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The gradual removal of Hertz pressure
from the surface of elastic half-space

Abstract. Contact stress determination in non-stationary dynamic loading of elastic bodies is crucial for modelling
structures at high speeds, but it presents mathematical challenges due to the time-dependent and often unknown contact
area size and shape. The study aims to obtain an energy remainder estimation that forms waves during the contact
interaction of elastic bodies, based on the exact solutions of non-stationary problems for an elastic half-space. For this
purpose, the problem of the instantaneous loading half-space as an additional research problem was reconstructed using
the Hankel transform concerning a radial coordinate and the Laplace transform concerning a time variable. The method of
derivation of the displacements at an elastic half-space loaded (unloaded) gradually by Hertz's contact pressure has been
proposed. Its availability made it possible to pass to the solution of the main problem - the problem of gradual loading
of the half-space surface by Hertz pressure. The possibility of changing of the order of differentiation and integration
operations in the obtained representation is substantiated based on the integrand properties. The cases when the speed
of the indenter was constant when its motion was uniformly accelerated and when the motion corresponded to the law
of the first quarter of the cosine period in the time were considered. It was concluded that the distribution of dynamic
contact stresses is similar to the Hertz distribution. An estimation of the part of the energy spent on the formation of
elastic waves was made for various laws of unloading. The practical significance of this study lies in its development of
an effective method for calculating normal displacements on a loading area in dynamic contact interactions of elastic
bodies, which can be valuable for modelling structures at high speeds

Keywords: dynamic contact interaction; refinement of the contact distribution; wave energy; Laplace transform;
indenter; Hankel transform

INTRODUCTION

The determination of contact stresses, caused by non-sta-  is necessary for adequate simulation of the operation of a
tionary dynamic loading of elastic bodies, is one of the structure or mechanisms, in which components interact
practically important problems in the theory of elasticity. in a significant way at significant speeds. Microwave (ul-
The correct consideration of the influence of inertial forces  trasonic) motors are typical examples of such mechanical
on local deformations in the vicinity of the contact region  systems. X. Tian et al. (2020) concluded that the principle
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of operation of some types of these devices is based on the
transfer of kinetic energy from the stator to the rotor by
contact forces arising in the process of their periodic colli-
sions. Based on S.P. Wankhede & T.-B. Xu (2021), ultrason-
ic motors have been widely used in a variety of electronic
devices due to their compactness, load torque at moderate
rotation speeds and high positioning accuracy. They are
widely used in the double-quick development of robotics
(Toyama & Nishizawa, 2017). The simultaneous influence
of surface and couple stresses on the non-symmetrical fric-
tionless indentation of a linearly elastic, homogenous, and
isotropic half-plane under a tilted, rigid, flat-ended indent-
er with sharp, square corners was investigated by T.M. Le et
al. (2021) by adopting existing continuum-based models.

B. An et al. (2023) broadened the applicability of the
vehicle-track dynamics model to account for 3D short-
wave irregularities on rail surfaces. The key is developing
a meshing grid approach combined with the accurate con-
jugate gradient (CG) method for contact mechanics under
arbitrary 3D contact geometry. Therefore, both the glob-
al dynamics and local contact solutions can be provided.
In this study, short-pitch rail corrugation is employed for
investigating the role of 3D contact geometry in model-
ling dynamic wheel-rail interaction. The traditional vehi-
cle-track coupled dynamics model using Hertzian spring is
used for comparison. The results show that short-pitch rail
corrugation contributes two different aspects, i.e., wheel
centre trajectory and time-varying contact stiffness. These
two aspects are found to be the root causes for explaining
the influence of the varying 3D geometry irregularity size
on dynamic wheel-rail contact force.

Accounting for the processes that occur during the
dynamic contact interaction of solids is also important in
the development and design of “classical” machinery. An
example is the operation of various crushing machines
which were described by B. Doroszuk & R. Krdl (2022), and
Z. Chen et al. (2021). In particular, for processing agricul-
tural products, the mechanisms, such as grinding mills, are
used. To describe the operation of the crusher more accu-
rately, X. Lv et al. (2021), I. Kupchuk et al. (2022) addressed
the wave processes that occur when parts of the mecha-
nism interact with the crushed material. Many scientists
considered similar problems in Ukraine. In particular, the
study of V.A. Bazhenov & M.O. Vabishchevich (2020) is rel-
evant to the branch of construction. Similar studies were
conducted by V.G. Popov & A.IL Kirillova (2020) in the field
of mechanical engineering.

H. Xie et al. (2022) noted that the dynamic interaction
of a rigid sphere with an elastic half-space should be con-
sidered using recently developed particle dynamics. From
the provisions of this theory, J. Zhao et al. (2021) estab-
lished that the problem was reduced to a wave equation
concerning one of the components of the displacement
vector. Based on the mentioned solution, a plausible con-
clusion was made on the similarity at any time of the distri-
bution of contact stresses to Hertz’s distribution. However,
the conclusion that the maximum pressure according to
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Hertz’s theory is much less than the calculated holds un-
resolved issues. According to the given relations, their cor-
relation depends only on Poisson’s ratio of the material of
the half-space and does not depend on the initial velocity
of the sphere. When Poisson’s ratio changes from 0 to 0.5,
this relation changes from 0.74 to 0.

Thus, it can be concluded that the presented results of
previous studies contain several contradictions. Therefore,
with the solution to this sort of issue, various numerical
methods were used, the finite element method being used
most often (Lee & Komvopoulos, 2018; Habchi, 2018). This
is also facilitated by the fact that in modern finite element
packages, both commercial and freely available, the various
algorithms of the contact interaction of finite elements are
implemented. However, based on numerical solutions, it is
difficult to restore the analytical dependence of the pro-
cess characteristics on the values of the input parameters.
Despite the already fairly long history of research, the im-
portant problem of estimation of the contact interaction of
the surface of the body under study with measure sensors
is open still. Hence, the study aims to determine the en-
ergy remainder that causes waves in the case of a contact
problem.

MATERIALS AND METHODS

The distribution of normal displacements of surface points
under gradual loading of a half-space with a load, according
to Heasrtz’s law was obtained by using the solution to the
corresponding problem of instantaneous loading. There-
fore, to present the solution to the problem of gradual
loading in a closed form and simplify the perception of the
material, the main results of a study by A.G. Kutzenko et
al. (2001) were employed, which addressed the loading of
a half-space by the Hertz’s pressure. The elastic half-space
z<0 was considered, which at time t<0 had been in static
equilibrium, and its surface was not loaded. At the moment
of time t=0, the pressure, that was given by Hertz’s con-
tact theory, was instantly applied to the surface of the half-
space in a circular domain 0<r<a (Fig. 1).

po f\ 2

Figure 1. Loading of the elastic half-space
by Hertz’s pressure
Note: a - load area radius; z, r — spatial coordinates;
p,— pressure magnitude

Machinery & Energetics. Vol. 14, No. 4

N


https://www.sciencedirect.com/topics/engineering/contact-stiffness

The gradual removal of Hertz pressure from the surface of elastic half-space

This pressure was considered a constant variable in the
study. It was used to determine the normal displacements
of the surface points of the half-space, as a function of time
t and radial coordinate r. This was an additional task. The
corresponding initial and boundary conditions were for-
mulated as follows:

ow du
and
— /1 — 712 2
Trzlz=0 = 0, Oplz=0 = H(t){ Po 10 r/a, :;Z' (2)

where w, u - thickness (normal) and radial (tangential)
displacements of the points of the half-space; ¢, 7, -
normal and shear stresses on the surface of a half-space;
H(t) - Heaviside function.

The maximum contact pressure was an independ-
ent parameter in the boundary conditions (2). However,
considering the further extension of the results to cases
of gradual loading of a half-space, it was expressed ac-
cording to Hertz’s theory in terms of the radius of the
load area a and the radius of curvature of the equivalent
indenter R:

4Ga

Po = 3)

where G - shear modulus, v — Poisson’s ratio of the half-
space material. All three parameters p,, a, and R were con-
sidered as constant variables in the study. Only one pa-
rameter R was considered as a constant in the gradual load
issue, as parameters p, and a were changed with time.

If the Laplace transform L with was applied concern-
ing time and the Hankel transform H to the spatial coor-
dinate r to Lamé equations of motion respectively, dis-
placements can be represented as multiple integrals of the
Riemann-Mellin inversion:

w(r, z,t) = ﬁfowjo (Ar)AdA ff_t.go W (4,z,5) exp(st)ds,
u(r,z,t) = ﬁfomjl (Ar)AdA f;fif U (4,2,5) exp(st)ds. @)

In this case, the images W(4, z, s) and U(/, z, s) satisfied
the system of differential equations:
d (dw au s?
aw d (du _s? ©)
—id (52 + 20+ (S5 + aw) =50,

K=2

1-v
where 5

2 —_
= v=z—:2> 1,¢ = ,2%%&2 =\/§ - the
velocities of propagation of tension-compression waves
and shear waves, respectively.

The zero initial conditions (1) were considered when
equation (5) was deriving. To satisfy the boundary condi-
tions (2), the Laplace and Hankel transformations were
also applied:

(1—v aw va
1-2v dz 1-2v

U)L:n =1y (43), (Z—IZ]— AW)L:O =0, (6)

where

My(A,s) = Mi(A,5) = —L(H(0,,=0)) =
_ 2 sinald—-alcosal
~ m(1-v)R sA? ’ (7)

The general solution of system (4), which satisfies the
conditions of boundedness at infinity, was represented as:

2
W, z,s)=2 (Cs—z) [—xy,Aexp(Ay,S) + Bexp(Ay,s)],
2
UAzs)=2 (CS—Z) [kAexp(Ay,s) — vy, B exp(Ay,s)].

Submitting it to conditions (6), the expression for the
image of normal displacement of boundary points was ob-
tained:

Wis,a) = Wi, 0,5) = ~11(2,5) Y =

1 }’1(}’22—1) sinal—alcosal
n(1-v)R 24 sA2 ’

where y; = /1 +52/(c D)2, 7, =1+ 52/(c;1)?,

2
A=A(s/A) = @ = ¥1Y2 — Rayleigh determinant. Its sin-
gle-valued branch was distinguished on the complex plane

s by cutting, as shown in Figure 2.
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Figure 2. Integration contour
in the inverse Laplace transform
Note: ¢, - the Rayleigh wave velocity; s =*ilc, are poles of
the function W

The radical branches y, and vy, were chosen so that
their values on the real axis s coincided with the values
of the corresponding arithmetic roots. Such selection was
used to obtain a representation of the solution in the form
of a superposition of waves propagating from the surface
into the depths of the half-space, and to ensure that the
stress and displacement were clamped at z—-. The in-
dex “i” in expressions (7) and (9) indicated that the char-
acteristic marked by it corresponded to the problem of

instantaneous loading.
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Since the points of the surface corresponded to a cer-
tain (zero) value of the coordinate z, i.e., normal displace-
ments depended only on the variables r and t, this fact in
(9) and below was denoted by the symbol “~”. In addition,
functions, containing the symbol “~” in their designation,
were also considered as functions of the parameter a, nec-
essary in the case of gradual loading of the half-space.

Further transformation (9) involved the inversions of
the Laplace and Hankel transformations by (4). It was easy
to verify that all singular points of expression (9) in the
complex plane s stayed within the imaginary axis. Accord-
ing to the selection of branches of the radicals y, and y,,
the poles corresponded only to the points s=0 and s=*i\c,,
where ¢, was the Rayleigh wave velocity. Therefore, func-
tion (9) was an analytic function of a variable parameter s
in the right half-plane Re s >0, which was used to shift the
Laplace inversion contour to the imaginary axis.

Going around the poles of the function W, it was nec-
essary to explicitly select the semi-residues equal to the
integrals over the arcs of circles (Fig. 2). Performing this
operation and introducing a new integration variable
x=-s, /(c,})?, after the pairwise union of the integrals cor-
responding to the upper and lower parts of the axis Im s,
the normal displacements of points on the surface of the
half-space was represented in a form that does not contain
complex variables:
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where:

— 1 A (__(-a/2%1-q/rlc@2r) _
Fo.0) = (L= )I(p) + 1 fr Lo maeeltin

1 \/1_—"/“5(,0:27\/%)
"o oG
oo w/mlc(P,ZTM)
o azrfaene-n X T (1D
[ (-x/10*1=x/kls(p,21x/q) p
1 (1-x/2)*-(1-x/Kx)(1-x)
fK (1—x/K)mlc(PrZTM)
1 (1-x/2)*-(1-x/x)(1-x)

The dimensionless independent variables p = r/a and
1= (c,t) /a were introduced in the expressions (10)-(11), as
well as a parameter q=c2 /c2 - the square of the ratio of the
Rayleigh wave velocity to the shear wave velocity, which
was a simple pole of the integrand of the first integral in
(11). The index “i” at windicated, as before, that this dis-
tribution of normal displacements corresponded to the
problem of instantaneous loading. After relocation of the
contour of the inverse Laplace transform to the imaginary
axis, the integrals of the inverse Hankel transform I, I, and
I.were as follows:

10) = (1-Z) () + 22,
1508 = (1-8 ~2) I (1,6 + 242

(12)
2 &) = (1- 8 =) 1 (1) + 1282,
vT/i(r,t,a)=—n(la_v)R f(p, 1), (10)  where:
n/2,p <1,
Il(p)z{arcsiilpfl,pZL
m(1+¢+/A+D2=p2) - (11— ¢l + /A -7 =p%), 11-¢l=p,
Isi(p.) =3 m(1+§+A+T=p2) —lnp, |1-¢l<p<1+§, (13)
0, 1+&<p,
) _ﬂH(l—f), [1-¢l=p,
Ien(p.§) =54 m/2+arcsin((1-8)/p), 11-¢l<sp=<1+5§
arcsin((1 +&)/p) + arcsin((1—-&)/p), 1+&<p
and
! B 0,p<1,
2(P)—{m’p21’
0, [1-¢l=p
Ie2(p,§) = 1+3)yp2—=(1-92 1-¢§l<p=<1+ (14)
A+3D)Yp? —(1 -2+ (1 -3p? —(1+§?% 1+{<p,
) sign(1- (1 +3)y(A-?—p* = (1-3)JA+5?—p?, [1-¢l=p,
ls2(p:8) =3 —(1-30JA+O2-p%, [1-¢lsps1+§

The plots of displacements found based on (10) for
various values of the dimensionless time are shown in
Figure 3. The analysis highlighted the reason for the se-
lection of Rayleigh as the characteristic velocity in the
nondimensionalization of time. This velocity determined
the dynamics of transient processes under instantaneous

1+&<p.

loading of the half-space. After the propagation of the
Rayleigh wave excited at the point of the loading area,
which is the most distant from the given point of the half-
space surface, the static value of the normal displacement
was instantly set in the latter one. This important property
was used in further transformations.
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Figure 3. Dimensionless function f{(p, 7) for v=0.3
at moments of dimensionless time r=n/10,
where n is the number of the curve
Source: developed by the authors

An elastic half-space that was at the initial moment
t=0 in an unloaded state of static equilibrium was used.
At the given moment an area arises on its surface and then
continues to grow, on which the pressure is distributed ac-
cording to the law:

p(r,t) = po(O)yJ1—1r2/a?(t), r < a(t),t >0,

where a = a(t) is the radius of the loading area. It was the
time-respecting variable parameter. In this case, as before,
the relation (3) determined the dependence of the maxi-
mum pressure p (t) on the radius of the loading area. It was
required to determine the time evolution of normal dis-
placements on the surface of a half-space.

Since the initial conditions (1) and the first of the
boundary conditions (2) were still true, the course of the
solution to the given problem did not differ from the afore-
mentioned, until the rest of the boundary conditions were
satisfied. The main difference between the boundary con-
ditions concerning the normal component of the stress
vector in the problem of instantaneous and in the problem
of gradual loading of a half-space was its significant time
dependence in the second case. In this case, it was impos-
sible to explicitly run the direct Laplace transform without
the specification of the loading area radii dependence con-
cerning time. Therefore, in the general case, instead of (7)
and (9), the following was true:

(15)

My(4,5) = 8 (A,5) = —L(H(0,1,=0)) =

= ;fom(sina (B)A— a(B)Acos a (B)N)exp( — st)dE,(16)

- m(1-v)RA3

and
2 Y1 (V22 - 1)

w(1-v)R A34

Wa(A,s) =—

o sina(f)A-— o
<f0 (—a(f)ﬂ cosa (f)l) exp( — st)dt.

The index “g” implied that the images of surface pres-
sure and normal displacement correspond to the gradual
loading of the half-space. It was necessary to apply the
inverse Laplace and Hankel transformations to (17)

7

following the first relation in (4) to find the expression of
normal displacements. In the general case, it was impos-
sible to run the corresponding integration since the form
of the function W itself was unknown. However, since only
one of these integrals was singular, they could be intro-
duced under the sign of the integral contained on the right
side of (17), i.e., the order of integration could be changed
(Gakhov, 2014). Hence, such a permutation could be used to
reduce the procedure of taking the internal integrals of the
Riemann-Mellin inversion to the calculations made above.
It should be remembered that the radius a(t) acts as an in-
dependent parameter in internal integrals. Therefore, the
inversion integrals were obtained from the product of the
function Wi, s, a) and the parameters. The last multiplier
is explained by the absence of the Heaviside function in the
boundary conditions under gradual loading. In addition,
the exponent of the Laplace inversion kernel contained the
difference t - t instead of t, which was derived as a result
of a rearrangement of the order of integration. Thus, the
following was true:
WI(r,t) = zim [ di [ Jo(Ar)ada
f__izo Wi(4,s,a(@))sexp(s(t — 1)) ds. 1%
The theorem on differentiation of the Laplace trans-
formation original to (18) was applied and wi(r, t, a)=0 was
implied for t<0, to derive the following:

W9 (r,¢) = [ 2a®) g

(19)
It expressed the normal displacements under gradual
loading of the half-space in terms of the normal velocities
of the surface points under its instantaneous loading. The
relationship (19) could be obtained from simpler consid-
erations, based on the incremental approach. Therefore,
the process of continuous loading was replaced by a step
change in surface pressure at discrete moments separat-
ed from each other by a small time interval At. A loading
area with radius a, = a(t,) was assumed to have arisen on
the surface of the half-space at the moment of time ¢, = At.
The normal displacements of points on the surface of the
half-space were described until the next moment of load
change by the expression:
wi(r, )y=wi(r,t-t,a),t <t<t, (20)
where the index “s” denoted stepwise load change. At the
moment of time t,=t, + At, the radius of the loading area
changed abruptly from a, to a, = a(t,). It corresponded to
instantaneous load removal along the area with the radius
a, and instantaneous application along the area with radi-
usa,att=t,:
wi(r, )y=wi(r, t-t,, a)-wi(r, t-t,, a") +Ww'(r, t- t,, a,),
t,<t<t.. (21)

The following obtained expression for normal
displacements at the N-th step is as follows:
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WS(r, t) = Wi(r,t — tyyq, Quer) +

+Z[Wi(r, t =t ap) — W, t — typ, ap)| =
k=1 (22)

N OWi(rt—tyay)
tner Aner) Zk:l—at A4t

ty <t <ty

~ Wit —

When the parameter At was zero in expression (22), the
expression (19) was used instead. In the case when a static
load was applied along the radius a, to the surface of the
half-space, two more terms would be added to the integral
on the right side of (19):

wh(r, a)-wir, t, a). (23)

The first of them described the field of normal dis-

placements in the Hertz contact problem:

W (r,a0) = =281 (L), 24)

TR ag
The second term corresponded to the removal of this
load at the initial moment. Therefore, the expressions for
normal displacements during gradual loading of the half-
space due to normal velocities of surface points during its
instantaneous loading and normal displacements in con-
tact interaction were obtained.

RESULTS AND DISCUSSION

The relationship (19), addressing (23), was utilised to con-
sider the evolution of normal displacements for different
laws of change in the radius of the loading area a = a(t).
However, this study only focused on the case when the
dependence of the radius of the loading area on time is a
monotonically decreasing function, which corresponds to
the process of unloading the half-space (Fig. 4).

Figure 4. The gradual unloading
of the elastic half-space
Note: a=a(t) is the radius of the loading area; §=5(t) — the
law of change in the penetration depth of an equivalent
indenter; §, - the initial value of the depth of the
penetration
Source: developed by the authors
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In this case, to achieve the goals formulated in the in-
troduction, it is sufficient to determine the function (11)
and its partial derivative only at p< 1, since only the normal
displacements of points that currently belong to the load-
ing area are considered in this study. In practice, it is better
to set not the law of change in the radius of the contact
area, but the law of change in the penetration depth of an
equivalent indenter 8, which, following the Hertz’s theory,
is related to the radius by the relation:

5=a%R. (25)

Three partial dependencies § =§(t) will be considered,
namely & =3,(1-t/T) - uniform unloading, 5 =5,(1-(t/T)*) -
uniformly accelerated unloading and & = § cos(mt/((2T))).
The last expression accurately approximates the depend-
ence, which follows from Hertz’s quasi-static contact the-
ory, of the penetration depth as a function of time during
the collision of two elastic balls moving by inertia (John-
son, 2012). Here, 3, is the initial value of the depth of the
penetration, and T is the period of unloading. In the case
of unloading, relation (19) can be represented in a dimen-
sionless form considering (23):

w (r t) _
0 = =21(0) + 15 [f (D) = [y d@f; (35505 4]
T < Toges (26)
where
r__r_ = CRt _ _CRC ’
ag R60 2a0 R60
,a(t 5(21 R60
(27)

af(p 7) CRT
fe(p,1) =——, ol
During the calculation of the function value, the order
of the integration and derivation operations in (11) can be
changed and performed analytically. Thus, the determina-
tion of f values is reduced to simple (not multiple) inte-
grations, similar to those that arise when calculating the
antiderivative of function f. A three-dimensional plot of
-f(p, ) on the square [0,1]x[0,1] is shown in Figure 5.

Figure 5. Surface -f (p, 7) for v=0.3
Source: developed by the authors
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Figure 6 shows a plot of the same function but in the
form of isolines. As can be seen, this function is bound-
ed and continuous everywhere, except for the point p =0,
1=1/2, where a finite gap is present along the axis 1. The
advantage of representation (26) in comparison with other
possible methods for the solution of the problem of gradual
loading/unloading of a half-space is explained by the fact
that, in addition to dimensionless variables, the function f,
depends only on the Poisson ratio as a parameter and can be
easily tabulated. Thus, the calculation following (26) is re-
duced to the integration of a bounded, continuous function.

Figure 6. The isolines
of a dimensionless function -f (p, 7)
Note: the values of the function are indicated near the
isoline
Source: developed by the authors

The representation (26) also shows that the only pa-
rameter significant for the process, in addition to the
Poisson ratio, is the dimensionless period of unloading
7 .» which is equal to the number of diameters of the in-
itial loading area that the Rayleigh wave travels during
the unloading time. In addition, based on (26), for random
dependence d = d(r), which is monotonically decreasing
to zero, it can be proved that in the limiting case, when
7., the distribution of normal displacements tends to the
distribution given by Hertz’s theory for the current val-
ue of the penetration depth. The depth of penetration (
d =./1—17/Tpa) When > 1 is demonstrated in the exam-
ple of the linear law of decreasing. In this case, the first
two terms on the right side of (26) on the loading area
completely compensate for each other. However, f(p, 7) #0
at p< 1, when r< 1. Considering the dependence d=d(7), it
is possible to conclude that the integrand in the remain-
ing term is nonzero on a narrow interval 7, <7 <z, where

1 T 1
T, =T— 1- t+——=71— [1—
2Tmax Tmax  4Tmax Tmax

Hence, d(7) ~d(r) and:

g . .
ket e I ot Lol S

Running the integration in (28), the required results
are obtained. It also follows from the above reasons that
the magnitude of the deviation of the displacements caused
by the gradual removal of the load from Hertz quasi-static
displacements is of the order of 7} .

Figures 7-10 show the distributions of the displace-
ments “under the indenter”, which were calculated using
linear (26) (Fig. 7 and 8) and quadratic (Fig. 9 and 10) un-
loading laws corresponding to different speeds. For com-
parison analysis, the dashed lines indicate the surface
profiles of the loading area given by Hertz’s theory for the
corresponding penetration depth of the indenter.

Each pair of solid and dashed curves corresponds to a
fixed time O<z<z . For example, in Figure 7, which cor-
responds to constant indent speed and r,_the five such
pairs for time points t=1,7=3,7=5,7=7 and 5 —> =9 are
represented. The lengths of curves decrease with time as
the size of the load area also decreases. This fact is indicat-
ed by the upper dashed outline. The lower dashed contour
corresponds to the distribution of displacements in Hertz’s
static contact problem. The curves in each pair are similar,
only slightly shifted relative to each other in the vertical
direction. In other words, there is an almost constant ver-
tical gap between them. This gap means that the dynamic
distribution of normal displacements lags behind the qua-
si-static Hertzian distribution. Moreover, for a constant
speed of removing the indentor, this lag decreases until the
end of the unloading process.

A comparison of Figures 7 and 8 (the latter also shows
data for a constant indenter speed but with ¢,_) indicates
that with an increase in the indenter speed, the difference
between the dynamic and quasi-static distributions in-
creases.

r/ao
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W/ 50

Figure 7. The normal displacements of points of loading
area for the law §=5, (1-7/10)
Note: 1 —»1=1,2—1=3,3—>1=5,4—>1=7,5—1=9
Source: developed by the authors
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Figure 8. The normal displacements of points
of loading area for the law §=35 (1-7/5)
Note: 1 -»1=0.5,2—11.5,3—>1=2.5,4—1=3.5,5—>1=4.5
Source: developed by the authors

This conclusion remains valid even with uniformly
accelerated movement of the indenter (see Fig. 9 and 10).
Only in this case, the gap between the distributions in-
creases until the end of the unloading process. A similar
behaviour of the deviations of normal displacements is also
characteristic of the dependence &= 5 cos(mt/(27, ), except
that in the last case in the second half of the unloading pe-
riod, there is a noticeable tendency to their decrease.

0.2
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T
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W/ 60

Figure 9. The normal displacements of points
of loading area for the law §=3 (1-7/10)>
Note: 1 »1=2,2—1=5,3—>1=7,4—1=9
Source: developed by the authors
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Figure 10. The normal displacements
of points of loading area for the law §=3§, (1-7/5)*
Note: 1 »1=1,2—1=3.5,3—1=45
Source: developed by the authors
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As expected, the deviations between quasi-static
movements and movements caused by the gradual removal
of the load increase with a decrease in the period of un-
loading. However, another regularity is noteworthy: at any
fixed moment, these deviations are practically independ-
ent of the radial coordinate, i.e., the surface profile upon
gradual removal of the load repeats the profile of an imag-
inary stamp, but at a slightly greater depth, depending on
time. The latter suggests that by reducing the amplitude of
surface forces, but leaving their distribution along the ra-
dial coordinate unchanged, it is possible to achieve a match
between quasi-static and dynamic displacements. Setting
instead of (15) the pressure in the form:

p(r,t) = kpy(t)yy1—1r2/a?(t), r < a(t),t >0,

It is necessary to select a coefficient from the condition
of the least deviation of the displacement of the points of
the surface of the half-space from the profile of the indenter.

Since the magnitude of the deviation varies with time,
the coefficient k, in general, should be considered as a func-
tion of time. But for sufficiently long periods of unloading,
a reasonable solution to the problem can be obtained, as-
suming that k is constant. In this case, this coefficient is
the recovery coefficient during unloading of the half-space.
The difference of 1-k is the ratio of the energy carried away
by elastic waves from the contact zone during unloading to
the total initially accumulated energy of elastic deforma-
tion of the half-space.

The calculations were carried out for all three types of
half-space unloading according to the proposed scheme. As
a criterion for determination of the value of the coefficient
k, the coincidence of the normal displacements of the half-
space surface points and the corresponding indenter points
averaged over the radius and over the complete unloading
time was chosen, i.e.:

29)

[T de [7O (wg () =@ (r,a(t)) ) rdr = 0. (30)

As such, the value depends not only on the dimension-
less period of unloading z, _but also on its nature. For the
linear law of change in the depth of penetration the coef-
ficient k is equal:

ko~ 25 (31)

Tmax
for the other two laws, it is equal:

ko~ 22 (32)

5
Tmax

(in the case of uniformly accelerated unloading, the value
is slightly less than in the case of inertial movement of the
indenter). It should be noted that expressions (31)-(32)
make sense only for sufficiently large periods of unloading
(z,..> 10). Otherwise, even for the optimal value, the devia-
tions at certain points in time become comparable with the
magnitudes of the displacements themselves.

However, the dimensionless contact period 7, is in-
versely proportional to the ratio of the speed of insertion/
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removal of an imaginary indenter and the speed of elastic
waves in elastic space c,. Therefore, the results obtained
qualitatively coincide with those known from the litera-
ture, for example, those obtained by I.I. Argatov (2012),
stating that the part of the energy spent on the formation
of elastic waves increases with increasing this ratio. L.I. Ar-
gatov (2012) carried out an asymptotic analysis of the in-
teraction of an elastic half-space with a slowly moving rigid
spherical indenter. The superseismic and subsonic phases
of interaction were considered separately. For each of them,
the expressions for maximum penetration, contact time,
and contact force dependence on time are derived. Based
on the obtained relations, the above statement on the neg-
ligence of the superseismic phase can be questioned.

Therefore, the conclusion reached by H. Xie et
al. (2022) on the independence of the maximum pressure
from the indenter speed could be derived from the method
used. At the same time, calculations of this study confirm
the conclusion of K.L. Johnson (2012) on the insignificance
of the contribution of the superseismic phase to the overall
picture of contact interaction. Attempts of rectification of
Hertz’s theory for the case of dynamic contact were made
repeatedly. An analysis of earlier studies was conducted by
K.L.Johnson (2012). In particular, the time of the so-called
super seismic phase, when the boundary of the contact area
moves faster than elastic waves, was determined as negli-
gible. In addition, it is noted that for indenter velocities of
an order of magnitude lower than the elastic wave veloci-
ties in the half-space, the quasi-static Hertz theory gives
a good approximation. The applicability criterion for such
an approach, which is called Love's criterion, is given in the
fundamental paper of K.L. Johnson (2012). According to
this criterion, it has the following formulation: Hertz's the-
ory approximates the real distribution of contact pressure
more accurately, that the smaller the ratio of the approach
(retreat) velocity of the bodies V to the characteristic value
of the elastic wave velocities inside the bodies themselves
¢, The physical implication of this criterion determines
that the more times the elastic waves return to the point
of impact during the contact time (it is reflected from the
distant boundaries of the bodies) the more the deforma-
tion process can be like static deformation. As K.L. John-
son (2012) pointed out, this criterion is true even if the di-
mensions of one of the bodies are so large that during the
time of contact, the waves do not have time to return to the
point of impact.

C. Zhao (2011), Y. Shen & V. Giurgiutiu (2014) proved
that an example of the practical application of the results
of dynamic contact mechanics was non-destructive ultra-
sonic testing and monitoring. However, the determination
of contact stresses in the case of the exact formulation of
the corresponding boundary value problems of the dynam-
ic theory of elasticity is accompanied by overcoming some
mathematical difficulties. H. Jalali & P. Rizzo (2021) con-
cluded that one of the characteristic features of non-sta-
tionary contact problems is the dependence of the size, and
sometimes the shape of the contact area concerning time,
which cannot be deducted in advance. Y. Yang et al. (2019)

and Q. Peng et al. (2021) determined that the absence of
relatively simple analytical expressions for contact stress-
es that consider local dynamic effects is the reason for the
practically uncontested use of Hertz’s quasi-static theory
of impact in applied problems.

Thus, the obtained results of calculations and
graphical dependencies obtained on their basis indicate
that the gradual removal of the load from the surface of
the elastic half-space has been achieved and the Hertz-
ian pressure can be determined sufficiently accurately
by the proposed method.

CONCLUSIONS

In the course of the research, an efficient method for calcu-
lating normal displacements in the area of loading during
dynamic contact interaction of elastic bodies was devel-
oped. This method is based on exact solutions to non-sta-
tionary problems and holds practical significance for mod-
elling structures operating at high velocities. The only
significant parameter in the problem of gradual loading
(unloading) of an elastic half-space, excluding the Poisson
ratio of the material of the half-space, is the dimensionless
loading (unloading) period 7, , which is equal to the char-
acteristic diameter of the loading area, which the Rayleigh
wave travels during the loading (unloading) time. With a
gradual removal of pressure, the normal displacements of
the points of the loading area always lag behind the cor-
responding quasi-static values given by Hertz’s theory,
and this lag is proportional to 7} for large values of the
dimensionless period of unloading. This phenomenon of
inertia of points on the surface of the half-space leads to
a decrease in the contact pressure compared to the Hertz
pressure when the indenter is removed (it is logical to as-
sume that when the indenter is deepened, the inertia of
the surface of the half-space leads to an increasing in pres-
sure). For sufficiently long periods of unloading (¢, > 10),
the deviation of normal displacements from its quasi-static
value is practically independent of the radial coordinate,
i.e., uniform over the loading area, independently of the
unloading law. For long periods of unloading, the ratio of
the energy spent on the formation of elastic waves to the
total energy of the initial elastic deformation is described
by the expression Cz;! , where the constant value of C is
different for different laws of unloading.

Considering the rapid development of computing
tools, it seems promising to study this problem using the
finite element method. This approach will not only allow
us to compare numerical results but also suggest the time
dependence of the penetration depth of a real, rather than
imaginary, stamp. The latter, in turn, will make it possible
to perform a more accurate assessment of the energy of
elastic waves using the proposed analytical method.
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MocTynoBe 3HATTA 3 NOBEPXHi NPY)>XHOro NiBnpocTopy TUCKY lepua

AHoTaUiA. BusHaueHHS KOHTAKTHUX HAIMIPYKeHb IPY HECTAlliOHAPHOMY IMHAMiYHOMY HaBaHTasKeHHi MPY>KHUX TiJl Ma€e
BUpIIIabHe 3HAUEHHSI )i MOJIeMIOBAHHST KOHCTPYKIIili ITPY BUCOKUX IIBUIKOCTSIX, aJie e MOB’S13aH0 3 MaTeMaTUYHUMMU
TPYZHOIAMM Yepe3 3a/IeXKHICTh Bif yacy i yacto HeBimomi po3mipu Ta Gopmy KOHTaKTHOI ob6macti. OCHOBHA MeTa po6oTH
ToJIsiTasa B TOMY, 1106 Ha OCHOBI TOUHMX PO3B’SI3KiB HeCTal[iOHapHUX 3a4a4 JJIsI TPYsKHOTO MiBIIPOCTOPY OTPUMATH OL[iHKY
BeJIMYMHY YaCTMHM eHeprii, 1Ka BUTPaua€ThCs Ha YTBOPEHHS XBWIb ITiJ] YaC KOHTAKTHOI B3a€EMOJii IIPY>KHMUX Tisl. 17151 IbOTO
3a IOIIOMOTOI0 IlepeTBOPeHHs XaHKeJs 3a pafiaJbHOI0 KOOPAMHATOIO Ta IlepeTBOpeHHs Jlamiaca 3a 4acOBOIO 3MiHHOIO
PEKOHCTPYIOBAHO PO3B’SI30K IONATKOBOI 3a7aui — 3a7a4i PO MUTTEBE HABAHTasKeHHSI MiBIIPOCTOPY. 3aITPOIIOHOBAHO METOT,
3HAxXO/KeHHS IlepeMillleHb Y IIPY;KHOMY IiBIIPOCTOPI, SIKMIi TIOCTYIIOBO HABAHTAXYETHCS (DO3BAHTAXKYETHCS) KOHTAKTHUM
tuckoM 'epuia. Mloro HasBHiCTb 703BO/MIA EPEITH N0 PO3B’SI3aHHS OCHOBHOI 3aayi — 3alaui HOCTYIOBOrO HaBaHTaKeHHs
noBepxHi miBnpoctopy TuckoM I'epiia. OBIrpyHTOBAHO MOSKJIMBICTh 3MiHUM TTOPSIAKY oTepalliii qudepeHIitoBaHHS Ta
iHTerpyBaHHS B OTPMMaHOMY IIpe/ICTaBIeHHi Ha OCHOBI BJIaCTMBOCTeI MifiHTerpasa. Po3misiHyTO BUMaiku, KOy MBUIKICTb
iHIeHTOpAa MOCTiiiHa, KOJIM J10TO PyX PiBHOMIPHO MPUCKOPEHMI i KO PyX BiATIOBia€ 3aKOHY IepuIoi YBepTi repiony
KOCHHYca B yaci. 3p061eH0 BUCHOBOK, 1110 PO3IOLiI AMHAMIYHMX KOHTaKTHUX HaMPYyKeHb MOAiI6HMIT 10 po3mofiny Iepiia.
3po6iIeHO OLIiHKY YaCTMHY €Heprii, [0 BUTpayaeThCst Ha GOpMYBaHHSI IPYKHUX XBUJIb, IJIST Pi3HMX 3aKOHIB PO3BAHTasKeHHS.
ITpakTuYHe 3HAYEHHSI pOOOTH IMOJSITa€ B po3po61li eheKTUBHOIO METOAY PO3PAXyHKy HOPMaJbHUX IepeMilleHb Ha
IiJISTHIII HABaHTa)KeHHS TIPY JMHAMIiUHiii KOHTaKTHii B3a€MOIii IIPY>KHUX TiJI, 110 MOKe OYTM I[iHHUM JIJIsT MOZeTI0OBaHHS
KOHCTPYKIIili, SIKi IPAIIOI0Th 3 BUCOKMMU IIBUAKOCTSIMMU
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