—B(6k(p_18kT0 + 0,00, T 1)+

e

2N, N,

N NN
+L—B(6ZT0 —0,00)+ ’;_ 8 (0,T410,Ty +0,Te0, T,) - 0,T,

e €

, 1 N
0,9, +W—klak¢0 +Vgak¢’71 +Vy = L_ai% +L_A8§To

e e

oV, =0
These eguations give one secular equation:
VP, =0= P, =const
Let us consider the equations of the first approximation R*:
1
Pr
+28,V, W, —& Rng; +€ RaT, + &,/ D,

O.T, +WXO, T, +WHV, T, +V0, T, +vi o, T, -V, =0T, +20,V, T, +

N
+L—B(akgoflale +0,0. VT, +0,0,0T, +0,00T,+V,0.0,T,)+

€

NANB

+ (akalale +0, TV, T, +0,T0, T, +0, T3, T, +V,T.,0,T,)+

e

2N, N,

N
+TB(azT1 +0,T,-0,0— azw,l) -

e e

(0,T,+0,T.,)
o9 +W’k16k (2] +W—klvk¢—1 + Vgak(po + Vfak(p—l +Vy =

1 N
== (0t +20,V, 0, )+ —2 (0T, +20,V,T,)
Le Le
oV, +VW! =0
The secular eguations follow from this system of equations:
2N, N,

1 i N
ﬁw—klvkw—l =-ViP,, W—klva—l = TB(azT 1 _6z(/771)_TazT 10

€

W—klvk(p—l =0, ViW—il =0

Secular equations (61) satisfy the following field geometry:

W, = (W_xl(z),W_yl(Z),O), T,=T.,(2),¢,=¢,(2),P, =const

In the second order R, we obtain the equations:

F(atv'2 + WD, V5 + Vs OV + WAV, Vo + VgV W, + V)8, Vg + V5O WY ) =
r

(B + W58, +VeB, Vs + O + WAV W ) = -V, P 0, (B + P )+ 03y, +

(53)

(54)

(55

(56)

(57)

(59)

(59)

(60)

(61)

(62)
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=—0,P, ~ VP, + 02V} +20,V, Vi — & Rnp, + & RaT, + &, viD, (63)

0T, +W¥ o, T, +WXV, T, + Vi, T, + ViV, T, +Vy0, T, +Vs0, T, — Vi =

=0T, +20,V,T, + (64)

N
+L_B (0x@10,T, + 0,0,V Ty + 0,0,0T, + 0,0,V T 1 +0,0,0, Ty +
e

+0,0,0,T 1 +V, 0.0, Ty +V,0,0,T ) +

+ NANB

(0,T.,0, T, +0, TV, T, +0,T,0,T, + 0, T,V, T, +0,T,0,T, +

+0,T,0,T,+V, 1,6, T,+V,T,0,T )+

2N, N,

N
+L—B(31T2+GZTO—GZ¢2—82¢)0)— (asz+azTo)

€ €

0,9, +W—klak¢2 +W—klvk¢)0 + Vgak¢l +ngk¢71 +V1kak% +V;ak¢—1 +V§ = (65)

= Li(aﬁ% + 2akvk¢o)+%(a§T2 +20,V,T,)

oV, +V,vy =0 (66)

After averaging the system of equations (63)-(66) over the fast variables, it can be seen that there are no secular termsin
the order R?. Finally, we come to the most important order R®. In this order, the equations are following

é(atvi3 +0;W +W¥ O, VL + ViV, + WXV, Vi +VEV, V] + VKD, v, +ViV W +
VS0V, + V5O W', ) = =0,y =V, (B + Po) + 07V, + 20,V + AW, -
—& R, +€ RaT, + &, ViD, (67)
0T, +0, T +W 9, T, + WAV, T, +v50,T, + VgV, T+, V, T, +

AV, T, +VE0, T, + V50, T, —VZ = 07T, +20,V, T, + AT | +

N
+L_B (0xp10, T3+ 04V, T, + 0, 0,0, T, + 0,9V Ty + 0,0, T, + 0,0V, T, +

+0,0,0, Ty +0,0:0,T 1+ V0 0T, +V, 0 VT, +V, 0,0, T, +V, 00, T )+

N,Ng
L

€

+

0,1.,0,T,+0,T,V, T, +0,T,0,T, +0,T,V, T, +6,T,0,T, +0,T,V, T , + (68)

+0,T,0,T,+6,T,0,T ., +V, T 0,T,+V, T, V, T, +V,T0,T,+V,T.0,T )+

2N, N,

N
+L—B(31T3+5ZT1—6Z¢)3—3Z¢)1)— (52T3+62T1)

€ €
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0,0, +0:0, +W7k16k(p3 +W7k1Vk(ol + Vgak% + Vng(pO +V1k8k(o1 +vak¢—l +V§6k(o0 +

N
VO @, +VE = Li(af% +20,V,p,+Ag ) +L—A(a§T3 +20,V,T, +AT,) (69)

€ e

OV +VN =0 (70)

Averaging the system of equations (67)-(70) over the fast variables, we will obtain the basic secular equations that
describe the evolution of large-scal e perturbations:

%(aTW_‘l +V, (ﬁ)) =V, P+ AW/, (71)
N NN
0TV, (WTo) = AT, + T2 (V,p VT, )+ =2 (V,TV,T,,) (72)
1 N
Orp +V, (V(l; %) = L—Acﬂfl + L—AAT& (73)

e e

B. SMALL-SCALE FIELDS IN THE ZERO ORDER IN R
Let us consider Egs. (52)-(55) for the zeroth order in R derived in Appendix A. By introducing the notation for
the operators

-~ ~ N 2N, N
Dw =Pr(8,+W43,)-0*, Dr =0, +W}9, -0 ——20, + —2-25,,
L, L,
D, =a, +W¥o, - ;0%
we can write the system of equations (52)-(55) as
Dw V) =—3,P, —& Rug, +€ Ral, + £, ViD, +F, (74)
~ 2 NB
DrT, =V, ——0,0, (75)
Le
A z NA 2
D@, = —Vi +—20%T, (76)
Le
v =0 (77)

Small-scale oscillations of temperature and volume fraction of nanoparticles are easily found from the equations (75)-
(76):

TO :+Véa Do = _+VCZ)1 E = D<0 D+ +%azaz (78)
L L e

Let us substitute (78) in (74) and using the condition of solenoidality of the fields v, and lfo, we obtain the pressure
R,:

R, = Islu0 + I32v0 + IsswO (79)

Where we introduce the designations for operators

5 _D:0,-Do,

1

’F\’z — D3ax B Dlaz
ol ’ o° ’
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az[6¢+'\'Bazj
L

D0, - D,0 aZ(BT_TAaZJ
/F\’3: ol 2 x+§n‘ ¢ +,R\é' ¢

62

o’ L o°L

and velocities: v, =U,, Vi =V,, V; =W, . Using the formula (79), we can eliminate the pressure from the equation (74),

and, asthe result, we obtained a system of equations for finding the zero-order velocity field:

~ ~ ~ A X
duu, +div, +disw, = Fo
d a1ty + d 22V, +d 2w, = R

d31U0 + C|32VO + d33WO =0

The components of the tensor ai; are

~ ~ D,0.0, —D,0,0 ~ D.5?>-D
G = Dy 4 2900200 g D0, =000,
o2 o2 ’
~ N ~ N
, 0,0,| Dr ——29? 0,0,| Dp+-50,
A D,0,0, - D,0% L, N L,
di =D, + 5 +Rn- = +Ra- = ,
0 oL oL

D,0,0,~Dyd? -

821=D3+ 7 , d22=6w+

Y Y
8,0,| Br -2 7 8,0,| Do +20
“( L ] “( "L j D2 - D,0,0,

+ p—

d2s =Rn- 62’|; 82’|; az 17

af{BT —NAaZJ
_ L, N
+Rn = +Ra- =

63{6¢+N862J {BT—NAaZ] (BWNBaZ
Le —ﬁn' Le —ﬁés Le

o°L o°L L L

Asit isknown, the solution of the system of equations (80) is found by Cramer's rule:
Uy =+ (At ~dudn) Py + (A - ) ;|
Vo = (s~ G Fy + (3l — ) 7 |
W, = {(dd - dndn )+ (dredon - dudn

Here, A isthe determinant of the system of equations (80), which in an expanded formis

A= 811822833 +821832813 +alZaZ3a3l—al3aZZa3l—a32823611—821812833

(80)

(81)

(82)

(83)

(84)
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Let us write the external force F, in the complex form
Fy =1 f e’ + T%ei”l +cc. (85)
Then dl operatorsin formulae (81)-(84) act from the left on their eigenfunction:

Dw.r.pe™ =€ Dw (K, — ) = €™ ﬁivcvl,Tl,;ol, Dw.r.pe”? =72 Dw 1 (Ky, —3,) = €7 6;2,T2,¢2 ,

A = AKy, —w,) = €A, Ae'”2 =e2A(K,, —w,) = €24, (86)

where the new notation is introduced

~K ok
Du, =kZ =i Pr(m,—kMW,), Duw, =kZ—iPri(m,—kW,), W,=W%, W,=W2,

BTl =kZ —i(@, — kW,), 6T2 = kZ —i(y —kW,),

*

~

ok
Dy, = LkZ —i(@, —kW,), Dy, = LkZ —i(@ —kW,).

*

RN P OCIN
A;:le[DWlAl-i-DlzJ, AZZDwz[DW2A2+D22J,

~* N
- * _ DT]_'2 +TAk§ /R\é
A1,2 = DWl,Z -Rn- E %

Li2 A
DTlv2

Here and below, we denote the complex-conjugate quantities by an asterisk. When performing the subsequent
calculations, some of the components in the tensors a” become zero. Taking this fact into account, velocity fields of
the zero approximation has the following form:

f A i
Uy = EOTZZE %2 ycc.= Ugz + Uy, (87)
A2Dw, + D,
f 6 i
Vo = 70 ok K - e +ce.= Vo1 + Voo (88)
A le + D12
f D i f D i
Wo :_70**—18(/’1"'70 . o x : e¢2+C.C.=W01+W02+W03+W04 (89)
Au DW1 + D12 Az Dw2 + D22

It is easy to see that the component of the rotation parameter D, also drops out.

C. CALCULATION OF THE REYNOLDS STRESSES
To close the system of equations (31)-(32) that describe the evolution of the large-scale velocity fields W 4, it is
necessary to calculate the following correlators:

T3l = WOUO = WOl (u01)* + (W01 )* uOl + WOS (u03 )* + (W03 )* UOS (90)

T ? = m = WOl (VOI )* + (W01 )* VOl + W03 (V03 )* + (WO3 )* VO3 (91)

Substituting the solutions for the small-scale velocity fields (87)-(89) obtained in Appendix B, into the equations
(90)-(91), we can find the following expression for the correlators:
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f2 D /Az + /A*z
31 - TO R 2£ )2 (92)
Az DW2 + D22

f? D(/A1+/A1*)
32 _ 0 1
T AT N (93)
‘AJDW1+Dl

Then with the definition of the operators 6w1¥2 and A, we can write down the series of useful relations for the
caculationof T* and T%:

2 2

* *

~ o ~ _a o ~2 ~ o ~ a2
Dy, | =Buw, D, =k +Pr?arz, [Br,| =Dr,Dr, =ki+az,

~ 2 ~ ~* o4 2 ~

‘Dﬁ,z = D(plvz D(plvz = Le ko + W12, W12 =0 — |(0le2

~2 —~2

N 2 — kg —Prtomy Ra
‘A1,2 =A2A2 =k§ +Pr? w2 —2Ra- -2 + +r. .,

~2 ~2
ké + 1,2 ké + w12

(k* + @no )Lk — Prions)+ % K2(L'k2 — Pr oor ok? — an ok 2(1+ Prt L)
I’nl’z =-2Rn- . <2 o4 <2 +
(kg + @12)(Lky + @12)

2
ko| 1+ 2N, +N—2A +an w2 + KL 1+ Na
< L L o L
+Rn - — ——+2RnRa- — ——,
(kg + @12)(L7Kg + @1.2) (kg + @12)(L°Kg + @1.2)

1772
ké +Pr 16()1,2
—_—
kg-i-a)l,z

o~ ~ /\* A* ~ —
Dy, Avz + Duy, Avz = 2(k{ —Pr % mr.2) - 2Ra-
4 T2 _1,4 1772 Napas 1,4 172 ~2 11
(ko -‘1-601,2)(|_e ko +Pr a)1,2)+TkO (Le ko +Pr w2 +a)1,2(Pr |_e —1))
—2Rn - y — PR
(ko +C()1,2)(Le ko +a)1,2)

Using these relations, we can obtain the following expressions:

LK + N (LK — o)

A~ ~; ’R‘akz _
Az +A2 =2 k(?_—~02—Rn~ o _ '
kg + @12 L2k + 12
A P2
‘le,z Az + D1.2 = (94)
~ B W pt
= (kg‘ +Pr? a)fz) kg +Pr? 2+ Ra~2 _2Ra.Xo ~2601,2 o
kg + w12 ké + w12 .2

~2

_ K4 Pr-1~2
+2sz[kg—Przwiz—Ra-M P,
|(O + 1,2

(K? + 1) (LK + Prions) + % KA (LS + Prtons + ano (Prt Lt -1))
P, =—Ru- — —
"2 (k& + @no)(LKE + o)
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Substituting (94) in (92)-(93) we can find expressions for the Reynolds stresses in the general form:

_ 12 Dk2(kS +@2—Ra-1,)

T — , (95)
2 (k& +@2)A,
~2 —~
- _f_02 DkZ (ks + w2 — Ra—lnl)
2 (k* +an)A,
~ ~ 2
where A, , =|Dw, , Az +Df,| . Expressionsfor I, are:
~2
T M 2|1 _ W12
N e Le 0 e kg \ -
| =Rn- — (k +a)1,2).
2 L%kg + n2 °
If the Prandtl number of the nanofluid is approximately equal to one Pr =1, then the expressions for the
components of the Reynolds stresses are simplified:
f2D,k2(k? + s —Ra—1. )
T3 = — — 0 io 0 — 2,\, - ' (96)
2(k; + @2)((ky + @2)* +2(D; —Ra)(ky —w2) + (D —Ra)® + r, (kg +@2) + 2p,, D?)
f2Dk (k! +@r —Ra—1 )
T2 = 0 ~1%0\"o n (97)

2(k{ +an )(ké +@1)? +2(D? ~Ra)(ki — 1) +(D? ~Ra)? +1, (ki +o1) +2p, D)
Here the values of the coefficients M and Pr, are taken with Pr =1.
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BUXPOBE JUHAMO B CTPATU®IKOBAHIIA HAHOPIIUHI, 11O IIOXWJI0 OBEPTAEThCSI
3 APIBHOMACIITABHOIO HECIIIPAJIBHOIO CHJIOKO
Muxaiino W. Konm?, Anarouiii B. Typ®, Bonogumup B. SInoBchKkmii?
&Incmumym monoxkpucmanie, Hayionanvna Axaoemis Hayx Vkpainu
np. Hayxu 60, 61001 Xaprie, Vrpaina
bXapriscoxuii nayionansuuii ynisepcumem iveni B.H. Kapasuna
matioan Ceoboou, 4, 61022, Xapxis, Vrpaina
Universite Toulouse [UPS], CNRS, Institute of Research for Astrophysics and Planetology
9 avenue du Colonel Roche, BP 44346, 31028 Toulouse Cedex 4, France
B pobori oTpumana BennkoMacmrabHa HECTIHKICTH TIAPOAMHAMIYHOIO « -edekTy B cTpaTudikoBaHiil HaHOPIIWHI, IO ITOXHIO
obepraeThest, 3 ypaxyBaHHIM edeKTiB OpoyHiBCbKOI qudy3il i MOTOKY YaCTHHOK IMiJ Ai€0 rpadieHTa Temmeparypu (tepmodopesy).
HecrilikicTh BUKJIIMKAETHCS Ai€I0 30BHIMIHBOI ApiOHOMACIITaOHOT HEeCTipaidbHOI CHiH, AKa 30yKye IpiOHOMAacITaOHI KOJMBAHHS
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LIBUAKOCTI 3 HYJIbOBOIO CIIPAJIbHICTIO i MasTuM uuciioM PeiiHonbaca. HeniHiiHi piBHSHHS U1 BeHKOMacITabHUX PyXiB OTpUMaHi 3
BHKOPHCTAHHSM METOIy 0aratoMacirabHuX aCHMITOTHYHUX PO3KIAIB 32 MaIUM IapameTpoM (ducioM Peiinomnsaca). Jocmimkena
nmiHiHAa BeJMKOMacITabHa HECTIMKICTh THIy TiAPOAMHAMIYHOTO « -eeKTy B 3aJeXKHOCTI BiA mapamerpiB obepranHs D,

TemrepatypHoi crparudikauii Ra i xoHuenrtpauii HaHouacTHHOK Rn. OTpumaHuii HOBHiT edekT reHeparil BEJMKOMACIITaOHUX

BHXPOBHX CTPYKTYp B HaHopimuui mpu Ra=0, nop's3aHuii 3i 30iNbLICHHSAM KOHLEHTpauil HAHOYACTHHOK. MaKCHMalIbHHUI
{HKpPEMEHT HECTIMKOCTI ocAraeThest pu Kytax Haxuiny 6 = /5 s wucen lpanatias Pr=5, a g uncen Mpanamis Pr=1 mpwu
KyTax Haxwiy 6~ 7 /2. BcTaHOBIEHO, WO 3MiHA YaCTOTH MAPAMETPUYHOIO BIUIMBY J03BOJUTH KOHTPOJIOBATH i BiICIIAKOBYBaTH
Ipolec TreHepalii BeMMKOMAcIITaOHUX BHXPOBHX CTPYKTYp. Iloka3aHO, L0 LHMPKYJISIPHO MOJIIPU30BaHi BUXOpH benbTpami
BUHMKAIOTh B HAHODIAMHI B pe3ysibTaTi PO3BHTKY HOBOI BEIHMKOMACIITaOHOI HecTiiikocTi. B poGoTi MOCHiKyeThes pexum
HACHYCHHS BEJIMKOMAacITaOHOI HECTIHKOCTI B cTpaTH(iKOBaHIH HAHOPIOWHI, IO TOXHWJIO OOEPTAETHCA 3 30BHIMIHBOIO
IpiOHOMAcIITAaOHOIO HECHIPANbHOIO CHJIOK. Y CTallioHApHOMY peXuMi Oylla OTpMMaHa JUHAMIYHA CHCTEMa pIBHSHB Ui
BEJIMKOMACIITaOHUX 30ypeHs 1o mBHAKOCTI. OTpHMaHi YHCENbHI pIlIeHHS i€l CHCTEeMH PIBHSHB, SIKi ITOKAa3yIOTh iCHYBaHHS
JIOKQJII30BAaHUX BUXPOBHX CTPYKTYp y BUIIIANI HeNiHIHHMX XBWIb benbrpami i kinkiB. [Ipodink mBuaKoCTI KiHKa Mae TEHIEHIIIO
OyTH MOCTIHHUM ITPU BEIHUKUX 3HAUCHHSX Z.

KJIOYOBI CJIOBA: crpatudikoBaHa HaHOpPiJHHA, BeIHMKOMAaclITabHa HecTikkicTs, cumna Kopiomica, GaratomaciiraOHi
ACHMITOTHYHI PO3KIagaHHs, & -3(eKT, JOKali30BaHi BUXPOBI CTPYKTYpH



