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A modeling problem of the process of liquid multi component decontamination by a spatial
filter is considered, it takes into account the reverse influence of decisive factors (contam-
ination concentrations of liquid and sediment) on characteristics (coefficient of porosity,
diffusion) of the medium and gives us the possibility to determine small mass transfer
coefficient under the conditions of prevailing of convective constituents over diffusive ones.
An algorithm of the solution of the corresponding nonlinear singular disturbed inverse
problem of “convection-diffusion mass transfer” type is suggested.
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1. Introduction

Analysis of results of researches [1–15] testifies to the presence of complex structure of interdependence
of different factors which determine the processes of filtration and filtering through porous media and
were not taken into account in the traditional (classic, phenomenological) models of such systems. The
reason for the construction of mathematical models of processes of liquid multi component decontam-
ination by a spatial filter is the absence of “model mechanisms” that take into account the inverse
influence of different kinds of process characteristics on environment and identification of unknown
parameters that are included into the corresponding models.

In work [10], the mathematical model of process of liquid purification is worked out in porous filter
nozzle that takes into account reverse influence of characteristics of process (concentrations of sediment)
on filtration parameters, herewith some coefficients of the considered process, were determined in
experimental way.

In this work, the mathematical model is constructed of filtration process of liquid from multi
component contamination in a spatial filter taking into account the unknown small mass transfer
coefficient under the conditions of prevailing of convective constituents over diffusive. The solution
of the corresponding inverse problem gives us an opportunity to approach substantially the numerical
calculations to the experimental data (in comparison to the classic phenomenological models [13]),
more exactly to predict and calculate the efficiency of process of precipitation of impurities of the
different technological water-dispersible systems.
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2. Statement of the problem

Let us consider the curvilinear parallelepiped (filter) of Gz = ABCDA∗B∗C∗D∗, bounded by smooth
orthogonal equipotential surfaces between themselves at angular points and edges

ABB∗A∗ = {z : f1 (x, y, z) = 0} , CDD∗C∗ = {z : f2 (x, y, z) = 0}

and also surfaces of flow

ADD∗A∗ = {z : f3 (x, y, z) = 0} , BCC∗B∗ = {z : f4 (x, y, z) = 0} ,

ABCD = {z : f5 (x, y, z) = 0} , A∗B∗C∗D∗ = {z : f6 (x, y, z) = 0} .
Assume [10] that the contamination particles of substance impurities can transfer from one state
to another (processes of entrapping-releasing, sorption-desorption), herewith the concentrations of
contamination influence on characteristics of corresponding medium (porosity, coefficient of filtration,
and others like that). The concentration of contamination is multi component (C = C (x, y, z, t) =
= (C1, . . . , Cm)), where Ci is the concentration of i-th impurity component (i = 1,m) in the liquid
filter medium. The corresponding process of filtration for the domain of G = Gz × (0,∞) is described
by the following modeling problem:





∂ (σ (P )Ci)

∂t
= εα (t)P −−→v · −→∇Ci − βi

m∑
p=1

qpCp−

−εfm−1

(
m∑

p1,...,pu=1
hi,p1,...,puC

γi
i C

γp1
p1 ...C

γpu
pu

)
+Di∆Ci,

∂P

∂t
=

(
m∑
i=1

βiCi

)
− εα (t)P, i = 1,m,

(1)

Ci |ABB∗A∗
= Ci,∗ (M, t) ,

∂Ci
∂−→n

∣∣∣∣
CDD∗C∗

= 0,
∂Ci
∂−→n

∣∣∣∣
ADD∗A∗∪BCC∗B∗∪ABCD∪A∗B∗C∗D∗

= 0,

Ci (x, y, z, 0) = C0
i,0 (x, y, z) , P (x, y, z, 0) = P 0

0 (x, y, z) , (2)

−→v = κ (P )∇ϕ, ∇ · −→v = 0, (3)

ϕ |ABB∗A∗
= ϕ∗, ϕ |CDD∗∗

= ϕ∗,
∂ϕ

∂−→n

∣∣∣∣
ADD∗A∗∪BCC∗B∗∪ABCD∪A∗B∗C∗D∗

= 0, (4)

α(t)

∫∫∫

G

P (x̃, ỹ, z̃, t)dx̃dỹdz̃ = µ(t), (5)

where P (x, y, z, t) is the concentration of the sediment in the internal point (x, y, z) of the domain
G (loading of filter) at the instant of time of t; βi are the coefficients which characterize the mass
volumes of besieging of impurities per time unit, α(t) is unknown coefficient which characterizes mass
volumes of the particles torn off from the granules of loading, µ (t) is the function which characterizes
mass distributing of sediment in the course of time (it is determined by an experimental method [13])
(5) is a condition of redetermination; σ (P ) is the porosity of medium (σ (P ) = σ0 − εσ∗P (x, y, z, t));−→∇ is the operator of Hamilton; ∆ =

−→∇ · −→∇ is the operator of Laplace; Di = d0iε is the coefficient
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of diffusion of impurity in the liquid; σ∗, d0i, ε are hard parameters (characterize the corresponding
soft parameter σ (P ) ) which are determined by an experimental method, ε is the small parameter (it
characterizes advantages of one components of process over others, namely, desorptional components
and phenomenon of component interaction of this process are small in comparison with other its
components); C∗

i (M, t), C0
i,0 (x, y, z)) are smooth enough functions coherent between themselves on

the edges of domain G; M is an arbitrary point of corresponding surface; ϕ is the filtration potential
(0 < ϕ∗ 6 ϕ 6 ϕ∗ < ∞ ); −→v (vx, vy, vz) is the vector of filtration rate (|−→v | > v∗ ≫ ε); κ = K (P ) is
the coefficient of filtration of corresponding porous medium (K (P ) is the given, sufficiently smooth
function); −→n is the external normal to the corresponding surface.

By the method of introduction of the pair of the functions, ψ = ψ (x, y, z), η = η (x, y, z) (spatially
quasi-complex conjugated with the function ϕ (x, y, z) ) such that κ · gradϕ = gradψ× grad η [10] and
substituting the boundary conditions: ψ |ADD∗A∗

= 0, ψ |BCC∗B∗
= Q∗, η |ABCD = 0, η |A∗D∗C∗B∗

=
= Q∗, this problem is replaced by more general direct problem of finding spatial analogue of quasi-
conformal mapping the domain G

z
on the corresponding domain of complex quasi-potential

Gw = {w = (ϕ,ψ, η) : ϕ∗ 6 ϕ 6 ϕ∗, 0 < ψ < Q∗, 0 < η < Q∗}

where, Q∗, Q∗ are unknown parameters,

Q∗ ·Q∗ = Q =

∫

EFF∗E∗

∂ϕ

∂s
ds

amount of liquid that passes through some quasi-potentional surface EFF∗E∗ of domain G
z

(complete
filtration expense). We assume that this problem on a spatial conformal mapping Gw 7→ Gz (Gw =
=
{
w = (ϕ,ψ, η) : ϕ∗ < ϕ < ϕ∗, 0 < ψ < Q∗, 0 < η < Q∗} is corresponding Gz domain of complex

potential) at some average value of κ was determined [9,10], in particular, dynamic net was built and
field of filtration rate, −→v filtration expense was calculated for Q = Q∗Q∗. Then, making out replace-
ment of variables x = x (ϕ,ψ, η) , y = y (ϕ,ψ, η) , z = z (ϕ,ψ, η) in the system (1) and conditions (2),
come to the corresponding problem for the domain of Gw × (0,∞):





∂ (σ (ρ) ci)

∂t
= εα (t) ρ− v2

∂ci
∂ϕ

− βi
m∑
p=1

qpCp − ε
m∑

p=1, i 6=p
hi,pci,j−1cp,j−1+

+εd0i

(
v2
∂2ci
∂ϕ2

+ b1
∂2ci
∂ψ2

+ b2
∂2ci
∂η2

+ d1
∂ci
∂ψ

+ d2
∂ci
∂η

)
,

∂ρ

∂t
=

m∑
i=1

βici − εα (t) ρ,

(6)

ci(ϕ̄∗, ψ, η, t) = c∗i (ψ, η, t) , ci,ϕ(ϕ̄
∗, ψ, η, t) = 0,

ci,ψ(ϕ, 0, η, t) = ci,ψ(ϕ,Q∗, η, t) = ci,η(ϕ,ψ, 0, t) = ci,η(ϕ,ψ,Q
∗, t) = 0,

ci(ϕ,ψ, η, 0) = ci,
0
0 (ϕ,ψ, η) , ρ(ϕ,ψ, η, 0) = ρ00 (ϕ,ψ, η) , (7)

α(t)

∫∫∫

Gw

ρ(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃ = µ(t), (8)

where (see, e.g. [9,10])

ci = ci (ϕ,ψ, η, t) = Ci (x(ϕ,ψ, η), y(ϕ,ψ, η), z(ϕ,ψ, η), t) ,
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ρ = ρ (ϕ,ψ, η, t) = P (x(ϕ,ψ, η), y(ϕ,ψ, η), z(ϕ,ψ, η), t) ,

b1 = b1 (ϕ,ψ, η) = (
−→∇ψ)

2
, b2 = b2 (ϕ,ψ, η) = (

−→∇η)
2
, d1 = d1 (ϕ,ψ, η) = ∆ψ,

d2 = d2 (ϕ,ψ, η) = ∆η,

v2 (ϕ,ψ, η) = v2x (x(ϕ,ψ, η), y(ϕ,ψ, η), z(ϕ, ψ, η)) + v2y (x(ϕ,ψ, η), y(ϕ,ψ, η), z(ϕ, ψ, η)) +

+ v2z (x(ϕ,ψ, η), y(ϕ,ψ, η), z(ϕ, ψ, η)) .

3. Asymptotic nature of the solution

The solution of the problem (6), (8) with needed accuracy we search as asymptotic series [9,10]:

ci = ci,0 +
n∑

j=1

ε jci,j +
n∑

j=0

ε jΠi,j +
n∑

j=0

ε jΠ̄i,j +
n+1∑

j=0

ε j/2 Π̃i,j+

+

n+1∑

j=0

ε j/2 ¯̄Πi,j +

n+1∑

j=0

ε j/2 ˜̃Πi,j +

n+1∑

j=0

εj/2 Π̂i,j +Rc,i, (9)

ρ = ρ0 +

n∑

j=1

ε jρj +

n∑

j=0

ε jPj +

n∑

j=0

ε iP̄j +

n+1∑

j=0

ε j/2 P̃j+ (10)

+
n+1∑

j=0

ε j/2 ¯̄P j +
n+1∑

j=0

ε j/2 ˜̃P j +
n+1∑

j=0

ε j/2 P̂j +Rρ, (11)

α (t) = α0 (t) +

k∑

j=1

εjαj (t) +Rα(t, ε), (12)

where Rc,i(ϕ,ψ, η, t, ε), Rρ(ϕ,ψ, η, t, ε), Rα(ϕ,ψ, η, t, ε) are remainder members, ci,j (ϕ,ψ, η, t),
ρj (ϕ,ψ, η, t), αj(t) are members of regular part of asymptotics (i = 1,m; j = 0, n); Πi,j(ξ, ψ, η, t),
Pj(ξ, ψ, η, t) are functions of the boundary type for the layer in ϕ = ϕ̄∗ (corrections are made at the
filter inlet) (j = 0, 2), Π̄i,j(ξ̄, ψ, η, t), P̄j(ξ̄, ψ, η, t) in ϕ = ϕ̄∗ (corrections are made at the filter inlet)

(j = 0, 2), and functions Π̃i,j(ϕ, ψ̃, η, t),
¯̄Πi,j(ϕ,

¯̄ψ, η, t), ˜̃Πi,j(ϕ,ψ, ˜̃η, t), Π̂i,j(ϕ,ψ, η̂, t) and P̃j(ϕ, ψ̃, η, t),
¯̄P j(ϕ,

˜̃ψ, η, t), ˜̃P j(ϕ,ψ, η̃, t), P̂j(ϕ,ψ, ˜̃η, t) (j = 0, 3) in ψ = 0, ψ = Q, η = 0, η = Q (corrections
are made on the “walls” of the filter), accordingly; ξ = (ϕ∗ − ϕ)/ε, ξ̄ = (ϕ− ϕ∗)/ε, ψ̃ = ψ/

√
ε,

ψ̃ = (Q∗ − ψ)/
√
ε, ˜̃η = η/

√
ε, η̂ = (Q∗ − η)/

√
ε are “stretches” of corresponding variables.

By the substitution of correlations (9)–(11) into (6)–(8) and fulfilling the standard procedure of
“equating” of coefficients at identical degrees ε, we obtain the following problems to solve ci,j(ϕ,ψ, η, t),
ρj(ϕ,ψ, η, t) (j = 0, n)





σ0
∂ci,0
∂t

+ v2
∂ci,0
∂ϕ

+ βici,0 = 0,
∂ρ0
∂t

=
m∑
i=1

βici,0,

ci,0(ϕ,ψ, η, 0) = ci
0
,0, ci,0 (ϕ∗, ψ, η, t) = ci∗ (ψ, η, t) ,

ρ0(ϕ,ψ, η, 0) = ρ00 ;

α0(t)

∫∫∫

Gw

ρ0(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃ = µ(t),
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−σ∗ρj−1
∂ci,j
∂t

+ v2
∂ci,j
∂ϕ

+ βici,j +
m∑

l,g=1, l 6=g
kl,gcl,j−1cg,j−1 = Ui,j,

∂ρj
∂t

=
m∑
i=1

βici,j −
j∑

k=1

αj−k(t)ρk−1,

ci,j (ϕ,ψ, η, 0) = 0, ci,j (ϕ∗, ψ, η, t) = 0,

ρj (ϕ,ψ, η, 0) = 0;

α0(t)

∫∫∫

Gw

ρ0(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃ + α1(t)

∫∫∫

Gw

ρj−1(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃ + . . .+

+ αj(t)

∫∫∫

Gw

ρ0(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃ = 0.

As a result of their solving, we obtain

ci,0 =





ci,∗ (ψ, η, t − f) exp


−βi

ϕ∫

ϕ∗

dϕ̃

v2 (ϕ̃, ψ, η)


 , t > f,

ci,
0
0

(
f−1 (f − t, ψ, η) , ψ, η

)
exp

[
−βit
σ0

]
, t < f,

ρ0 =

t∫

0

(
m∑

i=1

βici,0

)
dt̃+ ρ00, α0(t) =

µ(t)∫∫∫
Gw

ρ0(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃
,

ci,j =





e−λ1
ϕ∫

ϕ0

Ui,j (s, ψ, η, f (s, ψ, η)− f + t)

v2 (s, ψ, η)
eλ2(s,ψ,η,t)ds, , t > f,

−e
−λ1

σ∗

t∫

0

Ui,j
(
f−1 (s+ f − t, ψ, η) , ψ, η, s

)

ρj−1 (f−1 (s+ f − t, ψ, η) , ψ, η)
eλ2(ϕ,ψ,η,s)ds, t < f,

ρj =

t∫

0

(
m∑

i=1

βici,j −
j∑

k=1

αj−k(t)ρk−1

)
dt̃, αj(t) =

j∑
k=1

αj−k(t)
∫∫∫
Gw

ρj(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃

∫∫∫
Gw

ρ0(ϕ̃, ψ̃, η̃, t)dϕ̃dψ̃dη̃
,

where

Ui,j (ϕ,ψ, η, t) = d0i

(
v2
∂2ci,j
∂ϕ2

+ b1
∂2ci,j
∂ψ2

+ b2
∂2ci,j
∂η2

+ d1
∂ci,j
∂ψ

+ d2
∂ci,j
∂η

)
+

+ αj−1 (t) ρj−1 −
m∑

l,g=1, l 6=g
kl,gcl,j−1cg,j−1,

(
j = 2, n

)
,

λ1 (ϕ,ψ, η, t) = −βi
ϕ∫

ϕ0

ρj−1 (s, ψ, η, f (ϕ̃, ψ, η) + t− f) ci,j (s, ψ, η, f (ϕ̃, ψ, η) + t− f)

v2 (s, ψ, η)
ds,
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λ2 (ϕ,ψ, η, t) = −βi
t∫

0

ρj−1

(
f−1 (s̃+ f − t, ψ, η) , ψ, η, s̃

)
ci,j
(
f−1 (s̃+ f − t, ψ, η) , ψ, η, s̃

)

σ
(
f−1

(
t̃+ f − t, ψ, η

)
, ψ, η

) ds̃,

f(ϕ, ψ̄, η̄) =

ϕ∫

ϕ0

ds

v2
(
s, ψ̄, η̄

)

is the time of transit of the corresponding particle way from the point

(
x(ϕ∗, ψ̄, η̄), y(ϕ∗, ψ̄, η̄), z(ϕ∗, ψ̄, η̄)

)
∈ ABB∗A∗

to the point (x(ϕ, ψ̄, η̄), y(ϕ, ψ̄, η̄), z(ϕ, ψ̄, η̄)) ∈ Gz along the corresponding line of flow (as crossing
some two surfaces ψ(x, y, z) = ψ̄, 0 6 ψ̄ 6 Q∗, η(x, y, z) = η̄, 0 6 η̄ 6 Q∗), f−1 is the function
inverse to f with respect to the variable ϕ (we should note that such function exists as v2(ϕ,ψ, η) is
continuously differentiable, limited, positive certain function).

Functions Πi,j(ξ, ψ, η, t), Pj(ξ, ψ, η, t) ϕ = ϕ̄∗, (j = 0, 2), Π̄i,j(ξ̄, ψ, η, t), P̄j(ξ̄, ψ, η, t), (j = 0, 2),

Π̃i,j(ϕ, ψ̃, η, t),
¯̄Πi,j(ϕ,

¯̄ψ, η, t), ˜̃Πi,j(ϕ,ψ, ˜̃η, t), Π̂i,j(ϕ,ψ, η̂, t) and P̃j(ϕ, ψ̃, η, t),
¯̄P j(ϕ,

˜̃
ψ, η, t),

˜̃P j(ϕ,ψ, η̃, t), P̂j(ϕ,ψ, ˜̃η, t) (j = 0, 3) are determined following [9]. The estimation of remainder mem-
bers is conducted following [10].

4. Results of numerical calculations

We represent results of numerical experiment for filter bounded with the following surfaces:

f1(x, y, z) = z − 1.25,

f2(x, y, z) = (z − 2.5466434)2 + y2 + x2 − 0.1187841,

f3(x, y, z) = (z − 1.25)2 + (y − 3.8471044)2 + x2 − 16.3627124,

f4(x, y, z) = (z − 1.25)2 + x2 + (y + 3.8471044)2 + x2 − 16.3627124,

f5(x, y, z) = f6(x, y, z) = [z(z − 2.5) + y2 + x2]
2
+ 6.25y2 − 36.4276695x2 .

Such filter is characterized by a considerable spatialness of filing up, “monotony of narrowing” in
direction from the inlet to the outlet of filter (a choice of such form is explained by practice), and
mutual orthogonality of verges along edges and at angular points (it is substantial for simplification
of procedure of construction of spatial conformal mapping). On the basis of [10], a calculation of a
dynamic net is constructed in GZ ,

ϕ(x, y, z) = ϕ̄i
df
= ϕ∗ + [(ϕ∗ − ϕ∗) i]/n, i = 0, n,

ψ(x, y, z) = ψ̄j
df
= (Q∗j)/m, j = 0,m,

η(x, y, z) = η̄k
df
= (Q∗k)/l, k = 0, l

for ϕ∗ = 0, ϕ∗ = 8000, k = 1, n = 30, m = 16, l = 16 (parameters of n, m and l are chosen from the
condition of most similarity of the built net to cube), the lauter expense of Q is found = 0.651, the
values of filtration rate |v| are calculated. Thus the misclosures of the expected constructions do not
exceed 0.001.

In Figure 3, the distribution of concentrations c1, c2, and density ρ is shown along the lines of flow for
L = 1 m, βi = 0.3 m2/s, α0 = 0.0056 m2/s, σ0 = 0.5, ε = 0.001, k = 1; c01,0(ϕ,ψ, η) = 0.017 exp

(
−ϕ2

)
,

c02,0(ϕ,ψ, η) = 0.021 exp
(
−ϕ2

)
, c∗1(ψ, η, t) = 0.017, c∗2(ψ, η, t) = 0.021, ρ00(ϕ,ψ, η) = 0.
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Fig. 1. Spatial distributions of concentrations c1, c2, and density ρ

Fig. 2. 2D distributions of concentrations c1, c2, and density ρ during the 10-hour time

Fig. 3. 2D distributions of concentrations c1, c2, and density ρ
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5. Conclusions

The solution of corresponding nonlinear inverse problem concerning the model that describes the
process of multi component decontamination of liquid through filtration in a spatial filter gives us an
opportunity to substantially approach numerical calculation to the experimental data (in comparison
with the classic phenomenological models), more exactly, to predict and calculate efficiency of the of
process of sediment impurities of the different technological water-dispersible systems. The modeling
of processes of filtration under the conditions of incomplete data and automation of corresponding
processes are of prospect.
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Iдентифiкацiя масообмiнного коефiцiєнта в просторовiй задачi
фiльтрування
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Розглядається задача моделювання процесу очищення рiдин вiд багатокомпонентно-
го забруднення просторовим фiльтром, яка враховує зворотний вплив визначальних
факторiв (концентрацiї забруднення рiдини та осаду) на характеристики середовища
(коефiцiєнт пористостi, дифузiї) i надає можливiсть визначення малого масообмiн-
ного коефiцiєнта за умов домiнування конвективних складових над дифузiйними.
Запропоновано алгоритм розв’язку вiдповiдної нелiнiйної оберненої сингулярно збу-
реної задачi типу «конвекцiя-дифузiя-масообмiн».

Ключовi слова: багатокомпонентнiсть, обернена задача, iдентифiкацiя, умова
перевизначення, асимптотичний розв’язок, збурення
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