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Structure of geometrical nonlinearities in mathematical model of liquid sloshing in tanks
of non-cylindrical shape is under consideration. In contrast to the case of cylindrical reser-
voir, some new types of nonlinearities occur in mathematical statement of the problem.
They are connected with four main reasons. First, they are determined by new normal
modes, which correspond to non-cylindrical shape of the tank and take into account some
nonlinear properties of the problem (for example, they follow tank walls above level of a
free surface). Second, determination of the potential energy of the liquid includes tanks
geometry in close vicinity of cross-section of undisturbed free surface of the liquid and tank
walls. Third type of manifestation of geometrical nonlinearities is connected with compen-
sation of elevation of liquid level due to non-cylindrical type of tank shape for providing
law of mass conservation. The fourth type of nonlinearities is connected with simultane-
ous manifestation of physical and geometrical nonlinearities. Investigation showed that
mostly manifestation of nonlinear properties of liquid sloshing, connected with geometri-
cal nature, is predetermined by inclination and curvature of tank walls in close vicinity
of contact of undisturbed liquid with tank walls. We illustrated some general properties
of geometrical nonlinearities by the example of three cases of tanks, namely, cylindrical,
conic, and paraboloidal tank, which is selected such that its walls have the same inclina-
tion near free surface of the liquid as conic tank, but in this case curvature is manifested
supplementary.

Keywords: nonlinear dynamics of liquid, liquid sloshing, geometrical nonlinearities, nu-
merical example

2000 MSC: 76B07, 76B99

UDC: 532.595

1. Introduction

Many types of engineering structures are connected with transport of liquid cargoes. Such transport
systems as rockets carriers, spacecrafts, aircrafts, cisterns, chemical reactors, oil storage systems are
frequently used in practice. In most cases liquid does not completely fill tanks of such systems and
oscillations of a liquid free surface appears on transporting. Moreover, for many systems liquid is
consumed during operation (fuel, oxidant, etc.). This results in the property that masses of oscillating
liquid and its frequency parameters vary in time. It is known that for a large relative mass of liquid
its wavy motion can essentially influence dynamics of a transport object. This makes supplementary
demands to a control system (operator) and can cause undesirable modes of motion and even emergency
situations. Particularly dangerous consequences can take place for resonant development of oscillations.
For elimination of such development of processes various dampers are usually applied, which insertion
results in considerable increase of mass of a tank. At the same time part of these modes can be prevented
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by reasonable selection of mode of motion of transport object. For this selection it is necessary to have
highly reliable models of processes, which is convenient for both theoretical analysis and numerical
realization. Theoretical and experimental investigations are evidence of the fact that models based
on ideas of linearization of processes don’t reflect many significant properties and, therefore, their
reliability is strictly bounded. Complication of operation modes of modern transport objects and
raising the level of requirements of accuracy of their functioning result in necessity of realization of
simulation on the basis of nonlinear description of dynamic phenomena, taking into account complete
variety of interacting factors, which influence dynamic behavior of structures with liquid.

Recent investigations showed that main achievements in modeling of liquid sloshing are connected
with theoretical methods, which use modal discretization (representation of solutions by means of
decompositions with respect to normal modes of oscillations of a system), i.e., which reduces the initial
discrete-continuum model to a certain discrete model. In addition for different stages of realization of
this approach application of numerical methods is used.

The analysis of literature of resent years testifies that on investigation of dynamics of structures
with liquid insufficient attention was paid to theoretical investigations of problems, when a carrying
body realizes combined motion with liquid. Moreover, the case, when motion of a carrying body is not
specified, but is determined in the process of solving the problem about combined motion of a body
with liquid under given forces and torques, is also not adequately explored. Namely, this statement of
the problem makes it possible to determine characteristics of influence of liquid filling on motion of a
carrying body. It is worthy to note also that transient processes are important but scantily explored
cases in this area [1–4].

Analysis of literature sources showed also that until now investigations of liquid sloshing in tanks
of non-cylindrical shape are still developed insufficiently. Problems of liquid sloshing in non-cylindrical
tanks are much more complicated than in the case of reservoirs with vertical walls. In the case of tanks
with inclined walls it is necessary to modify considerably mathematical description of the problem,
because for non-cylindrical tanks it contains essential contradiction in physical and mathematical sense
of the problem. First of all problem statement does not contain information about behavior of tank
walls above undisturbed position of liquid free surface. However, in the case of nonlinear problem
liquid should follow tank walls for certain height, defined by amplitudes of excitation of waves. It was
shown that this property is a part of requirements of solvability conditions for the boundary value of
the problem of liquid sloshing. Further investigations showed that for solving the problem of oscillation
of liquid in tanks of non-cylindrical shape it is necessary to use non-cylindrical parametrization of the
domain, occupied by liquid. At the same time new types of nonlinearities, predetermined by geometry,
manifest strongly for this type of problems. For example, the first normal mode in conic reservoir with
right cone angle should be plain. However, in the case of nonlinear problem such normal mode violates
conservation law for mass and demands compensation of liquid volume by vertical displacement of
middle point of liquid free surface.

Objective of investigation of the present article is determination of influence of inclination and
curvature of tank walls on formation of waves in tanks of cylindrical, conic and paraboloidal shapes
and analysis of distinctive properties of waves generation, caused by geometric factors.

2. Mathematical statement of the problem

The problem about oscillations of ideal incompressible liquid with a free surface in immovable cavity
of arbitrary geometrical shape is stated in the form of the following boundary value problem

∆ϕ = 0 in τ ; (1)

∂ϕ

∂n
= 0 on Σ; (2)
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∂η

∂t
= −

∂ϕ

∂n
‖∇η‖ on S; (3)

∂ϕ

∂t
+

1

2
(∇ϕ)2 + U = 0 on S. (4)

Here motion is described in the Cartesian reference frame Oxyz connected with the tank, ϕ is the
velocity potential of liquid, τ is the domain occupied by liquid, ∂

∂n is external normal derivative to a
surface, Σ is boundary of contact of liquid with tank walls in perturbed motion (for convenience we
introduce also Σ0, which corresponds to boundary of contact of liquid with tank walls in unperturbed
motion and ∆Σ variation of the contact boundary caused by liquid perturbation, Σ = Σ0 +∆Σ), S is
a free surface of liquid in its perturbed motion (S0 is a free surface of liquid in unperturbed motion),
η(x, y, z, t) is the equation of a free surface of liquid, ‖∇η‖ is norm of the gradient of the function η,
U is the function of potential energy of liquid, t is time. For simplification of the following analysis of
some general properties of the boundary problem (1)–(4) we shall limit our consideration on this stage
by the case of an immovable tank.

In the case when the tank cavity represents a cylindrical domain one succeeded to resolve the
equation of the free surface relative to the variable z, which corresponds to vertical direction. Then
the equation of a free surface takes the form of

η(x, y, z, t) = z − ξ(x, y, t),

the corresponding linear problem admits analytical solution on the basis of the method of variables
separation, and the problem (1)–(4) becomes essentially simpler. In the case of cylindrical domains
occupied by liquid it is possible to construct efficient algorithms for solving nonlinear problems of
dynamics tanks with liquid with a free surface, including the case of translational and rotational
motion of the carrying body [2]. The most substantial results in this direction were obtained on the
basis of variational algorithms of statement and solving of nonlinear problems of dynamics of tanks
with liquid. Thus, for tanks of cylindrical shapes various problems of dynamics of steady and transient
modes of motion of reservoirs with liquid were investigated.

In spite of the fact that the question about spreading results, obtained for cylindrical tanks on the
cases of tanks of complex geometry seemed for many researchers as a question of numerical realization,
until now cases of tanks of non-cylindrical shape are investigated rather superficially. Attempt of
creation of unified highly universal approach for solving problems of nonlinear dynamics of liquid in
cavities with inclined walls was made in publications [3], where the problem about motion of liquid in
tank was formulated for non-Cartesian parametrization of the liquid domain. However, until now this
method have not found practical application and investigations in this direction are not continued.

For further progress in solving applied problems of this class of objects it is necessary to analyze
deeper mechanical and mathematical essence of the problem. This analysis will be done from point
of view of further application of the variational method of solving the problem, which is based on for-
mulation of the mechanical problem on the basis of the Hamilton-Osctrogradsky variational principle.
It is known that this approach was successfully applied for solving nonlinear problems of dynamics
of reservoirs of cylindrical shape with liquid with a free surface [2]. The mechanical analysis of this
approach shows that a part of the problem conditions (kinematical constraints) should be satisfied
before solving the variational problem on the stage of construction of decompositions of desired vari-
ables, and dynamic boundary conditions and motion equations for the carrying body are obtained
from the variational principle as natural. It is significant to note that in the subsequent procedure
of problem solving no supplementary requirements are stated for implementation of procedure of sat-
isfying kinematical requirements of the problem. For cylindrical domains the solvability condition of
the Neumann problem for the Laplace equation (for the problem about oscillations of liquid with a
free surface (1)–(4)) is quite trivial. This condition is equivalent to requirement of conservation of
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liquid volume in its perturbed motion for every normal mode of oscillations. Analysis, conducted in
the present article, shows that simple transfer of this form of the solvability condition on the case of
oscillations of liquid in non-cylindrical cavities is insufficient.

Hence, construction of a nonlinear discrete resolving model for the problem about oscillations of
ideal liquid with a free surface in a tank of non-cylindrical shape will be done according to the following
scheme.

1. Analysis of solvability conditions.
2. Construction of decompositions of desired variables, which hold linear kinematic constraints.
3. Construction of decompositions of desired variables, which hold nonlinear kinematic boundary

conditions;
4. Construction of resolving system of motion equations relative to amplitude parameters of liquid

motion and parameters of translational motion of the carrying body.

Let us consider a problem about oscillations of liquid with a free surface in a reservoir, which
cavity is of revolution shape. We consider the case, when reservoir is movable and can perform finite
translational movements. For specification of liquid motion we introduce non-Cartesian parametriza-
tion of the domain, occupied by liquid, according to the following scheme

α =
r

f(z)
; β =

z

H
, (5)

where r = f(z) is the equation of the generatrix of a body of revolution, H is filling depth of liquid.
Here we suppose that the origin of the reference frame is in the center of the undisturbed free surface of
liquid, the axis Oz is directed upward, (r, θ, z) is the system of cylindrical coordinates, which according
to the relations (5) is substituted for the new non-Cartesian system of coordinates (α, θ, β) (α ∈ [0, 1];
θ ∈ [0, 2π] and for unperturbed state β ∈ [−1, 0]). For the accepted system of parametrization the
domain of liquid takes cylindrical shape and the equation of a free surface can be resolved relative to
the coordinate β and it takes the form of

β =
1

H
ξ(α, θ, t). (6)

The problem about motion of the bounded volume of liquid takes now the form of

∆ϕ = 0; (7)

∂ϕ

∂n
=

1√
1 + f ′2

(
∂ϕ

∂r
− f ′

∂ϕ

∂z

)
= 0 for r = f(z), (8)

∂ξ

∂t
+

1

f2
∂ξ

∂α

∂ϕ

∂α
+

1

α2f2
∂ξ

∂θ

∂ϕ

∂θ
− αf ′

f

∂ξ

∂α

∂ϕ

∂z
− ∂ϕ

∂z
= 0

for β =
1

H
ξ(α, θ, t). (9)

We notice that the underlined term appeared in the kinematical boundary condition (9) due to non-
cylindrical shape of the domain, occupied by liquid, and reflects non-Cartesian property of the accepted
parametrization.

The equations (7)–(9) don’t represent the complete formulation of the problem about motion of
liquid with a free surface, but they present the system of kinematical restrictions of the problem.
Similar to the approach used for cylindrical tanks we shall obtain dynamical boundary conditions and
motion equations for the carrying body from the Hamilton-Ostrogradscky variational principle.

Translational motion of the reservoir relative to a conventionally immovable reference frame is
described by the vector of displacements ε.
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3. Analysis of the solvability condition of the problem

Taking into account that the problem (1)–(4) as well as the corresponding linear boundary problem [1]
has no exact analytical solution for arbitrary cavities of revolution, we must come from the fact that
boundary conditions of the problem (1)–(4) will be realized approximately. According to the general
theory of solvability of the Neumann boundary problems for the Laplace equation the solvability
condition for the problem (1)–(4) can be given in the following form

∫

Σ0

∂ϕ

∂n
dΣ+

∫

∆Σ

∂ϕ

∂n
dΣ +

∫

S

∂ϕ

∂n
dS = 0. (10)

Let us analyze essence of every terms in the expression (10). The first addend represents requirement
of satisfying (in weak sense) the non-flowing condition on an unperturbed boundary of contact of
liquid with tank walls Σ0. Therefore, holding this boundary condition of non-flowing on Σ0 should
be performed with improved accuracy. In our appearance on realization of different procedures of
solving of this class of problems insufficient attention was paid to this question. Sometimes normal
modes of oscillations with errors of satisfying of boundary non-flowing condition about 20% and more
were applied for numerical realization. Correspondingly, such violation of non-flowing conditions, and,
therefore, the solvability condition, results in instability of realization of numerical procedures.

The second addend corresponds to the requirement of realization in weak sense of the non-flowing
condition on the boundary ∆Σ, i.e., on wave crests of liquid above level of the undisturbed free surface
of liquid. This physically evident kinematic boundary condition is not consequence of statement of
the linear problem about oscillations of liquid in a tank, which is usually applied for construction
of decompositions of desired variables. Normally this condition was not taken into consideration
on analysis of nonlinear oscillations of liquid in tanks of non-cylindrical shape at all, although we
suppose that this condition is the dominant one in the analysis of the physical sense of the considered
problem. In accordance with the maximum principle for harmonic functions the solution tends to
violate realization of non-flowing condition, and this corresponds to overflow of liquid through the
tank wall (namely this causes “loss” of liquid in different methods of point-wise discretization). In spite
of the property that this condition is expressed by a linear mathematical relation, according to its
nature it is nonlinear, because it corresponds to realization of the kinematic condition on a nonlinear
perturbed surface, and it is evident that this condition does not enter the linear statement of the
problem.

In order to analyze the third addend in the solvability condition of the problem we perform its
transformation. It is known that one of the form of the kinematic boundary condition on a free surface
has the form

∂ϕ

∂n
=

1√
1 + (∇ξ)2

∂ξ

∂t
on S.

After substituting this condition into the third addend of the condition (7) we obtain

∫

S

∂ϕ

∂n
ds = −

∫

S0

∂ξ

∂t
dS = − ∂

∂t

∫

S0

ξ dS,

i.e., the integral over a perturbed free surface of liquid S can be transformed to the unperturbed
free surface S0. The latter form of the third addend corresponds to requirement of the liquid volume
conservation in its perturbed motion. This requirement holding will be considered below, where we
shall show that implementation of the requirement of liquid volume conservation for every separately
taken normal mode of liquid oscillation, which corresponds to linearized requirement, is not sufficient
for holding on a whole of the requirement of volume conservation in its perturbed motion.
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Thus, the analysis of solvability conditions of the nonlinear boundary problem shows, that for
correct solving of the nonlinear problem it is necessary to

a) satisfy with high precision the non-flowing requirement for liquid on moisten in the unperturbed
state boundary of contact liquid –tank;

b) satisfy requirement of non-flowing of liquid on tank walls over the level of an unperturbed free
surface, where crests of nonlinear waves reach;

c) satisfy requirements of liquid volume conservation in its perturbed nonlinear motion;
d) provide holding all these requirements on the stage of construction of decompositions of desired vari-

ables, which satisfy all kinematic boundary conditions of the problem, before solving the variational
problem.

4. Construction of decompositions of desired variables (linear requirements)

As it follows from analysis of solvability conditions of the problem for successful implementation of
algorithm of construction of the nonlinear finite-dimensional model of dynamics of liquid with a free
surface in cavity of revolution it is necessary to construct a system of coordinate functions, which
satisfy with high accuracy non-flowing requirements on the moisten boundary Σ, which consists of the
unperturbed moisten boundary Σ0 and its certain prolongation ∆Σ, until which wave crests can rise.

Traditionally the problem about determination of this system of coordinate functions was identified
with the classical problem about determination of normal frequencies and modes of oscillations of ideal
liquid with a free surface in cavities of different geometrical shape. As it follows from the mentioned
above analysis the system of coordinate functions for solving the nonlinear problem does not coincide
with normal modes of oscillations, since it must supplementary satisfy non-flowing conditions on ∆Σ.
At the same time the problem about determination of normal frequencies and modes of oscillations
of liquid with a free surface has independent theoretical and applied significance. First of all namely
on the basis of this problem calculation of normal frequencies of oscillations of a free surface of liquid
and hydrodynamic coefficients of the motion equations is done. Here these coefficients (the so-called
virtual masses) are expressed in an open form as quadratures of normal modes of oscillations. Normal
frequencies and virtual masses of liquid are the basic parameters for construction of linear dynamic
systems for control of bodies with liquid. At present different methods for determination of normal
frequencies and modes of oscillations of liquid in reservoirs are developed [4], which give suitable results
for practice. Practically all these approaches use the traditional boundary eigenvalue problem

∆ϕ = 0 in τ0;
∂ϕ

∂n
= 0 on Σ0;

∂ϕ

∂z
= λϕ on S0, (11)

or its variational analog

δI = 0, where I =

∫

τ0

(∇ϕ)2dτ − λ

∫

S0

ϕ2dS. (12)

As it was shown in [4], solution of the problem (11) or its variation analog (12) contains analytical
singularity on the contour L0. The presence of this singularity mainly clarifies sufficiently rapid mani-
festation of numerical instability on increase of the number of coordinate functions, which approximate
a solution of the problem (11). Preliminary analytical isolation of the singularity on the contour L0

and further search of the problem solution in the form of sum of singular and regular components
essentially complicates the algorithm of problem solving and reduces its practical applicability. The
presence of this mathematical singularity is predetermined by existence of angular on the contour L0

and alteration of the form of boundary condition in a vicinity of L0. Partial reason of manifestation
of this singularity is caused by linearization of the problem, as a result of which certain mechanical
contradiction appears, i.e., the problem is solved for the immutable domain τ0, however, for points of
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boundary S0 of the domain τ0 non-zero normal velocities are possible. This contradiction is absent
in the nonlinear statement of the problem, where singular properties of the solution are manifested
weaker.

In connection with development of analytical and numerical-analytical methods for solving nonlin-
ear problems of dynamics of bodies with liquid, where application of normal modes of oscillations as
coordinate functions is assumed, solutions of the problem similar to (11) must meet requirements of
not only integral character (as in the case of the linear theory), but of differential character too. Sense
of supplementary requirements consists in the property that the non-flowing boundary condition on
∆Σ, i.e., on prolongation of the surface Σ0 outside the domain τ , must hold. Practically this must
be provided in the mentioned methods of solving of nonlinear problems by existence and vanishing

derivatives of the following type
∂k+1ϕ

∂n∂lk
, where l is the unit tangent vector to surface Σ0 on angular

contour (k = 1, 2, . . . depend upon order of maximally taken nonlinearities on modeling of motion of
liquid with a free surface).

It is evident that in the general case solutions of the problem (11) does not hold this requirements,
since the initial statement of the boundary problem contains only conditions with differential operators
of the first order. In this connection it is expedient to certain extent to refuse from the traditional
problem of determination of normal frequencies and modes and to construct approximately the system
of coordinate functions ψi, which is close to solutions of the problem (11) ψi with correspondingly
close parameters λi and λi, but which in addition holds with high accuracy non-flowing condition on
Σ0 and on the surface ∆Σ.

For realization of this goal we suggest two techniques, i.e., successive refinement of solution of
the problem (11) and the method of auxiliary domain for reduction of influence of singular points on
behavior of the solution.

As it is known, success of application of direct methods of solving of variational problems depends
essentially on properties of coordinate functions. However, in most cases it is not possible to construct
efficient coordinate functions, which hold exactly in advance a part of conditions of the problem (11).

Therefore researchers mainly use the harmonic polynomials w
(m)
k for solving problems for different

simply connected domains as coordinate functions, which do not hold specificity of geometrical shape
of a cavity at all.

For partial account of geometrical and physical characteristics of normal modes (desired solution)
we suggest the following algorithm of successive refinement of coordinate functions. After solving
the variational problem (12) and the algebraic eigenvalue problem we propose to select the obtained
eigenfunctions (normal modes of oscillations of a free surface of liquid) as new coordinate functions
and repeat the procedure of solving of the problem (12). In the case of necessity this step can be
repeated. However, for next step of successive refinement of coordinate functions it is not necessary
to calculate quadratures again, since the above described techniques is equivalent to the following
calculation scheme.

Let
(A− λB)x = 0 (13)

be the algebraic eigenvalue problem, which is obtained by numerical realization of the variational
problem (12) and D be the matrix composed of eigenvectors, i.e., solutions of the algebraic prob-
lem (13). Then, one step of the above described successive process is equivalent to transition from the
problem (13) to the problem

[DT (A− λB)D]x = 0. (14)

Moreover, with considering non-degeneracy of the matrix D (otherwise solutions will be dependent)
eigenvalues of the problems (13) and (14) coincide. Since solutions of the problem (11) possess property
of orthogonality, then the matrix B∗ = DTBD tends to a diagonally scattered structure (non-zero
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elements are located only on the main diagonal, part of rows are completely zero). This property of
the matrix B∗ creates additional preconditions for more precise numerical solving the problem (13).

Actually efficiency of the described technique is based on imperfections of the numerical solution
of (13). Moreover, advantages of this approach manifest vividly on tending to boundary of divergence
of calculation procedure of the problem (12) on increase of the number of coordinate functions. Thus,
in the case of solving the problem about oscillations of liquid with a free surface in spherical cavity
with H = 0.5R for N = 12 coordinate functions with the given calculation accuracy ε = 10−6 and
for single iteration we obtain results, which are practically coincide with solutions of the problem with
ε = 10−13 without iterations. However, for ε = 10−19 successive refinement of solving the problem
(13) for N = 12 is not practically manifested. This technique becomes apparent most efficiently for
23 6 N 6 28, when for filling levels of liquid close to H = R calculation convergence of solutions of
the problem (13) appears. In this case results of calculations testify the described iteration procedure
possesses properties of contracting mapping for errors of solving the problem (13), i.e., for certain
parameters after reaching calculation instability on the initial step as early as on the first step of the
iteration process recovery to domain of stable calculation takes place. Results of numerical experiments
in the domain of convergence of calculations (23 6 N 6 28 for sphere) application of the iterative
scheme makes it possible to improve the solution of the problem (13), obtained according to the
classical scheme 1.5 –2 times, and on distance from a free surface it is improved 3 –10 times (in some
cases 50 times). Let us note that property of solution continuability along the surface ∆Σ, as a rule,
become worst after application of this iteration procedure.

For the purpose of construction of coordinate functions for solving the nonlinear problem of dynam-
ics of liquid with a free surface we apply the following technique for reduction of influence of singularity
on angular contour on character of behavior of the solution. Numerical experiments showed that solv-
ing the problem by the variational method with application of regular coordinate functions presence of
singularity in statement of the boundary problem (11) becomes apparent in poor convergence, which
further results in instability of numerical procedure.

Hence, we propose to solve the problem about determination of coordinate functions close to normal
modes of oscillations, but having the mentioned above supplementary properties in the following way.
We solve the problem (12) for the domain τ +∆τ , where δτ is selected on the basis of requirements for
validity range of the nonlinear theory for desirable boundaries of satisfying of non-flowing condition of
wave crests on ∆Σ. Here singularities in the constructed solution become apparent in a vicinity of the
point A′. However, in a vicinity of the point A, which is an inner point of the surface Σ+∆Σ domain
for the domain τ + ∆τ , the solution possesses regular properties. Next important stage consists in
method of projection of the obtained values of ψ′

i and λ′i onto the surface S0, i.e., with reference to
the domain τ . If we use regular solutions ψ′

i for domain τ ′ as coordinate functions of the problem (12)
for the domain τ , then singularities in the problem statement (12) result in weak convergence for the
domain ∆Σ including the point A. Therefore, we propose to consider values ψ′

i on the surface S0 as
ψi. Moreover, as numerical experiments showed according to character of behavior ψi are close to ψ′

i

and ψi, and eigenvalues, determined for ψi by the Rayleigh method, differ from λi very slightly. We
named this technique for determination of coordinate functions, which partially hold requirements of
nonlinear statement of the problem (liquid traces tank walls above level of undisturbed free surface)
as method of auxiliary domain.

Table 1.

Sphere H = 0.5R, m = 1
Variant 1 2 3

δc 1.6 · 10−4 7.4 · 10−5 6.1 · 10−5

δb 0.172 4.64 0.956 · 10−3

λ 1.20772 1.20772 1.20782

Sphere H = 0.5R, m = 2
Variant 1 2 3

δc 4.7 · 10−5 7.2 · 10−5 3.2 · 10−5

δb 0.212 0.942 1.4 · 10−3

λ 2.30753 2.30753 2.30781
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Let us show application of the methods of successive refinement and auxiliary domains by the
numerical examples (Table 1). We consider spherical tank filled by liquid with level H = 0, 5R. Let us
analyze results of determination of the first normal modes of oscillations (k = 1) for peripheral numbers
m = 1 and m = 2. The solution of the problem was constructed on the basis of decompositions by
N = 28 harmonic polynomials. The algebraic eigenvalue problem was solved for ε = 10−19. Here λ are
eigenvalues, δc is ratio error of realization of non-flowing condition at angular point, δb is ratio error of
realization of non-flowing condition at the point ∆z = 0, 2R higher the level of a free surface of liquid.
Ratio error was calculated according to the following formula

δ =
∂ϕ

∂n

∣∣∣
Σ

/
max

∂ϕ

∂n

∣∣∣
S0

.

The variant 1 corresponds to classical realization of the variational method, the variant 2 corre-
sponds to the method of successive refinement and the variant 3 corresponds to the method of an
auxiliary domain applied in the aggregate with the method of successive refinement.

As it follows from Table 1 usage of the method of successive refinement does not influence frequency,
and usage of the method of an auxiliary domain for ∆z = ∆H = 0.2R raises the frequency lesser
than 10−4. Moreover, in the case ∆H = R; λ = 1.210119, i.e., distinction by frequency does not
exceed 0.2%. This shows potential of approximate determination of frequencies in tanks of revolution
according to the following scheme: we solve the problem for maximally required filling level with
improved determination of normal modes; then, by known eigenfunctions for the maximal level we
determine the frequency for arbitrary intermediate level on the basis of the the Rayleigh method, i.e.,
by calculation of two quadratures from similar coordinate function for the maximal level taken on
cross-section, which corresponds to the required free surface. Here coordinate functions must satisfy
non-flowing condition on Σ0 with high accuracy.

On the basis of analysis of errors of realization of non-flowing conditions, presented in Table 1, it
is possible to note that in the case of the classical method and the method of successive refinement
behavior of solution above a free surface is unsatisfactory from the point of view of potentials of
application of this solution as coordinate functions for solving nonlinear problem. This is perfectly
explicable, since statement of the boundary problem (11) obtained on the basis of the linear theory and
its hypotheses does not impose restrictions on character of behavior of solution above a free surface of
liquid. The solution obtained by the method of auxiliary domain with the acceptable accuracy “follows”
the contour above free surface of liquid and values of deviation δ on Σ0 also decrease considerably.

We analyzed behavior of solution on ∆Σ, obtained for the classical method and for the method
of auxiliary domain. In the case of the spherical tank with liquid filling H = 0.5R we take into

consideration N = 22 functions w
(m)
k [4] and specify auxiliary domain with ∆H = 0.25R. The law of

alteration of ratio error δ of non-flowing condition on Σ0 for the mode m = 1, k = 1 is such, that δ
reaches the maximum in a vicinity of L0, i.e., errors on the contour of the generatrix are much smaller
than at the corner point. Lower the undisturbed free surface of liquid errors, obtained on the basis
of the classical method and the method of auxiliary domain, are approximately of the same order.
However, behavior of the solutions on ∆Σ differ fundamentally. On the upper boundary ∆Σ errors δ
for the classical method are much greater than by the method of an auxiliary domain (in 800 times for
the mode m = 1; k = 1 and in 1800 times for the mode m = 2; k = 1), in spite of closeness of both
solutions by frequency parameter and values of δ on Σ0. It is worthy to notice that as a result of usage
of procedure of projection of function ψ′

i onto S0 the property of orthogonality of functions ψ̄i, which
correspond to same m and different k, is violated.

Closeness of the obtained coordinate functions and the corresponding frequencies to normal modes
and normal frequencies of the problem (11) is fundamentally significant for usage of these methods
for solving nonlinear problems due to widely used division of normal modes of liquid oscillations into
classes [2]. This conventional division is realized on the basis of mechanical analysis of potential
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contribution of coordinate functions into formation of wave processes with taking into account values
of the corresponding frequencies. Later on this division is used for introduction of hypothesis about
ways of simulation of nonlinear terms for amplitudes, which correspond to different normal modes.
Efficiency of this techniques was confirmed by the example of cylindrical tank in [2].

In contrast to the classical approach, when the problem statement does not contain information
about character of variation of the surface ∆Σ above the level of the undisturbed free surface, the
method of an auxiliary domain reflects dependence of the solution of the problem about determination
of frequencies and coordinate functions on geometrical characteristics of ∆Σ.

The suggested methods of successive refinement of coordinate functions and the method of auxiliary
domain according to their essence are engineering approaches for construction of coordinate functions,
which do not possess mathematical stringency. Simplicity of numerical realization of the described
approaches for arbitrary cavities of revolution, their mechanical clearness and obtaining of good final
results of satisfying non-flowing condition much accurate than by classical methods of solving the
problem (11) make it possible to recommend the proposed methods for construction of coordinate
functions of nonlinear problem and for determination of reductive dependence of the frequency on
filling depth.

We suggest the following algorithm for implementation of the described techniques of improved
determination of coordinate functions close to normal modes of oscillation of liquid in cavity of revo-
lution.

1. The initial eigenvalue problem was solved by the method of an auxiliary domain.
2. Refinement of the problem solution was realized according to the successive approach.
3. In the case, when into the system of coordinate function we include several functions with the

same circular number, then we produced their orthogonalization (functions with different circular
numbers are automatically orthogonal).

4. For each function we determine the frequency parameter by the Rayleigh method (these parameters
are mainly used for verification and estimation of frequency characteristics).

For solving the nonlinear problem of dynamics of combined motion of a reservoir and liquid, which
partially fills its cavity of revolution, we applied the following discretization parameters n1 = 10;
n2 = 6; n3 = 3. Moreover, the coordinate functions are arranged in the following way

ψ1 = ψ∗
1,1 sin θ; ψ2 = ψ∗

1,1 cos θ; ψ3 = ψ∗
0,1;

ψ4 = ψ∗
2,1 sin 2θ; ψ5 = ψ∗

2,1 cos 2θ; ψ6 = ψ∗
0,2;

ψ7 = ψ∗
3,1 sin 3θ; ψ8 = ψ∗

3,1 sin 3θ;

ψ9 = ψ∗
1,2 sin θ; ψ10 = ψ∗

1,2 cos θ, (15)

where ψ∗
m,k is solution of the problem about refined determination of coordinate functions closed to

normal modes of oscillations for the circular number m, to which the k-th eigenvalue corresponds (if
eigenvalues are put in ascending order).

Results of numerical determination of coordinate functions (15) for cavities of spherical, parabolic,
conic and cylindrical (for verification) shapes showed that this procedure gives errors about 10−5

on tank walls below undisturbed free surface of liquid and errors about 10−5 on tank walls above
undisturbed free surface of liquid. So, all coordinate functions with sufficiently high accuracy “follow”
the profile of ∆Σ. Moreover, it is necessary to note that on solving the nonlinear problem amplitudes of
oscitation of normal modes are about 0.1–0.3, which reduce 3–10 times errors of non-flowing condition
on the surface Σ+∆Σ.

The suggested technique of determination of coordinate functions is based on solving of the linear
problem, but it is supplemented by several requirements, which are outside scope of linear statement
of the problem and reflect a part of kinematic requirements and solvability conditions of the nonlinear
problem. Finally this makes it possible to construct the system of coordinate functions, which in

Mathematical Modeling and Computing, Vol. 1, No. 2, pp. 195–213 (2014)



Structure of geometrical nonlinearities 205

improved way holds the non-flowing condition on the perturbed moisten boundary of the domain
occupied by liquid. Further this system of functions was successfully used for solving of nonlinear
problem.

5. Construction of decompositions of variables (nonlinear requirements)

Let us construct decompositions of desired variables, which hold nonlinear kinematic boundary condi-
tions. Let us select decompositions of the desired variables of excitation of a free surface of liquid ξ
and the velocity potential Φ in the following form

ξ = ξ̄(t) +
∑

i

aiψ̄i(α)Ti(θ); Φ = ε̇ · r + ϕ0;

ϕ0 =
∑

biψi(α, β)Ti(θ), (16)

where

ψ̄i(α) =
∂ψi
∂z

∣∣∣
β=0

. (17)

Due to specificity of a cavity shape we separate the circular coordinate in the decompositions (16).
Here Ti(θ) are trigonometric functions, which selection is predetermined by distribution of func-
tions (15). The functions ψi(α, β) are constructed by the described above technique, therefore, they are
harmonic and satisfy with high accuracy the non-flowing conditions on the moisten border Σ including
a part of this domain, where waves crests can reach above the level of the unperturbed free surface.
The functions ψ̄i(α) possess the property of completeness on S0. We note also that in contrast to the
case of cylindrical domains decompositions (16) contain the term ξ̄(t), which is determined from the
requirement of conservation of the liquid volume in its perturbed motion.

We consider amplitude parameters ai as independent variables. Therefore, we shall determine
interdependence bi = bi(aj , ȧk) from the ki8nematic boundary condition on a free surface (9), and
the dependence ξ = ξ(ai, t) from the requirement of conservation of the liquid volume (in the case of
absence of liquid outflow this dependence transforms into the form ξ = ξ(ai)). To this end we represent
ξ and bi as

ξ = ξ
(1)

+ ξ
(2)

+ ξ
(3)

; bi = b
(1)
i + b

(2)
i + b

(3)
i + b

(4)
i , (18)

where upper indexes correspond to the order of smallness of values, if we accept the order of ai as a
small value.

On computation of variation of the liquid volume in its perturbed motion we make use of the above
introduced non-Cartesian parameterization α, θ, β

∆V =

∫

τ−τ0

dτ =

2π∫

0

1∫

0

ξ/H∫

−1

[f(Hβ)]2dβαH dαdθ −
2π∫

0

1∫

0

0∫

−1

[f(Hβ)]2dβαH dα dθ =

=

2π∫

0

1∫

0



ξ/H∫

−1

f2(Hβ) dβ


αHdα dθ.

For calculation of the last integral we make use of the formula for integration of expressions over
variable volume, which is based on application of the Taylor expansion of the integral with variable
limits of integration. After realization of this type of integration in the analytical form and substitution
of decompositions for ξ from requirements of volume conservation we obtain the following expressions
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for ξ
(i)

:

ξ
(1)

= 0; ξ
(2)

= − f ′(0)

πf(0)

∑

i,j

aiajβ
v
ij ;

ξ
(3)

= −f
′2(0) + f(0)f ′′(0)

3πf2(0)

∑

i,j,k

aiajakγ
v
ijk. (19)

As it is seen from the relations (19), the requirement of volume conservation in amplitude parameters
represents certain holonomic constraint, which makes it possible to eliminate parameters ξ. Moreover,
linear term in representation of ξ is absent. Character of variation of coefficients βvij (a positively
defined matrix for non-orthogonalized system and a diagonal one with positive elements for orthogonal

system) shows that ξ
(2)

is a function of constant sign and its sign is opposite to sign of f ′(0), i.e., ξ2
is determined by amplitudes a2i and inclination angle of tank walls in a vicinity of a free surface. The

value ξ
(3)

depends on square of inclination of tank walls and curvature of the surface Σ0 in a vicinity
of L0.

Realization of the procedure of elimination of the kinematic boundary condition on a free surface is
similar to the procedure for a cylindrical tank [2]. Distinction of this procedure consists in the property
that in derivations it is necessary to keep terms ξ(ai) and take into account additional terms of (9),
which appear due to non-cylindrical shape of the tank, and produce decompositions into series with
respect to ξ of not only unknown functions, but their products with the Jacobian of transformation to
non-Cartesian parametrization, which is also a function of β.

By omitting intermediate derivations we write down dependencies bi = bi(aj , ȧk), which are sim-
ilar to the case of cylindrical cavity represent non-holonomic constraints. However, by application
of methods of nonlinear mechanics and the Galerkin method they admit elimination of dependent
parameters bi

b(1)p = ȧp; b(2)p =
∑

i,j

ȧiajγ
c
ijk;

b(3)p =
∑

i,j,k

ȧiajakδ
c
ijkp; b(4)p =

∑

i,j,k,l

ȧiajakalh
c
ijklp. (20)

The relations (19) and (20) include different coefficients, which are determined by quadratures from
functions ψi and Ti over the unknown free surface of liquid S0. Their explicit form will be given below.

After determination of dependencies (19) and (20) parameters ai can be supposed as the com-
plete independent system of variables, which characterizes motion of the limited volume of liquid.
Now we can pass to immediate realization of the Hamilton – Ostrogradsky variational principle for
unconstrained mechanical system, which motion is set by the generalized coordinates ai and εk.

6. Construction of a resolving system of motion equations

We shall derive the motion equations of the system on the basis of the Hamilton-Ostrogradsky varia-
tional principle applied to dynamics of bounded liquid volume and a rigid body with cavity of revolution
in their combined motion. For transition from continuum structure of the initial model of the system
rigid body – liquid to its discrete model we make use of the Kantorovich method. Here spatial and
surface integration in separate terms of the Lagrange function is realized in variables α, θ, β. We note
that calculation of volumetric integrals in variables α, θ, β can be reduced to successive integration
with analytical derivation of the integral over liquid depth.

Finally this volumetric integrals are reduced to surface integrals over the undisturbed free sur-
face S0 from expressions in the form of expansions relative to powers of ξ. In contrast to the case of
the cylindrical cavity occupied by liquid not only terms, which contain the velocity potential ϕ0 are
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differentiated by β, but also terms, which contain products of the velocity potential and the Jacobian
of transition to non-Cartesian parametrisation of the liquid domain τ0.

On the whole the general procedure of transition from the continuum structure of the initial me-
chanical system body – liquid to its discrete model (it is based on application of the Kantorovich
method to the variational formulation of the problem in the form of the Hamilton-Ostrogradsky vari-
ational principle) differs insignificantly from the case of the cylindrical domain occupied by liquid [2].
Therefore, we do not describe this procedure in details. Main distinction consists not in the tech-
niques of such a transition, but in the following two properties. Namely, first, decomposition of the
velocity potential relative to coordinate function is realized with respect to the system, which holds
the non-flowing condition approximately, second, a group of geometrical nonlinearities defined by the
relation (19) appeared, which predetermine additional dependence of all normal modes of oscillations.

As the result of application of the proposed technique we obtain the following Lagrange equation
of the second kind, i.e., the motion equations of the system body – liquid in amplitude parameters ai
and parameters of translational motion of the carrying body εi

∑

i

äi

(
V 1
ir +

∑

j

ajV
2
irj +

∑

j,k

ajakV
3
irjk

)
+ ε̈ ·

(
U1
r +

∑

i

aiU
2
ri +

∑

j,k

aiajU
3
rij +

∑

i,j,k

aiajakU
4
rijk

)
=

=
∑

i,j

ȧiȧjV
2∗
ijr +

∑

i,j,k

ȧiȧjakV
3∗
ijrk + ε̇ ·

(∑

i

ȧiU
2∗
ir +

∑

i,j

ȧiajU
3∗
ijr +

∑

i,j,k

ȧiajakU
4∗
ijkr

)
−

− g

(∑

i

aiW
2
ir +

3

2

∑

i,j

aiajW
3
ijr + 2

∑

i,j,k

aiajakW
4
ijkr

)
, r = 1, 2, . . . , N, (21)

ρ

Mr +Ml

∑

i

äi

(
U1
i +

∑

j

ajU
2
ij +

∑

j,k

ajakU
3
ijk

)
+ ε̈ =

=
F

Mr +Ml
+ g − ρ

Mr +Ml

∑

i,j

ȧiȧj

(
U2
ij + 2

∑

k

akU
3
ijk

)
. (22)

The mentioned system of equation represents the nonlinear model of dynamics of tank and liquid,
which partially fills its cavity, in the case of translational motion of the carrying body. It is necessary
to pay attention on terms with gravity forces in the latter line of the equations (22). In contrast to
the case of cylindrical tank here nonlinear terms, caused by geometrical factors manifest. Similar to
geometrical nonlinearities in (16), (19) these nonlinearities depend also on inclination and curvature
of tank walls in close vicinity of β = 0, i.e. intersection of tank walls with unperturbed free surface of
liquid, which is clear from values of the coefficients W 3

ijk and W 4
ijkl, adduced below. For construction

of the system of equations (21), (22) it is necessary to compute the following quadratures from the
coordinate functions ψi and ψi:

Np =

2π∫

0

1∫

0

ψ
2
iT

2
i αdα dθ; βvij = Niδij ; γvijk =

2π∫

0

1∫

0

ψiψjψkTiTjTkαdα dθ;

δvijkl =

2π∫

0

1∫

0

ψiψjψkψlTiTjTkTlα dα dθ;

γb0ijp =

2π∫

0

1∫

0

[(
αA0

1i

∂ψj
∂α

+ α2A0
3i

∂ψj
∂α

− αA1
4iψj

)
TiTj +

1

α
A0

2iψjT
′
iT

′
j

]
ψpTp dαdθ;
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γb1ijp =

2π∫

0

1∫

0

[(
αA1

1i

∂ψj
∂α

+ α2A1
3i

∂ψj
∂α

− αA2
4iψj

)
TiTj+

1

α
A1

2iψjT
′
iT

′
j

]
ψpTpdα dθ;

δb1ijkp =

2π∫

0

1∫

0

[(
A1

1iα
∂ψj
∂α

+ +α2A1
3i

∂ψj
∂α

− αA2
4iψj

)
TiTj +

1

α
A1

2iψjT
′
iT

′
j

]
ψjkψpTkTpdα dθ;

hb2ijklp =

2π∫

0

1∫

0

[(
αA2

1i

∂ψj
∂α

+ α2A2
3i

∂ψj
∂α

− αA3
4iψj

)
TiTj+

1

α
A2

2iψjT
′
iT

′
j

]
ψkψlψpTkTlTp dαdθ;

βb1ip =

2π∫

0

1∫

0

A1
4iψpTiTpαdαdβ; βf2ij =

2π∫

0

1∫

0

ψiψjTiTjα dαdθf
2(0);

βf3i =

2π∫

0

1∫

0

[
α

(
∂ψj
∂α

)2

T 2
i +

1

α
ψ2
i T

′2
i + α f2ψ

2
iT

2
i

] ∣∣∣∣
β=0

dαdθ;

γf3ijk =

2π∫

0

1∫

0

[
α
∂ψi
∂α

∂ψj
∂α

TiTj +
1

α
ψiψjT

′
iT

′
j + α f2ψ

2
iψjTiTj

]∣∣∣∣
β=0

ψkTkdαdθ;

δf4ijkl =

2π∫

0

1∫

0

[
α

2H

(
∂2ψi
∂α∂β

∂ψj
∂β

+
∂ψi
∂α

∂2ψj
∂α∂β

)
TiTj+

1

2αH

(
∂ψi
∂β

ψj + ψi
∂ψj
∂β

)
T ′
iT

′
j

+
α

2H

(
2Hff ′

∂ψi
∂z

∂ψj
∂z

+ f2
∂2ψi
∂z∂β

+ f2
∂ψi
∂z

∂2ψj
∂z∂β

)
TiTj

] ∣∣∣∣
β=0

ψkψlTkTldαdθ;

αx1i =

2π∫

0

1∫

0

α2f
∣∣
β=0

ψiTi cos θdαdθ; αx2i =

2π∫

0

1∫

0

(
αf

∂ψi
∂α

Ti cos θ − fψiT
′
i sin θ

)∣∣∣
β=0

dαdθ;

βx2ij =

2π∫

0

1∫

0

(
αf

∂ψi
∂α

Ti cos θ − fψiT
′
i sin θ

)
ψjTj dαdθ;

γx3ijk =
1

2H

2π∫

0

1∫

0

[(
αHf ′

∂ψi
∂α

+ αf
∂2ψi
∂α∂β

)
Ti cos θ−

(
Hf ′ψi + f

∂ψi
∂β

)
T ′
i sin θ

] ∣∣∣∣
β=0

ψjψkTjTkdαdθ;

δx4ijkl =
1

6H2

2π∫

0

1∫

0

[(
H2f ′′α

∂ψi
∂α

+ 2Hf ′α
∂2ψi
∂α∂β

+αf
∂3ψi
∂α∂β2

)
Ti cos θ−

−
(
H2f ′′ψi + 2Hf

∂ψi
∂β

+ f
∂2ψi
∂β2

)
T ′
i sin θ

] ∣∣∣∣
β=0

ψjψkψpTjTkTpdαdθ;

βz2ij = f2(0)Niδij ; γz3ijk =
1

2H

2π∫

0

1∫

0

[
2ff ′Hψi + f2

∂2ψi
∂z∂β

]∣∣∣∣
β=0

ψjψkTiTjTkα dαdθ;
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δz4ijkl =
1

6H2

2π∫

0

1∫

0

[
4ff ′Hf2

∂2ψi
∂z∂β

+ 2H2
(
f ′2 + f ′′f

)
f2
∂ψi
∂z

+ f2
∂3ψi
∂z∂β2

] ∣∣∣∣
β=0

ψjψkψkTiTjTkTlα dαdθ.

(23)
We note that in the mentioned quadratures components of integration by α and θ are always

separated, the y-components of vectors are calculated similar to x-components, but it is necessary
to substitute − cos θ instead of sin θ and sin θ instead of cos θ (in relations (23) expressions for y-
components are omitted). On calculation of integrals we use the following denotations δij is the
Kronecker symbol, f (i) = f (i)(0), where i is the order of differentiation. Numerical algorithm for
determination of quadratures was based on the Gauss quadrature formula with 96 points of partition.
We introduce also the following functions of the argument α in the relations (23)

A0
1i =

1

f2
ψi; A1

1i =
1

Hf2

(
∂2ψi
∂α∂β

− 2Hf ′

f

∂ψi
∂α

) ∣∣∣∣
β=0

;

A2
1i =

1

2H2f2

[
∂3ψi
∂α∂β2

− 4Hf ′

f

∂2ψi
∂α∂β

+H2

(
6
f ′2

f2
− 2

f ′′

f

)
∂ψi
∂α

] ∣∣∣∣
β=0

;

A0
2i =

1

f2
ψi|β=0; A1

2i =
1

Hf2

(
∂ψi
∂β

− 2Hf ′

f
ψi

) ∣∣∣∣
β=0

;

A2
2i =

1

2H2f2

[
∂2ψi
∂β2

− 4H
f ′

f

∂ψi
∂β

+H2

(
6
f ′2

f2
− 2

f ′′

f

)
ψi

] ∣∣∣∣
β=0

;

A0
3i = −f

′

f
ψi; A

1
3i =

1

Hf

[(
−Hf ′′ +H

f ′2

f

)
∂ψi
∂z

− f ′

f

∂2ψi
∂z∂β

] ∣∣∣∣
β=0

;

A2
3i =

1

2H2

[(
−H2 + 3H2 f

′′f ′

f2
− 2H2 f

′3

f3

)
∂ψi
∂z

+H

(
− f ′

f
+

f ′2

f2

)
∂2ψi
∂z∂β

− f ′

f

∂3ψi
∂z∂β2

] ∣∣∣∣
β=0

;

A1
4i =

1

H

∂2ψi
∂z∂β

∣∣∣∣
β=0

; A2
4i =

1

2H2

∂3ψi
∂z∂β2

∣∣∣∣
β=0

; A3
4i =

1

6H3

∂4ψi
∂z∂β3

∣∣∣∣
β=0

. (24)

Similar to values of the coefficients (23) these expressions contain expressions f ′ and f ′′. taken
for β = 0. So, these coefficients include geometrical nonlinearities mostly not in a pure form, but
as mixture with physical nonlinearities. On the basis of the mentioned quadratures (23), which are
calculated with application of denotations (24), the coefficients of the motion equations (21) and (22)
are determined according to the following algorithm:

γcijp =
1

Np
γb0ijp; δcijkp =

1

Np

(
∑

i

γcijmγ
b0
mkp + δb1ijkp ++

g2
πg1

βb1ipNjδjk

)
;

hcijklp =
1

Np

[∑

m

(
δcijkmγ

b0
mlp + δb1mlkpγ

c
ijm +

g2
πg1

γcijmβ
b1
mpNkδkl

)
+ βb1ip γ

v
jkl

g3
πg1

γb1ijpNpδkl

]
;

V 1
ij = βf2ij ; V 2

ijk = γf3ijk + 2
∑

m

γcikmβ
f2
mj ;

V 3
ijkl = δf4ijkl −

g2

πg1
Nkδklβ

f3
i δij +

∑

m

(
2γf3mjkγ

c
ilm + 2βf2mjδ

c
iklm + γcjkmγ

c
ilmβ

f2
mm

)
;
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U 1
i = α1

i ; U2
ij = β2

ij +
∑

m

γcijmα
1
m; U3

ijk = γ3
ijk +

∑

m

(
δcijkmα

1
m + γcijmβ

2
mk

)
− g2
πg1

α2
iNjδjk;

U4
ijkl =

∑

m

(
hcijklmα

1
m − g2

πg1
γcijmα

2
mNkδkl + δcijkmβ

2
ml + γcilmγ

3
mjk

)
− g3
πg1

γvjklα
2
i + δ4ijkl;

W 2
ij = e1Niδij ; W 3

ijk = e2Niγ
v
ijk; W 4

ijkl = e3δ
v
ijkl +NiNkδijδkl

(
e1g

2
2

πg21
− 3g2e2

πg1

)
;

V 2∗
ijr =

1

2
V 2
ijr − V 2

irj ; V 3∗
ijkr = V 3

ijkr − 2V 3
irjk;

U2∗
ir = U2

ir −U2
ri; U3∗

ijr = 2
(
U3
ijr −U3

rij

)
; U4∗

ijkr = 3
(
U4
ijkr −U4

rijk

)
;

e1 = f2; e2 =
4

3
f ′f ; e3 =

1

2
(f ′′f + f ′2); g1 = πe1; g2 = πff ′; g3 =

π

3
(f ′2 + ff ′′). (25)

Basic stages of numerical realization of the suggested approach mainly coincide with the case
of cylindrical tank. However, distinction consists in the property that approximate determination
of coordinate functions close to normal modes of oscillations becomes significant component of the
procedure. For determination of parameters of an auxiliary domain ∆τ we conventionally select ∆z =
= 0.2, i.e., excess of the filling level of liquid z related to the radius of the undisturbed free surface.
This parameter defines the domain ∆τ and the surface ∆Σ on application of the method of an auxiliary
domain (for comparison we consider also variants ∆z = 0; ∆z = 0.15; ∆z = 0.2).

We consider the problem about determination of coefficients of the motion equations for nonlinear
oscillation of liquid in circular cylindrical tank as a testing one. Good concordance with results of
publications [2] was obtained. Coefficients of the motion equations coincide accurate to four significant
digits.

7. Numerical examples

We consider absolutely rigid cylindrical tank, inverse conic tank with right cone angle and paraboloidal
tank, which is selected such that near undisturbed free surface inclination of tank walls coincides with
the case of conic reservoir. Tanks are filled by ideal incompressible homogeneous liquid. Initially system
is at rest state. According to the Lagrange theorem its further motion will be vortex free. We consider
that reservoir performs only horizontal motion. Motion is caused by force Fx = k · (Mr +Ml), applied
to tank in horizontal direction only during time t0 = 1 (so force has shape of rectangular impulse),
where Ml and Mr are masses of liquid and tank correspondingly, k is force factor, which is selected
such that liquid oscillations hit nonlinear range of amplitudes of oscillations.

We use the above considered model for determination of elevation of a liquid free surface on tank wall
for the same problem of force disturbance of conic, paraboloidal and cylindrical tanks. For numerical
examples we make use of the following parameters of the system and its loading: H = R, where H
is height of liquid, R = f(0) is radius of undisturbed free surface, in all cases we consider R = 1 m,
Mr = 0.2Ml, t0 = 1 s, k = 1 for conic and cylindrical tanks and k = 0.6 for paraboloidal tank. So, we
analyze system behavior on active stage of its motion and on interval of system motion by inertia.

The suggested approach makes it possible to determine elevation of a free surface of liquid at every
point of tank cross-section, variation in time of every amplitude of oscillation of a free surface ai,
amplitude parameters of translational motion of tank εi and liquid force response on tank walls.

Figure 1 shows variation in time of elevation of liquid on tank wall on time interval. Here and
after thick solid line corresponds to conic tank, dashed line corresponds to cylindrical tank and thin
solid line corresponds to the paraboloidal reservoir. For every graph we consider time interval, which
corresponds approximately to 5 periods of normal oscillations, and exceeds considerably time of loading
action. Time is given in seconds.

Mathematical Modeling and Computing, Vol. 1, No. 2, pp. 195–213 (2014)



Structure of geometrical nonlinearities 211

Fig. 1. Variation in time of elevation of liquid on
tank wall.

As it is seen from Fig. 1, elevation of a free sur-
face of liquid for conic tank exceeds elevation of a
free surface for cylindrical tank especially for liq-
uid motion after removing external loading. On
interval of transient mode of system motion this
difference is weaker, but it is present also. If we
analyze law of variation of these two curves, we
can draw conclusion that for conic tank the pres-
ence of higher normal modes is considerable. If we
consider the paraboloidal tank, we see that initially
on active stage of system motion liquid is entrained
into notion to lesser extent, however, later on the
stage of system motion by inertia amplitudes of os-
cillations become higher than in the case of cylin-
drical and conic tanks. If we compare the cases of
conic and paraboloidal reservoirs, we can conclude
that the presence of high modes of oscillations is
also manifested, but it is weaker for paraboloidal
reservoir than for conic reservoir. So, this example

shows that curvature promotes reduction of excitation of amplitudes of high modes of oscillations.
To analyze nature of this effect let us show variation in time of the first antisymmetric (Fig. 2) and

the first axisymmetric (Fig. 3) normal modes. As it is seen from figures difference of amplitudes of the
first antisymmetric normal modes is weak, but they differ in frequencies of variation and only in the
case of paraboloidal tank influence of high frequency normal modes takes place. It is necessary note
also that due to combined character of motion redistribution of energy between translation motion of
the system and energy of liquid sloshing occurs. So, for cylindrical and conic tanks we obtain decrease
of amplitudes of liquid oscillations. However in the case of paraboloidal reservoir this effect is not
manifested clearly.

Fig. 2. Variation in time of amplitude of the first an-
tisymmetric normal mode of oscillations of free surface
of liquid.

Fig. 3. Variation in time of amplitude of the first ax-
isymmetric normal mode of oscillations of free surface
of liquid.
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If we analyze variation in time of the first axisymmetric normal modes for these three shapes of
tanks, we can conclude that this difference is strong both in variation of amplitudes and frequencies.
It is necessary to note that in contrast to amplitudes of the first antisymmetric normal modes the
first axisymmetric normal modes are excited only due to nonlinear mechanisms. There are at least
three reasons for increase of this difference. First, for conic and paraboloidal tanks (as for variants of
non-cylindrical reservoir) potential energy of liquid is represented not only by quadratic terms relative
to liquid elevation, but it contains terms of the third and fourth orders, which take into account
inclination and curvature of tank walls in a vicinity of a free surface of liquid. Second, expansions of
elevations of a free surface contain nonlinear term, which compensate variation of liquid volume due
to absence of symmetry above and below undisturbed free surface of liquid. These terms depend again
on inclination and curvature of tank walls in a vicinity of a free surface of liquid. Third, increase of
wave height is accompanied with two simultaneous effects, namely, wave increases both in vertical and
horizontal direction due to inclination of tank wall and increase of wave causes lowering of middle point
of a free surface for providing conservation law of liquid volume. The example showed that in the case
of presence of walls curvature nonlinearities developed rapidly than in the case of conic reservoir and
axisymmetric normal mode attaines greater values of amplitudes. First of all these effects promote
excitation of axisymmetric normal modes and they are considerably caused by geometric nonlinearities
of the system due to non-cylindrical shape of tank. Therefore, our study makes it possible to draw
conclusion that nonlinear mechanisms manifest to greater extent in tank of non-cylindrical shape than
in cylindrical tank.

8. Conclusions

We consider problem of modeling of liquid sloshing in conic, paraboloidal and cylindrical tanks, caused
by non-stationary loading. Analysis of surface waves generation and contribution of separate normal
modes into formation of liquid free surface motion make it possible to draw the following conclusions.
Geometrical nonlinearities, caused by non-cylindrical shape of tank, mostly manifests by the presence
of inclination of tank walls and their curvature in a vicinity of intersection of tank walls with liquid
free surface. This increases total manifestation of nonlinear effects in liquid sloshing. Moreover, mostly
these effects are connected with axisymmetric normal modes of oscillations of liquid in tanks.
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Розглянуто структуру геометричних нелiнiйностей в математичнiй моделi коливань
рiдини в баках. На вiдмiну вiд випадку цилiндричного резервуара деякi новi нелi-
нiйностi проявляються в математичнiй постановцi задачi. Вони пов’язанi з чотирма
причинами. Перше, вони визначаються новими формами коливань, якi вiдповiда-
ють нецилiндричнiй формi бака i приймають до уваги деякi нелiнiйнi властивостi
задачi (наприклад, вони слiдують по стiнках бака вище рiвня вiльноїх поверхнi рi-
дини). Друге, iизначення потенцiальної енергiї рiдини включає геометрiю бака в в
околi перетину незбуреної вiльної поверхнi рiдини i стiнок бака. Третiй тип прояву
геометричних нелiнiйностей пов’язаний з компенсацiєю пiдйомi рiвня рiдини через не-
цилiндричнiсть форми бака для виконання закону збереження маси. Четвертий тип
нелiнiйностей пов’язаний з одночасним проявом фiзичних i геометричних нелiнiйнос-
тей. Дослiдження показує, що переважно прояв нелiнiйних властивостей коливань
рiдини, викликаний геометричною природою, визначається нахилом i кривизною стi-
нок бака в околi контакту незбуреної рiдини з стiнками бака. Показано деякi загальнi
властивостi геометричних нелiнiйностей на прикладi трьох бакiв: цилiндричний, ко-
нiчний i параболоїдальний бак, який пiдiбраний так, що бак має онаковий нахил бiля
вiльної поверхнi рiдини, проте в цьому випадку додатково проявляється кривизна.

Ключовi слова: нелiнiйна динамiка рiдини, коливання рiдини, геометричнi нелi-
нiйностi, чисельний приклад
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