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Abstract. The Fourier problem or, in other words, the problem without initial conditions
for evolution equations and inclusions arise in modeling different nonstationary processes
in nature, that started a long time ago and initial conditions do not affect on them in
the actual time moment. Thus, we can assume that the initial time is —oco, while 0 is
the final time, and initial conditions can be replaced with the behaviour of the solution
as time variable turns to —oo. The Fourier problem for evolution variational inequalities
(inclusions) with functionals is considered in this paper. The conditions for existence and
uniqueness of weak solutions of the problem are set. Also the estimates of weak solutions
are obtained.
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1. Introduction

In this paper we consider problem without initial conditions, or, in other
words, the Fourier problem for evolution variational inequalities (inclusions) with
functionals. Let us introduce an example of the problem being studied here.

Let © be a bounded domain in R™ (n € N), 992 be the boundary of €2, which
is piecewise surface. We put @ = Q X (—00,0], ¥ := 9Q X (—00,0],  :=
Q x {t} Vt € R. For an arbitrary measurable set ' C R¥ where k& = n or
k =n+1, let L*(F) be the standard Lebesgue space. Let L2 (Q) be the space
of functions defined on () such that their restrictions on any bounded measurable
set Q' C Q belong to L?(Q"). Denote by H'(Q) the standard Sobolev space, e.i.,
HY Q) = {v e L*Q) | vy, € L3(Q), i = 1,n} with scalar product (v, w) 1) =
Jo[VoVw 4+ vw] dz, where Vu := (ug,, ..., Uz, ), VW := (Wgy, ..., Wy, ).

Let K be a convex closed set in H!(2) which contains 0. Let us consider
the problem of finding a function u € L (Q) such that u,, € LZ (Q), i = 1,n,
us € L2 (Q), and, for a.e. t € (—00,0], u(-,t) € K and

loc

{us(v —u) + VuV(v —u) + u(v — u) + (v — u)/ b(z,y, t)u(y,t) dy} dx
o 0

> | flv—u)dx VveK, (1.1)
Q¢
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im[fuC 02 = 0, (1.2)
where f € L (Q), b€ L®(2 x Q x (—00,0)).
As it will be shown in the sequel, if
fer*Q), €ss sup |b(x,y,t)|v/mes, 2 < K,

(z,y,t) QX QX (—00,0]

where K > 0 is a constant from inequality K||v|l12(q) < vl (o), Yo € H (),
then this problem, which we call problem (1.1),(1.2), has unique solution.

We remark that problem (1.1),(1.2) can be written in more abstract way.
Indeed, after appropriate identification of functions and functionals, we have con-
tinuous and dense imbedding

HY(Q) € L*(Q) ¢ (H'(Q))"

where (H'(Q))' is dual to H'(Q) space. Clearly, for any h € L*(Q) and v € H'(Q)
we have (h,v) = (h,v), where (-, -) is the notation for scalar product on dual pair
[(HY(Q)), H ()], and (-, -) is the scalar product in L?(€2). Thus, we can use the
notation (-,-) instead of (-, ).

Now, we denote S := (—00,0], V := HY(Q), H := L?(2) and define an
operator A : V — V' as follows

(Av,w) = / [Vva + Uw} dx, v,weV.
Q
For all ¢ € S define an operator B(t,-) : H — H as follows

B(t.0)() = [ b tioly)d, v e .

Then problem (1.1),(1.2) can be rewritten as following: find a function u €
L% (S;V) such that u' € L _(S; H), condition (1.2) holds, and, for a.e. t € S,
u(t) € K and

(W' () + Au(t) + B(t,u(t)),v —u(t)) > (f(t),v —u(t)) VoveK. (1.3)

Here f € L% (S; H) is a given function.
We remark that variational inequality (1.3) can be written as a subdifferential
inclusion. For this purpose we put Ix(v) := 0 if v € K, and Ix(v) := 4o0o if

veV\ K, and also

1
d(v) = 2/ (Vo> + |v|*) dz + Ik (v), veV.
Q
It is easy to verify that the functional ® : V' — R U {+o0} is convex and semi-
lower-continuous. By the known results (see, e.g., [22, p. 83|) it follows that
the problem of finding a solution of variational inequality (1.3) can be written
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as such subdifferential inclusion: to find a function u € L2 _(S;V) such that

u' € L2 (S; H), condition (1.2) holds and, for a.e. t € S, u(t) € D(0®) and

loc
u'(t) + 0P (u(t)) + B(t,u(t)) > f(t) in H. (1.4)

The aim of this paper is to investigate problems for inclusions of type (1.4).

Problem without initial conditions or, in other words, the Fourier problem
for evolution equations and inclusions arise in modeling different nonstationary
processes in nature, that started a long time ago and initial conditions do not affect
on them in the actual time moment. Thus, we can assume that the initial time
is —oo, while 0 is the final time, and initial conditions can be replaced with the
behaviour of the solution as time variable turns to —oo. Such problem appear in
modeling in many fields of science such as ecology, economics, physics, cybernetics,
etc. The research of the problem without initial conditions for the evolution
equations and variational inequalities were conducted in the monographs [16, 18,
22|, the papers [3,6-8,13,15,17,19,21], and others. In particular, R.E. Showalter
in the paper [21] proved the existence of a unique solution u € e* H'(S; H),
where H is a Hilbert space, of the problem without initial condition

W)+ pu(t) + Au(t)) 3 f(t), teS,

for w4+ pu > 0 and f € e* H'(S;H), in case when A : H — 2! is maximal
monotone operator such that 0 € A(0). Moreover, if A = d¢p, where ¢ : H —
RU{+o0} is proper, convex and lower-semi-continuous functional such that ¢(0) =
0 = inf {¢(v) : v € H}, then this problem is uniquely solvable for each p > 0,
feL*S;H) and w = 0.

As is well known the uniqueness of the solutions of problem without initial
conditions for linear parabolic equations and variational inequalities is possible
only under some restrictions on the behavior of solutions as time variable terns to
—o0. For the first time it was strictly justified by A.N. Tikhonov [23] in the case
of heat equation. However, as it was shown by M.M. Bokalo [3], problem without
initial conditions for some nonlinear parabolic equations has a unique solution in
the class of functions without behavior restriction as time variable terns to —oo.
Similar result for evolutionary variational inequalities were also obtained in the
paper [4].

Note that in inclusion (1.4) the unknown function can enter both in the differ-
ential part and in functional part. Previously, the Fourier problem for evolution
integro-differential equations were studied in [5,9,10] (see also references therein).
Let us note that problems without initial conditions for variational inequalities
or inclusions with functionals have not been considered in the literature, and this
serves as one of the motivations for the study of such problems.

The outline of this paper is as follows. In Section 2, we give notation, defini-
tions of needed function spaces and auxiliary results. In Section 3, we formulate
the problem and main result. We prove the main result in Section 4.
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2. Preliminaries

Set S := (—00,0]. Let V and H be separable Hilbert spaces with the scalar
products (-, -)v, (+,-) and norms || - ||, | - |, respectively. Suppose that V' C H with
dense, continuous and compact injection, i.e., the closure of V in H coincides with
H, and there exists a constant A > 0 such that

Aol? < |lo||* forallv eV, (2.1)

and for every sequence {vj}32, bounded in V' there exist an element v € V and
a subsequence {vg; }521 such that vy, — v strongly in H.
j—00

Let V' and H' be the dual spaces to V and H, respectively. We suppose (after
appropriate identification of functionals), that the space H' is a subspace of V’.
Identifying the spaces H and H' by the Riesz-Fréchet representation theorem, we
obtain dense and continuous embeddings

VcHcCV. (2.2)

Note that in this case (g,v)y = (g,v) for every v € V, g € H, where (-,-)y is the
scalar product for the duality [V’, V]. Therefore, further we can use the notation
(+,-) instead of (-, )y

We introduce some spaces of functions and distributions. Let X be an ar-
bitrary Hilbert space with the scalar product (-,-)x and the norm | - ||x. By
C(S; X) we mean the linear space of continuous functions defined on S with val-
ues in X. We say that W — W in C(S; X) if for each t1,t2 € S, t; < to,
we have max ||w(t)—wn(t)]|x — 0.

te(tr,t2] m—00

Denote by L2 (S;X) the linear space of measurable functions defined on S
with values in X, whose restrictions to any segment [t1, 2] C S belong to the space
L?(t1,t2; X). We say that a sequence {w,,} is bounded (respectively, strongly,
weakly or x-weakly convergent to w) in L%OC(S; X), if for each t1,ty € S, t1 < tog,
the sequence of restrictions of {wy,} on the segment [t1, 2] is bounded (respec-
tively, strongly, weakly or x-weakly convergent to the restriction of w on this
segment) in L2(t1,t; X).

Let v € R. Put by definition

L3(5:X) = {f € (510 | [ s @)1 dt < ).

This space is a Hilbert space with the scalar product

(. 9)25.x) = /S (1), g(t)) x dt

and the corresponding norm

1/2
f x) = /eQthtzdt .
71z = ([, 1701 di)
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Also we introduce the space

L7(8:X) = {f € Li(5; X) | esssup [l f(#)]x] < oo}

By D'(—o00,0; V') we mean the space of continuous linear functionals on
D(—00,0) with values in V,, (hereafter D(—o0,0) is space of test functions, that is,
the space of infinitely differentiable on (—o0,0) functions with compact supports,
equipped with the corresponding topology, and V) is the linear space V'’ equipped
with weak topology). It is easy to see (using (2.2)), that spaces L% _(S;V),
L%OC(S; H), LIQOC(S; V') can be identified with the corresponding subspaces of
D’(—00,0; V'). In particular, this allows us to talk about derivatives w’ of func-
tions w from L2 (S;V) or L2 (S; H) in the sense of distributions D’(—o0,0; V")
and belonging of such derivatives to L (S; H) or L} (S; V).
Let us define the spaces

Higo(S; H) == {w € Li,o(S; H) |w' € Li,c(S; H)},

loc loc
W2,10C(S; V) = {w € LIQOC(S; V) | w' e LIQOC(S; V/)}

From known results (see., for example, [14, pp. 177-179]) it follows that
Hioo(S;H) C C(S:H)  and Waoe(S; V) C C(S; H).

Moreover, for every w in H (S;H) or Wa0c(S; V) the function ¢ — [w(t)|? is
absolutely continuous on any segment of the interval S and the following equality
holds

%]w(t)lz =2(w'(t),w(t)) forae. te€S. (2.3)
Denote
H,(S;H) ={we LS;H)|w' € LL(S;H)}, veR. (2.4)

In this paper we use the following well-known facts.

Lemma 2.1 (Cauchy-Schwarz inequality [14, p. 158|). Suppose that t1, to € R,
t1 < t9, and X is a Hilbert space with the scalar product (-,-)x. Then, for
v,w € L*(t1,t9; X), we have (w(-),v(-))x € L*(t1,t2) and

to
/t (w(t),v(t))x dt < Hw||L2(t1,t2;X)”UHLQ(t1,t2;X)-
1

Lemma 2.2 ( |27, pp. 173,179]). Let Y be a Banach space with the norm || - ||y,
and {v}72, be a sequence of elements of Y', which is weakly or x-weakly conver-

gent tov inY. Then lim |vg|ly > ||v]|y-
k—o0

Lemma 2.3 (Aubin theorem [1], [2, p. 393|). Let g > 1,r > 1,t1,t3 € R, t; < to,

and W, L, B are Banach spaces such that Wé L O B (here é means compact
embedding, and ) means continuous embedding). Then

{we Li(t, ta; W) | w' € L7 (t1,t2:B)} & (Lq(tl,tg;ﬁ) N 0([t1,t2};5)>. (2.5)
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Note that, we understand embedding (2.5) as follows: if a sequence {w,}
is bounded in the space L%(t1,t2; W) and the sequence {w/,} is bounded in the
space L' (t1,t2; B), then there exist a function w € C([t1,t2]; B) N LI(t1, t2; L£) and
a subsequence {wy,, } of the sequence {wy, } such that wy,, Jjo w in C([t1,ta]; B)

and strongly in Li(ty,ta; L).

Lemma 2.4. If a sequence {wy,} is bounded in the space L% _(S;V) and the
sequence {w!,} is bounded in the space L% _(S;H), then there exist a function
we L (S;V), w' € L (S; H), and a subsequence {wp,, } of the sequence {wy,}
such that wy,, — w in C(S; H) and weakly in L (S; V), and Wy, — w' weakly
J—00 J—00

in L2 (S; H).

Proof of Lemma 2.4. Lemma 2.3 forq =2, r=2 W=V, L =8B = H and re-
flexiveness of Hilbert spaces yield, for every t1,ts € S, t; < to, from the sequence
of restrictions of the elements {wy,} to the segment [t1,t2] one can choose a sub-
sequence which is convergent in C([t1,t2]; H) and weakly in L?(t1,t2; V), and the
sequence of derivatives of the elements of this subsequence is weakly convergent
in L?(t1,t2; H). For each k € N we choose a subsequence {wm,, ; }?L of the given
sequence which is convergent in C([—k, 0]; H) and weakly in L?(—Fk,0; V) to some
function @y, € C([—k,0]; H)NL?*(—k,0; V), and the sequence {winm 321 is weakly
convergent to the derivative @), in L?(—k, 0; H). Making this choice we ensure that
the sequence {wy,, , ;}32; was a subsequence of the sequence {wm, ;}32;. Now,
according to the diagonal process we select the desired subsequence as {wmjyj };’il,
and we define the function w as follows: for each k € N we take w(t) := wy(t) for

te (—k,—k+1]. O

3. Statement of the problem and main result
Let & : V — Ry := (—00, +0o0] be a proper functional, i.e.,
dom(®) :={veV: ®(v) < oo} # 0,
which satisfies the conditions:
(A1) P(av+ (1 - a)w)<a®()+ (1 - a)®(w) Vo,weV, Yael0,1],
i.e., the functional ® is convex,

(A7) vy —vinV = lim ®(vg) > P(v),
k=00 k—o0

i.e., the functional ® is lower semicontinuous.
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Recall that the subdifferential of functional ® is a mapping 0% : V — 2V,
defined as follows

0P(v) :={v* e V' | ®(w) > ®(v) + (v ,w—v) YweV}, veV,

and the domain of the subdifferential 9 is the set D(0®) := {v € V | 0P (v) # 0}.
We identify the subdifferential 0% with its graph, assuming that [v,v*] € 9P if
and only if v* € 9®(v), ie., 0P = {[v,v*] | v € D(9®), v* € 9®(v))}. R.
Rockafellar in paper |20, Theorem A| proves that the subdifferential 9P is a
mazimal monotone operator, that is,

(v —vg,v1 —v2) 20V [v1,07], [v2,05] € 0D,
and for every element [v1,v]] € V x V' we have the implication
(v —v3,v1 —v2) >0 V[v,vy] €d® = [v,v]] € 0D.

Let, for each t € S, B(t,-) : H — H be an operator which satisfies the
condition:

(B) for any v € H the mapping B(-,v) : S — S is measurable, and there exists
a constant L > 0 such that following inequality holds

]B(t,vl) — B(t,U2)| S L|’Ul — 'UQ’ (3.1)
for a.e. t € S, and for all v1,vy € H; in addition, B(¢,0) = 0 for a.e. t € S.

Remark 3.1. From the condition (B) it follows that for a.e. ¢ € S, and for every
v € H the following estimate is valid:

|B(t,v)| < Llv|. (3.2)

Let us consider the evolutionary variational inequality
u'(t) + 0P (u(t)) + B(t,u(t)) > f(t), teS, (3.3)

where f : S — V' is a given measurable function and u : S — V is an unknown
function.

Definition 3.1. Let conditions (A;), (A2), (B) hold, and f € L2 (S;V’). The

loc
solution of variational inequality (3.3) is a function u : S — V that satisfies the

following conditions:
1) u € Wajoe(S;V);
2) u(t) € D(O®) for a.e. t € S
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3) there exists a function g € L2 (S;V’) such that, for a.e. t € S, g(t) €
O®(u(t)) and
u'(t) +g(t) + B(t,u(t)) = f(t) in V"
For variational inequality (3.3) consider the problem: find its solution which

satisfies the condition
~ t
tl}lr_noo e lu(t)] =0, (3.4)
where v € R is given.

The problem of finding a solution of variational inequality (3.3) (for given
® B, f) satisfying the condition (3.4) for given =, is called the Fourier problem or,
in other words, the problem without initial conditions for the evolution variational
inequality (3.3). This problem, in short, be called the problem P(®, B, f,~), and
the function w is called its solution.

Additionally, assume that the following conditions hold:
(As) there exists a constant K7 > 0 such that

(v — 03,01 — v2) > Koy — 0af2 ¥ [or, o], [v2, 03] € 00

(A4) there exists a constant Ko > 0 such that
d(v) > Ko|v||> V¥V vedom(®);
moreover, ®(0) = 0.

Remark 3.2. Condition (A4) implies that ®(v) > ®(0) + (0,v —0) Vv € V, hence
[0,0] € 9®. From this and condition (As) we have

(v*,v) > Ki|v|* V[v,v*] € 0. (3.5)
Now we shall formulate the main result.
Theorem 3.1. Let conditions (Ai) — (As), (B) hold, and v € R is such that
v< K;—L. (3.6)
Then the problem P(®, B, f,~y) has at most one solution.
Theorem 3.2. Let conditions (A1) — (Aag), (B) hold, and
(F)  feLi(S;H),

where v € R satisfies inequality (3.6). Then the problem P(®, B, f,~) has a unique
solution, it belongs to the space L3°(S; V)N L%(S; V) ﬂHi(S; H) and satisfies the
estimate:

ag

emme+/ %%mwﬁ+/ 1o/ (1) 2 dt
+/ 2D (u(t))dt < 01/ )P dt, o€S, (3.7)

—0o0 —0o0

o

where C7 is a positive constant depending on K1, Ko, L and v only.
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Remark 3.3. The problem P(®, B, f,~) can be replaced by the following problem.
Let K be a convex and closed set in V, A : V — V' be a monotone, bounded
and semi-continuous operator such that (A(v),v) > Ki|v]? Vv € V, where
K; = const > 0. The problem is to find a function u € Wy joc(S; V) satisfying
the condition (3.4) and, for a.e. t € S, u(t) € K and

(W () + A(u(t)) + B(t,u(t)),v — u(t)) > (f(),v —u(t)) Yove K.

4. Proof of the main result

Proof of the Theorem 3.1. Assume the contrary. Let ui,us be two solutions
of the problem P(®, B, f,~v). Then for every ¢ € {1,2} there exists function
gi € L2 .(S; V') such that, for a.e. t € 5, g;(t) € 0P (u;(t)) and

loc
ui(t) + gi(t) + B(t,wi(t)) = f(t) in V" (4.1)

We put w(t) := ui(t) —ua(t), t € S. From equalities (4.1) for a.e. t € S we
obtain
w'(t) + g1(t) — g2(t) + B(t,ui(t)) — B(t,ua(t)) =0 in V. (4.2)

From (3.4) it follows that the following condition holds
MNwt)? =0 as t— —oo. (4.3)

Let 01,09 € S be arbitrary numbers such that oy < o9. Multiplying equality
(4.2) by w(t)e?"!, and integrating from oy to oo we obtain

[t o [ 0 - 9200~ uafe))ds

1 o1

+ /02 " (B(t,ui(t)) — B(t,ua(t)), w(t))dt = 0. (4.4)

1

By condition (Asz) and the fact that g;(t) € 0®(u;(t)), i = 1,2, for a.e. t € S we
have the inequality

(91(t) = g2(1), ur (t) — ua(t)) > Kilw(t)[*. (4.5)

Consider the last term from left-hand side of equality (4.4). Using (3.1) and
the Cauchy—Schwarz inequality, we have

‘ /:2 e (B(t,u1(t)) — B(t, us(t)), w(t))dt‘

< /U2 ¢ B(t, ui (1)) — B(t, ua(t))||w(t)] dt

1

o2
< L/ 2 w(t)|? dt. (4.6)

1
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By (2.3), (4.5), (4.6), from (4.4) we obtain the following inequality

1 o) d t 2 o2
2/ e27t|wd(t)| dt+ (Ky — L) / X lw(t)2dt < 0. (4.7)
o1 o1

Using the integration-by-parts formula, from (4.7) we have

02

i 2(K1 — L —7) / e w(t)*dt < 0. (4.8)
1

(e

M w(t)[?

o1

Since condition (3.6) holds, from (4.8) we obtain
2172 |w(o9)|* < €277 w(o1)|?. (4.9)

Let us fix an arbitrary o9 in (1.1), and pass to the limit as 0y — —o0. Accord-
ing to condition (4.3), the the right side of inequality (1.1) turns to 0. Thus, we
get the equality e2772|w(c3)|? = 0. Since oy € S is an arbitrary number, we have
w(t) =0 for a.e. t € S, this contradicts our assumption. Therefore, a solution of
the problem P(®, B, f,~) is unique. [J

Proof of the Theorem 3.2. We divide the proof into five steps.

Step 1 (auziliary statements). Under assumptions (A1), (A2) we define
the functional &y : H — R by the rule: ®py(v) := ®(v), if v € V, and
®p(v) := 400 otherwise. Note that conditions (A1), (Asz), Lemma IV.5.2 and
Proposition IV.5.2 of the monograph [22| imply that ®f is a proper, convex and
lower-semi-continuous functional on H, dom(®y) = dom(®) C V and 0Py =
0® N (V x H), where 0@y : H — 2H is the subdifferential of the functional ® .

The following statements will be used in the sequel.

Lemma 4.1 ( [22, Lemma IV.4.3]). Let —0o < a < b < 400, w € H(a,b; H),
and there exists g € L*(a,b; H) such that g(t) € 0@y (w(t)) for a.e. t € (a,b).
Then the function ®p (w(-)) is absolutely continuous on the interval [a,b] and for
any function h : [a,b] — H such that h(t) € 0@y (w(t)) the following equality
holds

%@H(w(t)) — (), (1)) for ace. t € (a,b).

Lemma 4.2 ( [11, Proposition 3.12|, |22, Proposition IV.5.2]). Let T' > 0, fe
L2(0,T; H) and wo €dom(®). Then there exists a unique function

w € C([0,T); H) N HY(0,T; H)
such that w(0) = wo and, for a.e. t € (0,T], w(t) € D(0Py) and

w'(t) + 0% (w(t)) 5 f(t) in H. (4.10)
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Lemma 4.3. Let tg < 0, fE L?(tg,0; H), and wo € dom(®). Then there exists
a unique function w € C([to,0]; H) N H'(tg,0; H) such that w(to) = wo and, for
a.e. t € (to,0], w(t) € D(0Py) and

w'(t) + 8% (w(t)) + B(t,w(t)) > f(t) in H, (4.11)

that is, there exists g € L?(to,0;H) such that, for a.e. t € (to,0], we have
g(t) € 0Py (w(t)) and

w'(t) +§(t) + B(t,w(t)) = f(t) in H. (4.12)
Proof of Lemma 4.3. Let a > 0 be an arbitrary fixed number and set

M :={w € C([to,0]; H) | w(to) = wop}.
Consider M with the metric

p(wy, wy) = max [efa(t7t°)|w1(t) —wa(t)|], wi, w2 € M.
t€[to,0]

It is obvious that the metric space (M, p) is complete. Now let us consider an
operator A : M — M defined as follows: for any given function w € M, it defines
a function W € M N H(t,0; H) such that, for a.e. t € (t,0], w(t) € D(OPy)
and B

W'(t) + 0Py (w(t)) > f(t) — B(t,w(t)) in H. (4.13)
Clearly, variational inequality (4.13) coincides with variational inequality (4.10)
after replacing [0, T by [to,0], f(t) by f(t) — B(t,w(t)), the condition w(0) = wy
by the condition w(ty) = wy. Thus, using Lemma 4.2, we get that operator A is
well-defined. Let us show that the operator A is a contraction for some o > 0.
Indeed, let wq,ws be arbitrary functions from M and wy := Awq, Wo := Aws.
According to (4.13) there exist functions g1 and g» from L?(tg,0; H) such that for
every k € {1,2} and for a.e. t € (¢o,0] we have gi(t) € 0Py (wy(t)) and

@ (1) + gr(t) = (1) = B(t, @i (t)), (4.14)

while W (tg) = wp.
Subtracting identity (4.14) for k = 2 from identity (4.14) for k = 1, and, for
a.e. t € (to, 0], multiplying the obtained identity by w(t) — wa(t), we get

((@1() = Da(2)), @1 (t) — @a2(t)) + (G1(t) — Ga(t), 1 (t) — Da(t))
= —(B(t,w1(t)) — B(t, a(t)), @1 (t) — Ba(t)) for ae. t € (t,0],  (4.15)
ﬁl(t(]) — ’wQ(to) = 0. (4.16)

We integrate equality (4.15) by t from tg to o € (to,0], taking into account that
for a.e. t € (to, 0] we have

((@1(0) ~ @alt)) 1) — Talt)) = 5 ] (1) — D)
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As a result we get the equality

)~ o+ [0 5010 - )
:—[ﬁmﬁmm—Bm@wx@@—@mnw (4.17)

By condition (Ajg), for a.e. t € (t9, 0] we have the inequality
(91(t) = G2(t), (1) — Wa(t)) > Ku|wi(t) — wa(t)]*. (4.18)

Taking into account condition (B) and the Cauchy inequality, for a.e. t € (to, 0]
we obtain

|(B(t, @1(t)) — B(t, @a(t)) @1 (t) — @a(t))]

< |B(t,wi(t)) — B(t,wa(t))] - |@1(t) — wa(t)]
< Llwy (t) — wa(t)] - |w1(t) — wa(t)|
2
< el@ (t) — o (t)* + % wi(t) —wa(t)|,  (4.19)

where € > 0 is an arbitrary.
From (4.17), according to (4.18) and (4.19), we have

(o

1(0) — @2(0) 2 +2(K1 — ) [ [@n(t) — @a(t)] dt

to
g
< (26)7'L2 [ @i (t) — @o(t)| dt. (4.20)
to
Choosing € = 271 K3, from (4.20) we obtain

B1(0) = Ba()2 < Co [ |@nlt) — D)2 dt, o € (to, 0], (4.21)

to

where C5 > 0 is the constant.
After multiplying inequality (4.21) by e20(0—10) we obtain

e 2@ () — Da(0)?

< C2ef2a(aft0) / 62a(t7t0)672a(t7t0)‘,&71 (t) — o (t)‘Q dt

to
< Coe20@=t0) max [—ea(t to) |wy (t) 2/ a(t—to) g4
tE(to,0] t
C: I
2;( e~ 20—t (@, @2)]? <*[ (@1, @)]%, o € (to,0].  (4.22)

From (4.22) it easily follows that

pwy, W) < /Ca/ (2a)p(wy, w3).
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From this, choosing o > 0 such that inequality C3/(2a) < 1 holds, we obtain
that operator A is a contraction. Hence, we may apply the Banach fixed-point
theorem [12, Theorem 5.7| and deduce that there exists a unique function w € M
such that Aw = w, i.e., we have proved Lemma 4.3. ]

Step 2 (solution approzimation). We construct a sequence of functions which,
in some sense, approximate the solution of the problem P(®, B, f,~).

For each k € N, let ﬁ(t) == f(t) for t € Sy, := (—k,0] and let us consider the
problem of finding a function @y, € C(Sk; H) N H'(Sk; H), where H(Sy; H) =
{we L*(Sk; H) | w' € L?(Sy; H)}, such that, for a.e. ¢ € Sk, we have Uy(t) €
D(0®y) and

~

U (t) + 0Py (ur(t)) + B(t, ur(t)) > fe(t) in H, (4.23)

(k) = 0. (4.24)

Inclusion (4.23) means that there exists a function g € L?(Sy; H) such that,
for a.e. t € S, we have gi(t) € 0Py (ux(t)) and

~

p(t) + g(t) + B(t,ux(t)) = fr(t) in H. (4.25)

Since D(0®y) C dom(®gy) C V, thus ug(t) € V for a.e. t € Sg. According
to the definition of the subdifferential of a functional and the fact that gi(t) €
0 (ug(t)) for a.e. t € Sk, we have

®(0) > D(ug(t)) + (gr(t),0 — ug(t)) for a.e. t e Sk.
Using this and condition (.A4) we obtain
(Gr(t), U (1)) > ®(Ux(t)) > Kol[g(t)||* for ae. t € Sy (4.26)

Since the left side of this chain of inequalities belongs to L'(S), then 7y belongs
to LZ(Sk; V)

For each k£ € N we extend functions ﬁ;, ug and g, by zero for the entire interval
S, and denote these extensions by fi,ur and g respectively. From the above it
follows that, for each k& € N, the function uy belongs to L?(S;V), its derivative
uj, belongs to L?(S; H) and, for a.e. t € S, the inclusion gi(t) € 0Py (ug(t)) and
the following equality (see (4.25)) hold

up(t) + g(t) + B(t,ug(t)) = fu(t) in H. (4.27)

In order to show the convergence {u}7°, to the solution of the problem
P(®, B, f,7) we need some estimates of the functions uy, k € N.

Step 3 (estimates of solution approzimations).
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Let 01,09 € S be arbitrary numbers such that o1 < 09, and k € N. Multiply-
ing identity (4.27), for a.e. t € S, by e?"*uy(¢) and integrating from oy to o2, we
obtain

02

| et o+ [ w)

1 o1

4 /02 et (B(t, ug(t)), uk(t)) dt

- /02 e (fi(t), uk(t)) dt.

From this taking into account (2.3) and using the integration-by-parts formula,
we obtain

g
)|~ 2y
o1

o1

ag

2 g2
eZVtyuk(t)Pdt+2/ X1 (gr(t), ug(t)) dt

o1
o

+2 /02 e (B(t, ug(t)), ug(t)) dt = 2/ : e (fr(t), ug(t)) dt. (4.28)

1 o1

Acccording to the definition of uj and (4.26), we obtain
(g6(t), ur(t)) > @ (ug(t)) > Kollug(t)||* for ae. t € S. (4.29)

Let us estimate the third term on the left-hand side of inequality (4.28). From (3.5)
and (4.29) for arbitrary ¢ € (0,1) we obtain

| ettty de= 6+ 1~ 9) [

1 o1

g

S (gu(t), unlt)) dt

o2
> 5K1/ Xy (t)|? dt

1

g2
b1 - 5)}(2/ 2 (1) |2 dt
g1
o2
+2—1(1—5)/ e (uy(t)) dt. (4.30)
o1

Now, let us estimate the last item on the left-hand side of inequality (4.28). Using
the Cauchy-Shwarz inequality, (3.2) we have

’ /U2e2vt(B(t,uk(t)),uk(t))dt‘ §/02€27t‘B(t,uk(t))‘|uk(t)| dt

02
< L/ X lug (t)? dt. (4.31)

1

Using the Cauchy inequality we estimate the right-hand side of (4.28) as fol-
lows

[ e < [

1 o1

g

2 o2
g ()2 dt + (42) ! / 1 fu (1) 2 dt,
1 (4.32)
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where € > ( is arbitrary.
From (4.28), taking into account (4.30), (4.31) and (4.32), we obtain

o o2
X ug (1)]? T 2[0K; — L —~ — €] / X ug ()| dt
o1 o1
02
FO-OK [ (o) de
g1

+ (1 - 9) /02 7D (uy(t)) dt

1

< (2¢)71 /02 e fr ()| dt, 6€(0,1), e € (0,400). (4.33)

1

Since K > 0, «y satisfies (3.6), we first choose ¢ from (0, 1) such that 6 K3 —L—v >
0, and then we choose ¢ = 27'[6K7 — L —~] > 0. As a result, from (4.33) we
obtain the estimate

o o
untt) [+ [
o1

o1

o

0P + @1 de + [P (o) d

o1

[P
< Cs / 2 fo(t)? dt, (4.34)
o1
where ('3 is a positive constant depending on K1, K5, L and ~ only.

We take 09 = 0 € S is arbitrary, and pass to the limit in (4.34) as 01 — —o0.
Taking into account (F) and the definition of u; and fi, we obtain

(e

1 ug (o) +/ A Ju(®) + [lur()]?] dt

— 00
o

+/a 1D (uy(t)) dt < 03/ A fe(t)Pdt, o€S.  (4.35)

—00
Since o € S is arbitrary, from (4.35) it follows that
the sequence {uy(-)}> is bounded in L (S; H), L%(S; H) and L,QV(S; V),
(4.36)
the sequence {e®7® (uy(-)) }Zj is bounded in L!(S). (4.37)
Now let us find estimates of u), k € N. For arbitrary fixed k¥ € N and almost
every t € S we multiply equality (4.27) by e*7*u/ (t) and integrate the resulting

equality from o7 to o9, where 01,09 € S are arbitrary numbers, o1 < 09. From
this we obtain

o2 g2
[P s [ oo o) di

1 o1

/ e (0), (1) dt — / (Bt (1)), (1)) d. (4.38)

1 o1
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Since gp € L?(01,09; H), Lemma 4.1 implies that the function ®p (uk()) is
absolutely continuous on [o7, o2] and

d

a@H(uk(t)) = (gr(t),uy(t)) for a.e. t € (01,02). (4.39)

Taking into account (4.39), we can rewrite the second term on the left side of (2.3)
as follows

o2 g2 d
| aonde = [ Lo (uo) di
o1 g1
o g2
= "' Oy (ug(t)) Uj — 2y / "' Py (ug(t)) dt. (4.40)
o1

By the Cauchy inequality and (3.2) we have

| / " (), (1) | < / e ) ()
= i/ i (1)t + / SN RWP L (441)

1 o1

}/02 (Bt ug (1), (1)) dt] < /”2 21 B(t, ug (1)) || ()] dt
< L/U2 7" |ug, ()| Jug, (£)] dt

1

< L2 02627t|u t 2d 1 7 29ty ./ 2d
< cOPde+ 5 [ g 0P an
g

1 o1
(4.42)
From (2.3), taking into account (4.40), (4.41), (4.42), we obtain
1 72 ot 1 2 d 29t g2
5 e, ()7 dt + e*" Oy (ui(t))
o1 o1
o2
< L2/ M (D)2 dt
o1
o2 g2
+ 2y / eV Dy (ug(t)) dt + / 2| fo(t)|? dt. (4.43)
o1 o1

By the definitions of ug and f; we pass to the limit in (4.43) when o7 — —oc.
From obtained inequality, taking into account estimate (4.35), setting o9 = o € S,
we have

g

2170y (ug(07)) + / e |uj (1) 2 dt < Cy / D fB)Pdt,  (4.44)

—00 —0o0

oz

where C is a positive constant depending on K7, Ko, L and  only.
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According to the definitions of the functional ®x and the function fj, and
condition (Ay) (recall that ug(t) € V for a.e. t € S), from (4.44) we obtain

S+ [ P <cs [ SNroPa, @)
—o0 —0o0
where C5 > 0 is a constant depending on K7, Ko, L, and v only.
Estimate (4.45) imply that
the sequence {uk‘}:z is bounded in L3°(S;V), (4.46)
the sequence {u%}Zj is bounded in Li(S; H). (4.47)

Let us show that
the sequence {gj};° is bounded in L?Y(S; H). (4.48)

Indeed, using (3.2) and (4.35) we have

o2 o2
/ | Bt un (1)Lt < 12 / 2|y (1) dt < C, (4.49)
o1 o1

where Cg > 0 is a constant independing on k € N, 01,09 € S.

Therefore, from (4.27), (4.47), (4.49), (F) and the definition of f; we ob-
tain (4.48)

Step 4 (passing to the limit). Since V and H are Hilbert spaces, and V' embeds
in H by compact injection, from (4.36), (4.46), (4.47), (4.48) and Lemma 2.4 we
have that there exist functions

0o/ Q. 2/ Q. 1/q. 2(q.
we L2(S;V) N LA(S; V) N HA(S; H), g€ L2(S; H)

and a subsequence of the sequence {uy, gi };>5 (still denoted by {uy, gi};>3) such
that

eV ug() v e’u(-) =-weakly in L>(S; V), (4.50)
Uk U weakly in L2 5(8;V) and weakly in Hi(S; H), (4.51)
—
up —u in C(S;H), (4.52)
k—o0
gr —> g weakly in Li(S’; H). (4.53)
k—o0
Note that (4.51) and (4.53) imply
up — u, up — u, gp — g weaklyin L2 .(S;H). (4.54)
k—o0 k—o00 k—o0

Using (3.1) and (4.52), for each ¢ < 0 we obtain

/ | B(t, ui(t)) — B(t, u(t \ dt < L2/ lug (t) — u(t)|?dt 0 (4.55)
—00
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Thus, we obtain

B(-,ux(")) — B(-,u(-)) strongly in L% _(S;H). (4.56)

k—o00

Let v € H,p € D(—00,0) be arbitrary. For a.e. ¢t € S we multiply equality
(4.27) by v, and then we multiply the obtained equality by ¢ and integrate in ¢
on S. As a result, we obtain the equality

/ (ul(£), vp(t)) dt + / (g0 (8), vip(t)) dt + / (B(t, ux(1)), v (1)) d
S S

S

_ /S(fk(t),vgo(t))dt, ke N. (4.57)

We pass to the limit in (4.57) as k — oo, taking into account (4.54), (4.56) and
convergence of {fy} to f in LZ (S;H). As a result, since v € H, € D(—0o0,0)

loc
are arbitrary, for a.e. t € S we obtain the equality

u'(t) + g(t) + B(t,u(t)) = f(t) in H.

Step 5 (completion of proof). In order to complete the proof of the theorem
it remains only to show that u(t) € D(0®) and g(t) € 0P (u(t)) for ae. t € S.

Let k € N be an arbitrary number. Since ux(t) € D(0®py) and gi(t) €
0Py (uk(t)) for every t € S\ Si, where S C S is a set of measure zero, applying

the monotonicity of the subdifferential 0®;, we obtain that for every t € S\ gk
the following equality holds

(gr(t) —v* ug(t) —v) >0, V]v,v*] € 0Py. (4.58)

Let o € S, h > 0 be arbitrary numbers. We integrate (4.58) on (¢ — h;0):
/ (gr(t) = v*, un(t) —v)dt > 0, V[o,0"] € Dby (4.59)
o—h

Now according to (4.52) and (4.53) we pass to the limit in (4.59) as k — co. As
a result we obtain

/ " (g() — vt u(t) — ) dt > 0, Vv,0*] € 0By (4.60)
o—h

The monograph [27, Theorem 2, p. 192] and (4.60) imply that for every
[v,v*] € 0Py there exists a set Ry,,,; C S of measure zero such that for all
o € S\ Ry, we have

0< hl_i)HJlO % /:h (9(t) —v*,u(t) —v) dt = (g(o) — v*,u(o) —v). (4.61)

Let us show that there exists a set of measure zero R C S such that

Voe S\ R: (9(c) —v*,u(o) —v) >0, Vv,v*] € ddy. (4.62)
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Since V and H are separable spaces, there exists a countable set F C 0®y C

V x H which is dense in 0®py. Let us denote R := : U] FR Since the
v,v*| €

set F' is countable, and any countable union of sets of measure zero is a set of
measure zero, R is a set of measure zero. Therefore, for any o € S\ R inequality
(9(c) —v*,u(0) — v) > 0 holds for every [v,v*] € F. Let [0,0*] be an arbitrary
element from 0®g. Then from the density F' in 0® we have the existence of a
sequence {[v;, vf]}72; such that vy = v in V, v — v* in H and

[va*} '

Voe S\ R: (9(0) —vj,u(o) —v) >0 VIeN. (4.63)
Thus, passing to the limit in this equality as | — oo, we get (g(0)—v*, u(c)—v) > 0
Vo € S\ R. Therefore, inequality (4.62) holds. From this, according to maximal
monotonicity of 0P, we obtain that [u(t), g(t)] € 0Py for a.e. t € S.

Estimate (3.7) of the solution of the problem P(®, B, f,v) follows directly
from (4.35), (4.45), (4.50), (4.51) and (4.52), Lemma 2.2, Fatou’s Lemma and the
fact that ® g is lower semicontinuous in H.

From (4.35) we have

g

19 u(0) 2 < C / €21 (1)[2 dt.

—00

This inequality and condition (F) imply that u satisfies condition (3.4). Thus
Theorem 3.2 is proved. g
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