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Çàïðîïîíîâàíî ìåòîä îòðèìàííÿ ñï³ââ³äíîøåíü äëÿ âèçíà÷åííÿ ïîëîæåííÿ àêóñ-
òè÷íèõ îñåé ó òðèêë³ííîìó ñåðåäîâèù³ ³ çàëåæíîñòåé ì³æ íèìè. Äîâåäåíî, ùî ö³
ñï³ââ³äíîøåííÿ ë³í³éíî íåçàëåæí³ íàä ïîëåì ä³éñíèõ ÷èñåë. Îäíàê áóäü-ÿêå ñï³ââ³äíî-
øåííÿ àëãåáðè÷íî çàëåæèòü â³ä áóäü-ÿêèõ äâîõ ³íøèõ ñï³ââ³äíîøåíü. Äîñë³äæåíî
òàêîæ âçàºìîçâ�ÿçîê îòðèìàíèõ ñï³ââ³äíîøåíü ç³ ñï³ââ³äíîøåííÿìè, âèâåäåíèìè ó
ðàí³øèõ ðîáîòàõ. Âèâåäåí³ ôîðìóëè âèçíà÷àþòü, ÿê çì³íþþòüñÿ ö³ ñï³ââ³äíîøåí-
íÿ ïðè ïîâîðîòàõ íàâêîëî îñåé ñèñòåìè êîîðäèíàò. Äîâåäåíî, ùî âèêîíàííÿ ï�ÿòè
ñï³ââ³äíîøåíü íåîáõ³äíî ³ äîñòàòíüî äëÿ âèçíà÷åííÿ âñ³õ àêóñòè÷íèõ îñåé ó çàäà-
í³é ñèñòåì³ êîîðäèíàò. Ïîêàçàíî, ùî àêóñòè÷íà â³ñü ó çàäàíîìó ôàçîâîìó íàïðÿì-
êó ³ñíóº òîä³ ³ ò³ëüêè òîä³, ÿêùî äâà ñïåö³àëüí³ âåêòîðè ðîçì³ðíîñò³ ï�ÿòü êîë³íåàð-
í³. Äëÿ îðòîðîìá³÷íîãî ñåðåäîâèùà ö³ ñï³ââ³äíîøåííÿ ïîäàíî ó ÿâíîìó âèãëÿä³ îä-
íîð³äíèìè ìíîãî÷ëåíàìè øîñòîãî ñòåïåíÿ â³ä êîìïîíåíò âåêòîðà ôàçîâîãî íàïðÿì-
êó ³ òðåòüîãî ñòåïåíÿ â³ä êîåô³ö³ºíò³â ïðóæíîñò³. Ó ïëîùèíàõ ñèìåòð³¿ ò³ëüêè äâà
ñï³ââ³äíîøåííÿ íå äîð³âíþþòü òîòîæíî íóëþ. Òåîð³þ ïðîäåìîíñòðîâàíî íà äâîõ
ïðèêëàäàõ àí³çîòðîïíèõ ñåðåäîâèù. Ó ïåðøîìó ïðèêëàä³, äëÿ òðèêë³ííîãî ñåðåäî-
âèùà, ïîêàçàíî ïîëîæåííÿ 16 àêóñòè÷íèõ îñåé ÿê òî÷êè ïåðåòèíó ãðàô³ê³â òðüîõ
ñï³ââ³äíîøåíü íà ïëîùèí³ (êóò ç âåðòèêàëëþ, àçèìóò). Ó öüîìó âèïàäêó 6 òî÷îê â³ä-
ïîâ³äàþòü ïåðåòèíàííþ ëèñò³â ôàçîâèõ øâèäêîñòåé P ³ S1 õâèëü, à 10 òî÷îê � ïå-
ðåòèíàííþ ëèñò³â S1 ³ S2 õâèëü. Äðóãèé ïðèêëàä äåìîíñòðóº âèçíà÷åííÿ âñ³õ àêóñ-
òè÷íèõ îñåé â îðòîðîìá³÷íîìó ñåðåäîâèù³ íà ï³äñòàâ³ âèâåäåíèõ ñï³ââ³äíîøåíü.
Äëÿ äðóãîãî ïðèêëàäó ãðàô³êè ñï³ââ³äíîøåíü íàâåäåíî ò³ëüêè â ïåðøîìó êâàäðàí-
ò³, îñê³ëüêè âîíè ñèìåòðè÷í³ â³äíîñíî êîîðäèíàòíèõ ïëîùèí.

Êëþ÷îâ³ ñëîâà: òðèêë³ííå ñåðåäîâèùå, àêóñòè÷íà â³ñü, ñèíãóëÿðíèé íàïðÿìîê,
ïîâåðõíÿ ïîâ³ëüíîñò³.

Ââåäåíèå. Àêóñòè÷åñêèìè îñÿìè (ñèíãóëÿðíûìè íàïðàâëåíèÿìè) íàçûâàþòñÿ íà-
ïðàâëåíèÿ, âäîëü êîòîðûõ ñîâïàäàþò ëèñòû ïîâåðõíîñòè ìåäëåííîñòè, èëè ôàçîâûõ
ñêîðîñòåé. Íàëè÷èå àêóñòè÷åñêèõ îñåé ïðèñóùå ìíîãèì àíèçîòðîïíûì ñðåäàì è
ïðèâîäèò ê îñëîæíåíèþ âîëíîâûõ ïîëåé â îêðåñòíîñòè àêóñòè÷åñêèõ îñåé: âåêòî-
ðû ïîëÿðèçàöèè áûñòðî èçìåíÿþò íàïðàâëåíèÿ [Shuvalov, 1998] è ïîÿâëÿþòñÿ ñèí-
ãóëÿðíûå òî÷êè [Alshits, Lothe, 1979], íà âîëíîâîì ôðîíòå âîçíèêàþò êàóñòèêè è
êîíè÷åñêàÿ ðåôðàêöèÿ [Kim et al., 1993].

Àêóñòè÷åñêèå îñè ìîãóò ãðóïïèðîâàòüñÿ â ëèíèþ (ïðè íàëè÷èè îñåâîé ñèììåò-
ðèè) ëèáî ðàñïðåäåëÿòüñÿ äèñêðåòíî ïî ïîâåðõíîñòè ìåäëåííîñòè [Vavryèuk, 2005].
Êâàäðàòû ôàçîâûõ ñêîðîñòåé óäîâëåòâîðÿþò ïîëèíîìèàëüíîìó óðàâíåíèþ Êðèñ-
òîôôåëÿ, äèñêðèìèíàíò êîòîðîãî ïîëíîñòüþ êîíòðîëèðóåò ïîëîæåíèå àêóñòè÷åñ-
êèõ îñåé [Fedorov, 1968]. Îäíàêî èçó÷åíèå ïîëîæåíèé äèñêðåòíî ðàñïîëîæåííûõ
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àêóñòè÷åñêèõ îñåé ñ ïîìîùüþ îäíîãî óðàâíåíèÿ íåóäîáíî, ïîñêîëüêó îäíî óðàâíå-
íèå äîëæíî ïîíèæàòü ðàçìåðíîñòü ñ äâóõ (ïîâåðõíîñòü ìåäëåííîñòè) äî íóëÿ (àêó-
ñòè÷åñêàÿ îñü). Â ñâÿçè ñ ýòèì èñïîëüçóþòñÿ ñèñòåìû óðàâíåíèé. Âûïîëíåíèå
êàæäîãî óðàâíåíèÿ îïðåäåëÿåò ñâîþ ëèíèþ íà ïîâåðõíîñòè ìåäëåííîñòè, à èõ ïå-
ðåñå÷åíèÿ îïðåäåëÿþò àêóñòè÷åñêèå îñè. À. Ã. Õàòêåâè÷ âûâåë ñèñòåìó òðåõ óðàâ-
íåíèé, îïðåäåëÿþùèõ àêóñòè÷åñêèå îñè äëÿ òðèêëèííîé ñðåäû ïðè îïðåäåëåííîì
âûáîðå ñèñòåìû êîîðäèíàò [Khatkevich, 1962]. Àêóñòè÷åñêèå îñè äëÿ îðòîðîìáè-
÷åñêîé ñðåäû, íå íàõîäÿùèåñÿ â ïëîñêîñòÿõ ñèììåòðèè, îïðåäåëÿþòñÿ ñèñòåìîé
òðåõ ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî êâàäðàòîâ ìåäëåííîñòåé [Musgrave, 1995;
Schoenberg, Helbig, 1997]. Ìàêñèìàëüíîå êîëè÷åñòâî àêóñòè÷åñêèõ îñåé â òðèêëèí-
íîé, ìîíîêëèííîé, îðòîðîìáè÷åñêîé è òðèãîíàëüíîé ñðåäàõ ðàâíî 16, â òåòðàãî-
íàëüíîé � 13, êóáè÷åñêîé � 7, òðàíñâåðñàëüíî-èçîòðîïíîé � 1 èëè áåñêîíå÷íî
ìíîãî [Holm, 1992; Darinskii, 1994; Boulanger, Hayes, 1998; Vavryèuk, 2005].

Ñëåäóåò îòìåòèòü, ÷òî ïîâåðõíîñòü ìåäëåííîñòè äëÿ òðèêëèííîé ñðåäû îïðåäå-
ëÿåòñÿ ìíîãî÷ëåíîì 6-é ñòåïåíè îò òðåõ ïåðåìåííûõ, à ïîâåðõíîñòü ãðóïïîâûõ ñêî-
ðîñòåé íàìíîãî áîëåå ñëîæíàÿ [Grechka, 2017].

Òåîðèÿ. Àêóñòè÷åñêèå îñè (ñèíãóëÿðíûå íàïðàâëåíèÿ) â àíèçîòðîïíîé ñðåäå õà-
ðàêòåðèçóþòñÿ òåì, ÷òî âäîëü íèõ ñîâïàäàþò ôàçîâûå ñêîðîñòè ðàçëè÷íûõ òèïîâ
âîëí. Ó÷èòûâàÿ, ÷òî êâàäðàòû ôàçîâûõ ñêîðîñòåé âäîëü íàïðàâëåíèÿ ( )pn=n  ÿâëÿ-

þòñÿ ñîáñòâåííûìè ÷èñëàìè ñèììåòðè÷åñêîé ìàòðèöû Êðèñòîôôåëÿ ∑ ×=
qp

pijqij ca
,

qp nn× , ñîâïàäåíèå ôàçîâûõ ñêîðîñòåé îçíà÷àåò íàëè÷èå êðàòíûõ ñîáñòâåííûõ
÷èñåë ýòîé ìàòðèöû. Â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

1 2 3sin cos , sin sin , cos ,n n n= θ ϕ = θ ϕ = θ (1)

ãäå θ � óãîë ñ âåðòèêàëüþ, ϕ � àçèìóò.
×èñëî λ ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì ñèììåòðè÷åñêîé ìàòðèöû A = (aij) òîãäà è

òîëüêî òîãäà, åñëè ìàòðèöà ( )ijf λ= = −F A I  âûðîæäåíà, ãäå I � åäèíè÷íàÿ ìàòðè-
öà. ×èñëî λ ÿâëÿåòñÿ êðàòíûì ñîáñòâåííûì çíà÷åíèåì ìàòðèöû A òîãäà è òîëüêî
òîãäà, êîãäà ðàíã ìàòðèöû F ìåíüøå åå ðàçìåðíîñòè íå ìåíüøå ÷åì íà 2.

Ïóñòü Aij è Fij îçíà÷àþò àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ aij è fij ìàòðèö A
è F ñîîòâåòñòâåííî. Îáîçíà÷èì � ( )T

ijA=A  è � ( )T
i jF=F  ñîîòâåòñòâóþùèå ïðèñîåäè-

íåííûå ìàòðèöû. Ìàòðèöû �A  è �F  òàêæå ÿâëÿþòñÿ ñèììåòðè÷åñêèìè.
Ìàòðèöà A èìååò êðàòíîå ñîáñòâåííîå çíà÷åíèå λ òîãäà è òîëüêî òîãäà, êîãäà

�F = 0. Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ij ij ijF a A= λ +  ïðè i j≠  è ×+−λ= )( nnmmii aaF 2

iiA+λ× , ãäå m è n � ïàðà äîïîëíèòåëüíûõ ÷èñåë ê i, ò. å. m ≠ i è n ≠ i è i m n≤ ≤1 , , 3 .
Ñëåäîâàòåëüíî, óñëîâèå �F  = 0 ðàâíîñèëüíî ñèñòåìå óðàâíåíèé

, 1 3,ij ija A i jλ = − ≤ < ≤ (2)

2 ( ) 0, 1 3.mm nn iia a A iλ − + λ + = ≤ ≤ (3)

Âìåñòî ñîîòíîøåíèé (3) áóäåì èñïîëüçîâàòü ñîîòíîøåíèÿ Fii = Fjj , ïðåäñòàâëåííûå
â âèäå

( ) , 1 3.ii jj jj iia a A A i j− λ = − ≤ < ≤ (4)

Âûïîëíåíèå óðàâíåíèé (2), (4) ðàâíîñèëüíî òîìó, ÷òî ìàòðèöà �F  ÿâëÿåòñÿ ñêà-
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ëÿðíîé. Ïðè �F ≠ 0 ýòà ìàòðèöà íåâûðîæäåííàÿ è, ñëåäîâàòåëüíî, ìàòðèöà A òàêæå
ÿâëÿåòñÿ ñêàëÿðíîé. Â ýòîì ñëó÷àå îíà èìååò òðåõêðàòíîå ñîáñòâåííîå çíà÷åíèå.
Ñëåäîâàòåëüíî, âûïîëíåíèå ñèñòåìû óðàâíåíèé (2), (4) âñåãäà ðàâíîñèëüíî íàëè-
÷èþ êðàòíûõ êîðíåé ó ìàòðèöû A [Norris, 1985].

Ââåäåì âåêòîðû 
ij

ij
ij

a

A

 
=    

v , 
ii jj

ij
ii jj

a a

A A

− 
=   − 

w , i j≤ < ≤1 3 , è 2 × 6 ìàòðèöó:

( )12 13 23 12 23 23, , , , , .=B v v v w w w (5)

Ñèñòåìà óðàâíåíèé (2), (4) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ñòîëáöû
ìàòðèöû B êîëëèíåàðíûå, ò. å. rank B ≤ 1. Ïîñêîëüêó = +w w w13 12 23 , êðèòåðèåì
êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A ÿâëÿåòñÿ êîëëèíåàðíîñòü ïÿòè âåêòî-
ðîâ 2312231312 ,,,, wwvvv . Ïðèðàâíèâàÿ íóëþ 2 × 2-ìèíîðû ìàòðèöû B ñ èñêëþ-
÷åííûì ñòîëáöîì w13 , ïîëó÷èì 10 ñîîòíîøåíèé, îáåñïå÷èâàþùèõ êðàòíîñòü ñîáñò-
âåííûõ çíà÷åíèé ìàòðèöû A. Ñåìü èç ýòèõ ìèíîðîâ îïðåäåëÿþò ìíîãî÷ëåíû iR  èç
ñòàòüè [Alshits, Lothe, 1979]:

( ) 2 2
11 13 23 12 13 12 23 13 22 21 2 3 33 1det , ,a a a a a a a a aR a− + −= =v v

( ) 2 2
11 12 23 12 13 12 23 33 13 22 23 12 3det , ,a a a a a a a aR a a− − += =v v

( ) 2 2
12 23 12 13 22 12 13 33 133 13 1 232t ,de , a a a a a a a a aR a= + += − −v v

( ) ( ) ( )4 23 13 23 1
2
11 22 3 23 32det , det , det , a aR −= = + =v w v w v w

2 3
11 12 13 11 22 23 11 23 33 12 23 12 13 33 22 23 33 23,a a a a a a a a a a a a a a a a a a− − − + + + −

( ) 2
11 13 22 11 13 33 12 13 12 22 23 12 23 323 35 13det , a a a a a a a a a a a a aR a= = − + + − + −v w

3 2
13 13 22 13 22 33,a a a a a a− + −

( ) 3
11 12 22 11 12 33 26 2 12 3 1det ,R a a a a a a a− −= = +w v

2 2
12 13 12 22 33 12 33 13 22 23 13 23 33,a a a a a a a a a a a a a+ − + + −

( ) 2 2 2 2 2
11 22 11 33 11 12 11 13 11 27 23 2 21det , a a a a a aR a a a a= = − − + − +w w

2 2 2 2 2 2 2
11 33 12 22 13 33 22 33 22 23 22 33 23 33.a a a a a a a a a a a a a a+ + − + − − + (6)

Ýòè ìíîãî÷ëåíû ëèíåéíî íåçàâèñèìû íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë R, ïîñêîëü-
êó ìíîãî÷ëåíû iR  ñîäåðæàò îäíî÷ëåíû, íå âõîäÿùèå â äðóãèå ìíîãî÷ëåíû ( )jR j i≠ .
Òàêèìè, íàïðèìåð, ÿâëÿþòñÿ îäíî÷ëåíû ib :

3 3
1 11 13 23 2 11 12 23 3 12 13 22 4 23 5 13, , , , ,b a a a b a a a b a a a b a b a= = = = =

3 2
6 12 7 12 22, .b a b a a= = (7)

( ) .,,,,, 231312231312 wwwvvvB = (5)
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Îòìåòèì, ÷òî âûðàæåíèÿ iR  ÿâëÿþòñÿ êóáè÷åñêèìè îäíîðîäíûìè ìíîãî÷ëåíà-
ìè îò ýëåìåíòîâ ija  ìàòðèöû Êðèñòîôôåëÿ. Â ñâîþ î÷åðåäü, ýëåìåíòû ìàòðèöû
Êðèñòîôôåëÿ ija  ÿâëÿþòñÿ êâàäðàòíûìè îäíîðîäíûìè ìíîãî÷ëåíàìè îò ïåðåìåí-
íûõ n n n1 2 3, , :

2 2 2
11 11 1 66 2 55 3 16 1 2 15 1 3 56 2 32 2 2 ,a c n c n c n c n n c n n c n n= + + + + +

2 2 2
22 66 1 22 2 44 3 26 1 2 46 1 3 24 2 32 2 2 ,a c n c n c n c n n c n n c n n= + + + + +

2 2 2
33 55 1 44 2 33 3 45 1 2 35 1 3 34 2 32 2 2 ,a c n c n c n c n n c n n c n n= + + + + +

2 2 2
12 16 1 26 2 45 3 12 1 2 14 1 3 25 2 32 2 2 ,a c n c n c n d n n d n n d n n= + + + + +

2 2 2
13 15 1 46 2 35 3 14 1 2 13 1 3 36 2 32 2 2 ,a c n c n c n d n n d n n d n n= + + + + +

2 2 2
23 56 1 24 2 34 3 25 1 2 36 1 3 23 2 32 2 2 ,a c n c n c n d n n d n n d n n= + + + + + (8)

ãäå 661212 ccd += , 551313 ccd += , 561414 ccd += , 442323 ccd += , 462525 ccd += , 453636 ccd += .
Ñëåäîâàòåëüíî, ìíîãî÷ëåíû iR  ÿâëÿþòñÿ îäíîðîäíûìè ñòåïåíè 6 îòíîñèòåëüíî

pn . Åñëè ìíîãî÷ëåí iR  íå ðàâåí òîæäåñòâåííî íóëþ, åãî ãðàôèêîì ÿâëÿåòñÿ ëèíèÿ
íà ïëîñêîñòè (θ , ϕ ). Ïåðåñå÷åíèÿ ýòèõ ëèíèé çàäàþò íàïðàâëåíèÿ àêóñòè÷åñêèõ
îñåé.

Èç ñîîòíîøåíèÿ � det ( )⋅ =A A A I  ñëåäóåò, ÷òî ïðè i j≠  ñïðàâåäëèâû ðàâåíñòâà

1 1 2 2 3 3 0,i j i j i ja A a A a A+ + =  1 1 2 2 3 3 0,j i j i j ia A a A a A+ + = (9)

âû÷èòàÿ êîòîðûå, ïîëó÷àåì òðè òîæäåñòâà:

12 12 1 13 13 2 23 23 3det ( , ) , det ( , ) , det ( , ) .R R R= = =w v w v w v (10)

Ðàâåíñòâà (10) ïîçâîëÿþò èñêëþ÷èòü ìèíîðû 12 12det ( , )w v , 13 13det ( , )w v è 23 23det ( , )w v
èç óñëîâèé êîëëèíåàðíîñòè ñòîëáöîâ ìàòðèöû B.

Ñëåäîâàòåëüíî, îñòàâøèåñÿ 7 ìèíîðîâ, ïðåäñòàâëåííûå ìíîãî÷ëåíàìè iR = 0, i =
= 1, ..., 7, èç (6), îáðàçóþò ïîëíóþ ëèíåéíî-íåçàâèñèìóþ ñèñòåìó. Îäíàêî êàæäóþ
àêóñòè÷åñêóþ îñü ìîæíî îïðåäåëèòü ïåðåñå÷åíèåì òîëüêî äâóõ íåêîòîðûõ ëèíèé

iR = 0, i = 1, ..., 7. Ýòîò ôàêò îáúÿñíÿåòñÿ òåì, ÷òî ëþáîé ìíîãî÷ëåí iR  ëèíåéíî çà-
âèñèò îò ëþáûõ äâóõ äðóãèõ ìíîãî÷ëåíîâ ñ êîýôôèöèåíòàìè èç êîëüöà ìíîãî÷ëå-
íîâ ija  R .

Äëÿ ïîëó÷åíèÿ òàêèõ ëèíåéíûõ ñîîòíîøåíèé ìåæäó iR  ðàññìîòðèì ìàòðèöó C
ðàçìåðîì 3 × 6, èìåþùóþ ðàíã, íå ïðåâîñõîäÿùèé 2, ïîâòîðèâ âåðõíþþ ñòðîêó
ìàòðèöû B:

12 13 23 11 22 11 33 22 33

12 13 23 12 13 23

.
a a a a a a a a a− − − 

=  
 

C
v v v w w w

(11)

Ðàçëîæèâ 3 × 3 ìèíîðû ìàòðèöû (11) ïî ïåðâîé ñòðîêå, ïîëó÷èì èñêîìûå ñîîòíî-
øåíèÿ. Íàïðèìåð, iR , i = 3, ..., 7 ìîæíî âûðàçèòü ÷åðåç R R1 2, , èñïîëüçóÿ ñîîòíîøå-
íèÿ (6) è ñëåäóþùèå ðàâåíñòâà [Khatkevich, 1962; Alshits, Lathe, 1979]:
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12 13 23
12 13 23 13 12 23 23 12 13

12 13 23

a a a
a a a= − + =v v v v v v

v v v

12 1 13 2 23 3 0,a R a R a R= − + − = (12)

( )13 23 11 33
13 23 13 23 13 13 11 33 13 23

13 23 13

a a a a
a a a a

−
= − + − =v w v w v v

v v w

( )13 4 23 2 11 33 1 0,a R a R a a R= + − − = (13)

( )13 23 22 33
13 23 23 23 13 23 22 33 13 23

13 23 23

a a a a
a a a a

−
= − + − =v w v w v v

v v w

( )13 3 23 5 33 22 1 0,a R a R a a R= − − + − = (14)

( )12 23 22 33
12 23 23 23 12 23 22 33 12 23

12 23 23

a a a a
a a a a

−
= − + − =v w v w v v

v v w

( )12 3 23 6 33 22 2 0,a R a R a a R= − + + − = (15)

( ) ( )12 11 22 22 33
12 12 23 11 22 12 23 22 33 12 12

12 12 23

a a a a a
a a a a a

− −
= − − + − =w w v w v w

v w w

( ) ( )12 7 11 22 6 33 22 1 0.a R a a R a a R= − + − + − = (16)

Äîêàæåì, ÷òî âûïîëíåíèå òîëüêî ïÿòè ðàâåíñòâ R R R R R= = = = =1 4 5 6 7 0  íåîáõî-
äèìî è äîñòàòî÷íî, ÷òîáû ìàòðèöà À èìåëà êðàòíîå ñîáñòâåííîå çíà÷åíèå â ëþáîé
ñèñòåìå êîîðäèíàò.

Íåîáõîäèìîñòü óòâåðæäåíèÿ ñëåäóåò èç îïðåäåëåíèÿ âûðàæåíèé iR , i = 1, ..., 7,
êîòîðûå ðàâíû 0 ïðè êîëëèíåàðíîñòè ñòîëáöîâ ìàòðèöû B èç (5). Äîñòàòî÷íîñòü
äîêàçûâàåòñÿ ïåðåáîðîì ñëåäóþùèõ ñëó÷àåâ è óòî÷íåíèåì ñîîòíîøåíèé:

1) a a a= = =12 13 23 0  � êîíòðîëèðóåò êîëëèíåàðíîñòü òîëüêî ñîîòíîøåíèå R =7 0 ;
2) a a a= = ≠12 13 230, 0  � ñîîòíîøåíèÿ R R= =4 70, 0 ;
3) a a a= = ≠12 23 130, 0  � ñîîòíîøåíèÿ R R= =5 70, 0 ;
4) a a a= = ≠13 23 120, 0  � ñîîòíîøåíèÿ R R= =6 70, 0 ;
5) a a a= ≠ ≠12 13 230, 0, 0 . Â ýòîì ñëó÷àå R a a= ≠2

2 13 23 0  è èç ñîîòíîøåíèÿ (13) ñëå-
äóåò , ÷òî R ≠1 0  èëè R ≠4 0 , ò. å. êîëëèíåàðíîñòè íåò íà îñíîâå êðèòåðèÿ

...R R R= =1 4 70, , , 0 ;
6) a a a= ≠ ≠13 12 230, 0, 0 . Â ýòîì ñëó÷àå R a a= − ≠2

3 12 23 0  è èç ñîîòíîøåíèÿ (14) ñëå-
äóåò, ÷òî R ≠1 0  èëè R ≠5 0 , ò. å. êîëëèíåàðíîñòè íåò íà îñíîâå êðèòåðèÿ

...R R R= =1 4 70, , , 0 ;
7) a a a= ≠ ≠23 12 130, 0, 0 . Â ýòîì ñëó÷àå R a a= − ≠2

1 12 13 0 , ò. å. êîëëèíåàðíîñòè íåò
íà îñíîâå êðèòåðèÿ ...R R R= =1 4 70, , , 0 ;

8) a a a≠ ≠ ≠12 13 230, 0, 0 . Â ýòîì ñëó÷àå èç óñëîâèÿ ...R R R= = = =1 4 70, 0  è ñîîò-
íîøåíèé (13), (14) ñëåäóåò, ÷òî R =2 0 , R =3 0 , ò. å. âûïîëíÿåòñÿ ïîëíàÿ ñèñòå-
ìà ...R R= =1 7= 0  äëÿ íàëè÷èÿ êîëëèíåàðíîñòè.
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Ïîêàæåì, ÷òî ñðåäè ñîîòíîøåíèé ...R R R= = = =1 4 70, 0  íåò ëèøíèõ. Äëÿ ýòîãî
ðàññìîòðèì ïÿòü ìàòðèö,

1 4 5 6 7

4 2 2 1 0 0 3 0 1 3 1 0 1 0 0

2 3 1 , 0 3 1 , 0 1 0 , 1 3 0 , 0 2 0 ,

2 1 3 0 1 3 1 0 3 0 0 3 0 0 3

         
         = = = = =         
                  

A A A A A

âñå ñîáñòâåííûå ÷èñëà iλ  êîòîðûõ ðàçëè÷íûå è ïðè ýòîì äëÿ ìàòðèöû iA  òîëüêî
îäíî ñîîòíîøåíèå iR ≠ 0 , à äðóãèå jR = 0  ïðè j i j≠ =, 1, 4, 5, 6, 7 :

1 1 4 5 6 7 1 2 3: 4, 0, 2, 4 2 2 , 4 2 2 ;R R R R R= − = = = = λ = λ = − λ = +A

4 4 1 5 6 7 1 2 3: 3, 0, 1, 2, 4;R R R R R= = = = = λ = λ = λ =A

5 5 1 4 6 7 1 2 3: 3, 0, 1, 2, 4;R R R R R= = = = = λ = λ = λ =A

6 6 1 4 5 7 1 2 3: 1, 0, 2, 3, 4;R R R R R= − = = = = λ = λ = λ =A

7 7 1 4 5 6 1 2 3: 2, 0, 1, 2, 3.R R R R R= − = = = = λ = λ = λ =A

Äåéñòâèòåëüíî, åñëè èãíîðèðîâàòü ñîîòíîøåíèå iR = 0 , ïðèäåì ê âûâîäó, ÷òî
ìàòðèöà iA èìååò êðàòíûå ñîáñòâåííûå ÷èñëà, ïîñêîëüêó jR = 0 ïðè j i≠ . Ýòî ïðî-
òèâîðå÷èå ïîêàçûâàåò, ÷òî íåîáõîäèìî ó÷èòûâàòü âñå ïÿòü ñîîòíîøåíèé.

Äëÿ ñðåäû ñ îðòîðîìáè÷åñêîé ñèììåòðèåé ïðè óñëîâèè d ≠12 0 , d ≠13 0  è d ≠23 0
àêóñòè÷åñêèå îñè, íå íàõîäÿùèåñÿ â ïëîñêîñòÿõ ñèììåòðèè, ìîæíî îïðåäåëèòü èç
óðàâíåíèé F F F= = =12 13 23 0 , êîòîðûå ñâîäÿòñÿ ê ëèíåéíûì ñîîòíîøåíèÿì îòíîñè-
òåëüíî êâàäðàòîâ êîìïîíåíò âåêòîðà ìåäëåííîñòè ( )T

s s s=s 1 2 3, ,  [Schoenberg, Hel-
big, 1997]:

2 2 213 23
12 55 1 44 2 33 3

12

1 0,
d d

m c s c s c s
d

 
= + + − − = 

 
(17)

2 2 212 23
13 66 1 22 2 44 3

13

1 0,
d d

m c s c s c s
d

 
= + − + − = 

 
(18)

2 2 212 13
23 11 1 66 2 55 3

23

1 0.
d d

m c s c s c s
d

 
= − + + − = 

 
(19)

Èç ñîîòíîøåíèé (17)�(19) ñëåäóåò, ÷òî âíóòðè êàæäîãî îêòàíòà ìîæåò áûòü íå
áîëåå îäíîé àêóñòè÷åñêîé îñè. Îòìåòèì, ÷òî âûðàæåíèÿ m m m12 13 23, ,  ñâÿçàíû ñ
ìíîãî÷ëåíàìè iR  è ñîáñòâåííûì çíà÷åíèåì λ ìàòðèöû A ôîðìóëàìè

( ) ( ) ( )1 13 23 23 13 2 12 23 23 12 3 12 13 13 12, , .R a a m m R a a m m R a a m m= λ − = λ − = λ − (20)

Â ïðèëîæåíèè 1 ïðèâåäåíû ôîðìóëû iR  äëÿ îðòîðîìáè÷åñêîé ñðåäû, ÿâíî âûðà-
æåííûå ÷åðåç êîìïîíåíòû íàïðàâëÿþùåãî âåêòîðà ( )jn=n , è êîýôôèöèåíòû óïðó-
ãîñòè mnc .
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Â ïëîñêîñòÿõ ñèììåòðèè ïîëîæåíèå àêóñòè÷åñêîé îñè ìîæíî îïðåäåëèòü îäíèì
óðàâíåíèåì îòíîñèòåëüíî tg θ, ãäå θ � óãîë ñ âåðòèêàëüþ. Íàïðèìåð, â ïëîñêîñòè
p =2 0  âûïîëíÿåòñÿ óðàâíåíèå [Schoenberg, Helbig, 1997]

( ) ( ) ( ) ( ) ( ) ( )4 2 2
2 55 66 11 66 33 44 11 66 55 44 55 66 13tan tanm c c c c c c c c c c c c d = − − θ + − − + − − − θ + 

( ) ( )33 44 55 44 0.c c c c+ − − = (21)

Â ýòîì ñëó÷àå â ïëîñêîñòÿõ ñèììåòðèè âñå âûðàæåíèÿ iR  òîæäåñòâåííî ðàâíû
0, êðîìå R5  è R7 , îïðåäåëÿþùèõ àêóñòè÷åñêèå îñè (ñì. ïðèëîæåíèå 1):

( ) ( )6 6 2
5 3 13 2 7 3 11 55 33 55 2tan , tan .R n d m R n c c c c m = θ = − − θ − −  (22)

Äðóãîé ïîäõîä ê èçó÷åíèþ ñèíãóëÿðíûõ íàïðàâëåíèé ïðåäëîæèë Íîðèñ [Norris,
2004]. Ýòîò ïîäõîä îñíîâàí íà ïðèâåäåííîé íèæå òåîðåìå è ïîä÷åðêèâàåò òåíçîð-
íûé õàðàêòåð èññëåäóåìûõ âûðàæåíèé.

Òåîðåìà [Norris, 2004]. Ñèììåòðè÷åñêàÿ ìàòðèöà A èìååò êðàòíîå ñîáñòâåí-
íîå çíà÷åíèå òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî âåêòîðà ( ) T

m m m=m 1 2 3, ,
âûïîëíÿåòñÿ ðàâåíñòâî det ( ) =m Am A m2, , 0 .

Äåéñòâèòåëüíî, ìàòðèöó A ìîæíî ïðèâåñòè ê äèàãîíàëüíîìó âèäó diag ( )= λ λ λA 1 2 3, , .
Â ýòîé ñèñòåìå êîîðäèíàò òåîðåìà ñëåäóåò èç ðàâåíñòâ

( )
2 2

1 1 1 1 1 1 1

2 2
2 2 2 2 2 1 2 3 2 2

2 2
3 3 3 3 3 3 3

1

det , , det det 1

1

m m m

m m m m m m

m m m

   λ λ λ λ
   
   = λ λ = λ λ =
      λ λ λ λ   

2m Am A m

( ) ( ) ( )1 2 3 3 2 3 1 2 1 .m m m= λ − λ λ − λ λ − λ

Ïîñêîëüêó ( )2det pqr p q rm m m p q r= ψ ≤ ≤∑m Am A m, , , , òî êîýôôèöèåíòû =ψ pqr
)( ijpqr aψ=   ÿâëÿþòñÿ òåíçîðîì 3-ãî ðàíãà è îïðåäåëÿþò ñèñòåìó 10 óðàâíåíèé äëÿ

àêóñòè÷åñêèõ îñåé. Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

111 3 112 2 5 122 3 4 113 1 6 123 7, 2 , 2 , 2 , ,R R R R R R R Rψ = − ψ = − − ψ = + ψ = + ψ = −

133 3 4 222 2 223 1 6 233 2 5 333 1, , , , .R R R R R R R Rψ = − ψ = ψ = − ψ = − + ψ = − (23)

Íà âåêòîðíîì ïðîñòðàíñòâå, ïîðîæäåííîì âûðàæåíèÿìè iR , äåéñòâóåò ãðóïïà
( )3SO R  è îáðàçóåò 7-ìåðíîå íåïðèâîäèìîå ïðåäñòàâëåíèå. Ïîä äåéñòâèåì ïîäãðóï-

ïû âðàùåíèé îòíîñèòåëüíî ôèêñèðîâàííîé îñè âåêòîðíîå ïðîñòðàíñòâî ðàñùåï-
ëÿåòñÿ íà ïðÿìóþ ñóììó òðåõ äâóõìåðíûõ è 1-ãî îäíîìåðíîãî èíâàðèàíòíûõ ïîä-
ïðîñòðàíñòâ [Norris, 2004]. Â ÷àñòíîñòè, ñïðàâåäëèâû ôîðìóëû äëÿ ïîâîðîòîâ íà
óãëû ϕ îòíîñèòåëüíî îñåé iOX  ñèñòåìû êîîðäèíàò:

33 ,R Rϕ =

( ) ( )( ) ( )6 1 5 256 1 22 2 2 2 exp ,R R i R R R R i R R iϕ ϕ ϕ ϕ+ ± + = + ± + ± ϕ

( ) ( )3 4 773 42 2 exp 2 ,R R iR R R iR iϕ ϕ ϕ+ ± = + ± ϕm

tg tg

tgtg
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( ) ( )( ) ( )1 1 6 2 551 6 22 2 2 2 exp 3 ,OX R R i R R R R i R R iϕ ϕ ϕ ϕ− − ± − = − ± − ϕm (24)

22 ,R Rϕ =

( ) ( )( ) ( )6 1 3 46 1 3 42 2 exp ,R R i R R R R i R R iϕ ϕ ϕ ϕ− ± + = − ± + ± ϕ

( ) ( )2 5 75 72 2 2 exp 2 ,R R iR R R iR iϕ ϕ ϕ+ ± = + ± ± ϕ

( ) ( )( ) ( )2 6 1 3 46 1 3 43 2 3 2 exp 3 ,OX R R i R R R R i R R iϕ ϕ ϕ ϕ− + ± − = + ± − ± ϕ (25)

11 ,R Rϕ =

( ) ( )( ) ( )2 5 4 352 4 3 exp ,R R i R R R R i R R iϕ ϕ ϕ ϕ− ± − = − ± − ϕm

( ) ( )1 6 771 62 2 exp 2 ,R R iR R R iR iϕ ϕ ϕ+ ± = + ± ϕm

( ) ( )( ) ( )3 2 5 3 452 3 43 3 3 3 exp 3 .OX R R i R R R R i R R iϕ ϕ ϕ ϕ− + ± + = + ± + ϕm (26)

Â ñòàòüå [Vavryèuk, 2005] ïîêàçàíî, ÷òî ìàêñèìàëüíîå êîëè÷åñòâî àêóñòè÷åñêèõ
îñåé äëÿ òðèêëèííîé ñðåäû ðàâíî 16 è ïðèâåäåí ïðèìåð ñðåäû ñ òàêèì èõ êîëè÷å-
ñòâîì. Ñëåäóÿ ðàññóæäåíèÿì àâòîðà, äëÿ îïðåäåëåíèÿ ìàêñèìàëüíîãî êîëè÷åñòâà
àêóñòè÷åñêèõ îñåé äîïóñòèì, ÷òî âåêòîð ìåäëåííîñòè ( )T

s s s=s 1 2 3, ,  ñîîòâåòñòâóåò
ñèíãóëÿðíîìó íàïðàâëåíèþ. Â ýòîì ñëó÷àå ìàòðèöà ijnmmijnij sscb δ−= èìååò ðàíã 1,
ò.å. èìååò âèä ( )i jg g , ãäå ( )T

g g g=g 1 2 3, ,  � íåêîòîðûé âåêòîð è ijδ  � ñèìâîë Êðî-
íåêåðà. Ñëåäîâàòåëüíî, ñïðàâåäëèâà ñèñòåìà øåñòè óðàâíåíèé += jinmmijn ggssc

ijδ+  îòíîñèòåëüíî øåñòè íåèçâåñòíûõ 2 3 2 3s s s g g g1 1, , , , , . Óðàâíåíèÿ èìåþò ñòå-
ïåíü 2. Ïî òåîðåìå Áåçó [Shafarevich, 2010] ýòà ñèñòåìà ìîæåò èìåòü ìàêñèìàëüíî
26 = 64 êîðíÿ. Îäíàêî âåêòîðû ±s è ±g  îïðåäåëÿþò îäíî íàïðàâëåíèå. Ñëåäîâà-
òåëüíî, ìàêñèìàëüíîå êîëè÷åñòâî àêóñòè÷åñêèõ îñåé íå áîëüøå 64/4 = 16.

×èñëåííûå ïðèìåðû

Ðàññìîòðèì äâà ïðèìåðà ðàñ÷åòà ïîëîæåíèÿ àêóñòè÷åñêèõ îñåé íà îñíîâå ñîîò-
íîøåíèé (6). Â ïåðâîì ïðèìåðå èñïîëüçóþòñÿ êîýôôèöèåíòû óïðóãîñòè TRICLC  äëÿ
òðèêëèííîé ñðåäû èç ñòàòüè [Vavryèuk, 2005], à âî âòîðîì � êîýôôèöèåíòû óïðó-
ãîñòè ORTHOC  äëÿ ñòàíäàðòíîé îðòîðîìáè÷åñêîé ñðåäû èç ñòàòüè [Schoenberg, Helbig,
1997], ãäå

TRICL ORTHO

137 52 57 13 32 20 9 3,6 2,25 0 0 0

147 18 6 20 9 9,84 2,4 0 0 0

100 22 15 5 5,9375 0 0 0
, .

52 26 7 2 0 0

75 40 1.6 0

30 2,182

− −   
   − −   
   −

= =   
−   

   −
         

Ñ Ñ

(27)

TRICLC = ORTHOC =

3XO �

2XO �

1XO �

,
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Íà ðèñ. 1 ïîêàçàíû ãðàôèêè êðèâûõ ( )iR iθ ϕ = =, 0, 1, 3, 7 , äëÿ òðèêëèííîé ñðå-
äû ñ ïàðàìåòðàìè TRICLC . Êðóæî÷êàìè è ðîìáèêàìè îòìå÷åíû òî÷êè ( )θ ϕ, , ÷åðåç
êîòîðûå ïðîõîäÿò âñå òðè êðèâûå. Ïîäñòàâëÿÿ ïîëó÷åííûå óãëû ( )θ ϕ,  â ñîîòíîøå-
íèÿ (1), ìîæíî óáåäèòüñÿ, ÷òî ìàòðèöà Êðèñòîôôåëÿ ïðè ýòèõ óãëàõ èìååò äâóêðàò-
íîå ñîáñòâåííîå çíà÷åíèå. Â ðàññìàòðèâàåìîì ïðèìåðå ðîìáèêàìè îòìå÷åíû øåñòü
òî÷åê ïåðåñå÷åíèÿ ëèñòîâ ôàçîâûõ ñêîðîñòåé qP ñ S1 , à êðóæî÷êàìè � 10 òî÷åê
ïåðåñå÷åíèÿ ëèñòîâ S1 ñ S2 . Êîîðäèíàòû ýòèõ òî÷åê ïåðåñå÷åíèÿ îïðåäåëÿþò íà-
ïðàâëåíèÿ 16 àêóñòè÷åñêèõ îñåé. Âñå àêóñòè÷åñêèå îñè ÿâëÿþòñÿ ñòàáèëüíûìè,
òàê êàê ïåðåñå÷åíèÿ êðèâûõ îñòàþòñÿ ïðè ëþáîì ìàëîì âîçìóùåíèè êîýôôèöè-
åíòîâ óïðóãîñòè. Ñëåäóåò îòìåòèòü, ÷òî äëÿ êîýôôèöèåíòîâ óïðóãîñòè èç ìàòðèöû

TRICLC  òîëüêî òðè ñîîòíîøåíèÿ ( )iR θ ϕ =, 0 ,  i = 1, 3, 7, ïîëíîñòüþ îïðåäåëÿþò âñå
àêóñòè÷åñêèå îñè. Ãðàôèêè îñòàëüíûõ ñîîòíîøåíèé i = 2, 4, 5, 6 òàêæå ïðîõîäÿò
÷åðåç îòìå÷åííûå ðîìáèêàìè è êðóæî÷êàìè òî÷êè, íî íå ïîêàçàíû íà ðèñ. 1.

Ïîñêîëüêó äëÿ îðòîðîìáè÷åñêîé ñðåäû êðèâûå ( )iR θ ϕ =, 0  çåðêàëüíî ñèììåò-
ðè÷íû îòíîñèòåëüíî ïðÿìûõ ϕ = 0 è ϕ = ± 90°, òî íàïðàâëåíèÿ àêóñòè÷åñêèõ îñåé
äîñòàòî÷íî íàéòè âíóòðè ïåðâîãî êâàäðàíòà è íà åãî ãðàíèöàõ. Äëÿ ðàññìàòðèâàåìî-
ãî ïðèìåðà ñ ïàðàìåòðàìè óïðóãîñòè èç ìàòðèöû ORTHOC ãðàôèêè êðèâûõ ( )iR θ ϕ =, 0 ,
i = 1, ..., 7, â ïåðâîì êâàäðàíòå 0 ≤ θ ≤ 90°, 0 ≤ ϕ ≤ 90° ïîêàçàíû íà ðèñ. 2. Â ïåðâîì
êâàäðàíòå, âêëþ÷àÿ åãî ãðàíèöû, íàõîäÿòñÿ ÷åòûðå àêóñòè÷åñêèõ îñè. Ñëåäîâàòåëü-
íî, îáùåå êîëè÷åñòâî àêóñòè÷åñêèõ îñåé äëÿ äàííîé ñðåäû ðàâíî 10 [Schoenberg,
Helbig, 1997]. Íà ðèñ. 3 èçîáðàæåíû ãðàôèêè ïîâåðõíîñòåé ( )iy R= θ ϕ,  ïðè y ≥ 0 .

Âûâîäû. Â ñòàòüå ðàçðàáîòàí ìåòîä ïîëó÷åíèÿ ñîîòíîøåíèé, îïèñûâàþùèõ ïî-
ëîæåíèå àêóñòè÷åñêèõ îñåé â òðèêëèííîé ñðåäå è çàâèñèìîñòåé ìåæäó íèìè. Îïðå-
äåëåíî èçìåíåíèå ñîîòíîøåíèé ïðè ïîâîðîòàõ îòíîñèòåëüíî îñåé ñèñòåìû êîîðäè-
íàò. Ïîêàçàíî, ÷òî âûïîëíåíèå ïÿòè ñîîòíîøåíèé íåîáõîäèìî è äîñòàòî÷íî äëÿ îïè-
ñàíèÿ âñåõ àêóñòè÷åñêèõ îñåé â ëþáîé ôèêñèðîâàííîé ñèñòåìå êîîðäèíàò. Òåîðèÿ
ïðîäåìîíñòðèðîâàíà íà äâóõ ïðèìåðàõ òðèêëèííîé è îðòîðîìáè÷åñêîé ñðåäû.

Ðèñ. 1. Ãðàôèêè ñîîòíîøåíèé ( )iR θ ϕ =, 0 , i =
= 1, 3, 7, äëÿ òðèêëèííîé ñðåäû ñ ïàðàìåòðàìè

TRICLC . Ðîìáèêàìè è êðóæî÷êàìè îòìå÷åíû òî÷-
êè ïåðåñå÷åíèÿ ëèñòîâ ôàçîâûõ ñêîðîñòåé qP
ñ S1 è S1  ñ S2  ñîîòâåòñòâåííî.

Ðèñ. 2. Ãðàôèêè ñîîòíîøåíèé ( )iR θ ϕ =, 0 ,
i = 1, ..., 7, äëÿ îðòîðîìáè÷åñêîé ñðåäû ñ ïàðà-
ìåòðàìè ORTHOC . Ïîëîæåíèÿ ÷åòûðåõ àêóñòè-
÷åñêèõ îñåé îòìå÷åíû ÷åðíûìè êðóæî÷êàìè.
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Ðèñ. 3. Ïîâåðõíîñòè ( )iR iθ ϕ =, , 1, ..., 7 , â ïåðâîì îêòàíòå äëÿ îðòîðîìáè÷åñêîé
ñðåäû ñ ïàðàìåòðàìè ORTHOC .
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ÏÐÈËÎÆÅÍÈÅ 1

Äëÿ îðòîðîìáè÷åñêîé ñðåäû ñîîòíîøåíèÿ iR , i = 1, ..., 7, ÿâíî âûðàæàþòñÿ ÷åðåç
êîìïîíåíòû íàïðàâëÿþùåãî âåêòîðà ( )jn=n , à êîýôôèöèåíòû óïðóãîñòè mnc  �
îäíîðîäíûìè ìíîãî÷ëåíàìè øåñòîé ñòåïåíè îò jn  è òðåòüåé ñòåïåíè îò mnc :

( )2 2 2 2
1 2 3 11 1 1 31 2 2 1 3 ,R n n n r n r n r n+ +=

( )2 2 2 2
1 2 3 21 1 2 32 2 2 2 3 ,R n n n r n r n r n+ +=

( )2 2 2 2
1 2 3 31 1 3 2 333 2 3 ,R n n n r n r n r n+ +=

( )4 4 4 2 2 2 2 2 2
4 2 3 41 1 42 2 43 3 44 1 2 45 1 3 46 2 3,R n n r n r n r n r n n r n n r n n= + + + + +

( )4 4 4 2 2 2 2 2 2
5 1 3 51 1 52 2 53 3 54 1 2 55 1 3 56 2 3,R n n r n r n r n r n n r n n r n n= + + + + +

( )4 4 4 2 2 2 2 2 2
6 1 2 61 1 62 2 63 3 64 1 2 65 1 3 66 2 3,R n n r n r n r n r n n r n n r n n= + + + + +

6 6 6 4 2 4 2 4 2 2 4
7 71 1 72 2 73 3 74 1 2 75 1 3 76 2 3 77 1 2R r n r n r n r n n r n n r n n r n n+ + + += + + +

2 4 2 4 2 2 2
78 1 3 79 2 3 710 1 2 3,r n n r n n r n n n+ + +

ãäå

( )( ) ( )( )11 13 23 11 66 12 13 12 23 23 22 66 12 23, ,r d d c c d d r d d c c d d= − − = − − −

( )13 55 44 12 23,r c c d d= −

( )( ) ( )21 12 23 11 55 12 13 22 44 66 12 23, ,r d d c c d d r c c d d= − − = − −

( )( )23 23 12 33 55 13 23,r d d c c d d= − − −

( ) ( )( )31 55 66 12 13 32 12 13 22 44 12 23, ,r c c d d r d d c c d d= − − = − −

( )( )33 13 12 33 44 13 23,r d d c c d d= − − −

( ) ( )( ) ( ) ( )11 55 11 66 23 12 13 22 66 44 664 4 231 2, ,c c c c d d d c c c c dr r− − − = − −=

( ) ( )43 33 55 55 44 23,r c c c c d= − − −

( ) ( ) ( ) ( )( ) ( ) 2
44 23 11 66 44 66 22 66 11 55 44 66 12 13 12 23,r d c c c c c c c c c c d d d d= − − − + − − + − +

( ) ( ) ( ) ( )( ) ( )45 23 11 55 55 44 33 55 11 66 33 55 12 13,r d c c c c c c c c c c d d= − − − − − + −

( ) ( ) ( ) ( )( ) 3
23 55 44 44 6646 22 66 33 55 23,d c c c c c c c dr c− − − − − −= −
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( ) ( ) ( ) ( )( )51 11 66 55 66 13 52 22 44 22 66 13 12 23, ,r c c c c d r c c c c d d d= − − = − − −

( ) ( )53 33 44 55 44 13,r c c c c d= − −

( ) ( ) ( ) ( )( ) ( ) 2
54 11 66 22 44 22 66 55 66 13 55 66 12 23 12 13,r c c c c c c c c d c c d d d d= − − − + − − + − +

( ) ( ) ( ) ( )( ) 3
55 11 66 33 44 55 44 55 66 13 13,r c c c c c c c c d d= − − + − − +

( ) ( ) ( ) ( )( ) ( )56 22 44 55 44 22 66 33 44 13 33 44 12 23,r c c c c c c c c d c c d d= − − − + − − + −

( ) ( ) ( ) ( )61 11 55 55 66 12 62 22 44 44 66 12, ,r c c c c d r c c c c d= − − − = − − −

( ) ( )( )63 33 44 33 55 12 12 23,r c c c c d d d= − − −

( ) ( ) ( ) ( )( ) 3
64 11 55 22 44 44 66 55 66 12 12,r c c c c c c c c d d= − − + − − −

( ) ( ) ( ) ( )( ) ( ) 2
65 33 55 55 66 33 44 11 55 12 55 66 13 23 13 12,r c c c c c c c c d c c d d d d= − − − − − − − +

( ) ( ) ( ) ( )( ) ( )66 22 44 33 55 44 66 33 44 12 22 44 13 23,r c c c c c c c c d c c d d= − − − + − − + −

( ) ( ) ( ) ( ) ( ) ( )71 11 55 11 66 55 66 72 22 44 22 66 44 66, ,r c c c c c c r c c c c c c= − − − − = − − −

( ) ( ) ( )73 33 44 33 55 55 44 ,r c c c c c c= − − −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
74 22 66 55 66 44 66 55 66 11 66 22 44 11 662r c c c c c c c c c c c c c c= − − − + − − − + − − −

( ) 2
11 66 12,c c d− −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
75 33 55 55 66 55 44 55 66 11 55 33 44 11 552r c c c c c c c c c c c c c c= − − − − − − − − − +

( ) 2
11 55 13,c c d+ −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
76 33 44 44 66 55 44 44 66 22 44 33 55 22 442r c c c c c c c c c c c c c c= − − − − − − − + − − −

( ) 2
22 44 23,c c d− −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
77 11 66 44 66 44 66 55 66 22 66 11 55 22 662r c c c c c c c c c c c c c c= − − − − − − − − − +

( ) 2
22 66 12,c c d+ −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
78 11 55 55 44 55 44 55 66 33 55 11 66 33 552r c c c c c c c c c c c c c c= − − − + − − − + − − −

( ) 2
33 55 13,c c d− −

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2
79 22 44 55 44 55 44 44 66 33 44 22 66 33 442r c c c c c c c c c c c c c c= − − + − − − − − − +

( ) 2
33 44 23,c c d+ −
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Properties of acoustic axes in triclinic media

Yu. V. Roganov, A. Stovas, V. Yu. Roganov, 2019

We developed a method of obtaining relationships that describe the position of the
acoustic axes in a triclinic medium and the dependencies between them. It is proved
that these relations are linearly independent in real number system. However, any re-
lationship algebraically depends on other two relationships. The relation between de-
rived relationships and those obtained in earlier papers is also investigated. The formu-
lae defining the change of these relationships when rotating around the axes of the co-
ordinate system are derived. It is proved that the fulfillment of five relations is neces-
sary and sufficient for the definition of all acoustic axes in a given coordinate system.
It is shown that the acoustic axis in a given phase direction exists if and only if the
specified two vectors of dimension five are collinear. For an orthorhombic medium, the-
se relations are represented in an explicit form by homogeneous polynomials of the
sixth degree in the components of the phase direction vector and the third degree in
the stiffness coefficients. It is shown that in symmetry planes, only two of these relati-
ons are not identically equal to zero. The theory is illustrated in two numerical examp-
les of anisotropic media. In the first example, for a triclinic medium, the positions of the
sixteen acoustic axes are shown as the intersection points of the graphs of three rela-
tionships on the plane (phase polar and azimuth angles). In this case, six points corres-
pond to the intersections of P and S1 phase velocities sheets, and ten points correspond
to the intersections of S1 and S2 phase velocities sheets. The second example demon-
strates the definition of all acoustic axes in an orthorhombic medium based on the deri-
ved relationships. To illustrate this example, we consider only one quadrant due to sym-
metry with respect to symmetry planes.

Key words: triclinic medium, acoustic axis, singular direction, slowness surface.
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