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Introduction. When studying the oscillations of rotating mechanical
systems, there are situations when the axis of rotation of the system can rotate,
which leads to not only portable and relative, but also Coriolis forces of inertia,
which change periodically over time. The gyroscopic interaction between the
rotational portable motion of the system and the relative elastic oscillations of
the elements is a source of excitation of precession oscillations, which can be
resonant or unstable. Occurring when changing the axis of orientation of the
system gyroscopic moment causes the appearance of alternating stresses,
which significantly affect the strength and reliability of structural elements.

Such tasks arise in construction machinery, mechanical engineering,
aircraft construction, space engineering and other sectors of the national
economy. The main load acting on the elements of such systems are significant
centrifugal forces of inertia, which significantly affect the strength
characteristics of structures.

The stress-strain state and oscillations of membranes, plates and shells that
perform complex motion in the central force field were researched in the
works [1 - 10]. In this work, a mathematical modeling of the oscillations of a
system of two folded conical shells with a central rigid insert during complex
rotation is performed.

1. Consider a system of two closed conical shells connected by a central
rigid insert rotating in opposite directions in the central force field with a
constant angular velocity @ around the axis of symmetry of the system [4, 6,
10]. The shell element is subjected to a load consisting of gravitational and
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inertial forces, but at large values of the angular velocity of the system, the
gravitational loads can be neglected. Then the intensity of the inertial load on
the shell element is determined by the formula:

G'=—ph(a‘+a"+a), (1.1)
where p - is the density of the shell material; % - its thickness; a®,a”,a -
vectors of portable, relative and Coriolis accelerations of the shell element.

The components of the vector of portable acceleration of the shell element
in the direction of the coordinate lines x;,x,,x; of the curvilinear coordinate
system associated with the shell element have the form [10]:

a; =0’ (R—x cosa)cosa+2wm, (R—x,coscr)sinasinT+
+a)§[(R—x,cosa)cosacoszr—x]sinza];
ay, =w; (R—x,c08®)SINTCOST; (1.2)
a,, = @* (R—x,cos @)sina—2ww, (R—x,cosa)sinasin T+
+a)§sina[(R—x]cosa)coszf+x]cosa],
where @, - angular velocity of rotation of the center of mass of the system;
T=wt+Xx, -phasecoordinate.

The components of the relative acceleration vector a@” in the direction of
the coordinate lines x;,x,,x; are equal, respectively
ay =ii; ay, =0; af =, (1.3)
where u,v,w - is the movement of the shell element in the direction of the
coordinate lines x;,x,,x; . The components of the Coriolis acceleration vector
in the direction of the coordinate lines x;,x,,x; have the form: where u,v,w
- moving the shell element in the direction of the coordinate lines x;x,x; . The
components of the Coriolis acceleration vector @° in the direction of the
coordinate lines x,x,,x; have the form:
a, =2[Wwaw,cos7+0(wcos o+ @ysinasint)];
afcz ==2[W(wsin a—w, cos osin T)+i(w cos o+ @, sin orsin T)];
a,, =2[0(wsin o~ @, cos arsin T)—tiw, cos 7). (1.4)
Adding expressions (1.2), (1.3) and (1.4), we obtain the components of the
vector of absolute acceleration in the coordinate system x,x,x; :

a, =0’ (R—x, cos)cosa+2ww, (R—x; cosar)sin osin 7+
1

+a)§ [(R—x, coscx)cos acos’ T—X sin’ o]+ii+2[ W, cos T+O(wcosa+m, sinasin T)],
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a,, =w§ (R—x, cosax)sintcos T+ V-2 [ w(wsinar—w, cosorsin 7)+

+i(wcoso+m, sinasin 7)),
a, = o’ (R—x, cosa)sina—2ww, (R—x; coscr)cosorsin T+

+w§ sina[(R—x, cosoz)cos2 a)c052 T+X; coso]+w+
+H2[D(wsina—a, cosorsin T)—u@, cos 7). (1.5)
In the case where the angular velocity of the shell is much greater than the
angular velocity of the center of mass of the system (@w>>w,) , the expressions
for the projections of the inertial load acting on the conical shell on the axis of
the coordinate system x;x,x; , associated with the shell element, will look
like:
9y, :—ph{a)2 (R—x, cosaxr)coso+2wmy (R—x, cos)sinorsin 7+
+i4'+2[Wa)0 cosT+D(wcoso+m, sinasin 7))},
9y, :—ph{i}—E[w(wsina—wo cosasinT)+u(wcosa+mysinasin 7)1},

q.. =—ph {a)2 (R—x; cosax)sinT—2ww, (R—x, cosr)cos orsin T+

+v'(1+2[1')(a)sin 0—@, cosOSin T)—1i, cos T]}. (1.6)

2. Consider the problem of oscillations of a composite conical shell with a
central rigid insert rotating at a constant angular velocity @ relative to the
axis of natural rotation, making a plane rotation with a constant angular

velocity @, . In this case, the equations describing the stress-strain state of the
shell have the form [4]

E [Pu 1[ou 1

-2 18x12 I X Lax] X

2 2
£ fou au{a v j:|+—(u wtga)[va—+i(t a—a—w)}}
x ox? X, a

1-v 13)61 axl xlk 1 XM

(u—wtga)— vg—wtga:|}+pa)2xl cos® =0,
X

—pa) x,sinacoso=0, (2.1)
where E - is the modulus of elasticity of the shell material, v - Poisson's

ratio.

The equations of oscillations of the shell with respect to the state of elastic
equilibrium described by relations (2.1), taking into account expressions (1.6),
have the form:

2
1|ddu 1 - A
Ezfa u 1] 3 LA VRN R
-v 1 ox;’ x]|_8x] X 2cosor dx,
U v @av o daw) v 9PAul
+— vtgor
2¢0s X 0x,0x, ox, ) 2xt cos’ o ox3
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—p{20myx; sinorcosarsin 7+ 4ii+2[ A, cos T- AD(wcosa—aw, sinazsin T)]}=O ,

E [1-vd*av 1] 1+v M 1-vodv 1-v

f f Av+
1—v21 2 o x |_2cosoc8x]8x2 2 0 2x

L (3-vomu 1 @av_ 3w
"X, cosak 2 dx, cosc ox; ox,

—p{A i-2[ Aw(@, cosarsin +wsinar)- A wcos -, sinazsin T)]}=O, (2.2)

L PAw Ny 1 Paw 4w g d4v)

N, f
! oxi X kxl cos’a 0x3 Ox; Xccosa ox,
Eh tga| 1 1 9d4v oA
f 5 £ [— FAu—Awtgo +v—u —
- X |_x] cos dx, X,

—ph{2a)a)0x] cos” arsin T+2[Ai)(a)0 cosarsin T+@sin a)— Ay, cos T]+Av'{/}=0,
where Au,Av,Aw - the movement of the shell in the direction of the

. . * * . . .
coordinate lines x;,x,,x; ; N;;,Ny, - radial and circumferential forces due to

the rotation of the shell relative to the axis of symmetry.

Considering the periodicity of the right-hand side and the coefficients of
the system of resolving equations (2.2), using the projection method, we can
reduce equations (2.2) to a system of ordinary differential equations with an

independent variable X, , that approximately replaces the original one.

Conclusions. Differential equations (2.2) describe the oscillations of a
system of two closed conical shells connected by a central rigid insert, which
rotate at a constant angular velocity around the axis of symmetry of the
system, the center of mass of which moves in the central force field.

The solution of the obtained system of equations allows one to determine
the forms of vibrations and forces in a composite conical shell for various
parameters of the shell and the ratios of the velocities of the shell's own
rotation and the rotation of its center of mass.
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KOJIMBAHHSI 3BAMKHEHUX KOHIYHUX OBOJIOHOK ITPU CKIIATJHOMY
OBEPTAHHI

B pmaniii poOoTi po3rsIAa€ThCs CUCTEMa JBOX 3aMKHEHHX KOHIUYHHX OOOJIOHOK, 3’€IHAHUX
LIEHTPAJIBHOIO )KOPCTKOIO BCTABKOIO, L0 00EPTAIOTHCS B MPOTHISKHUX HANpPsIMax B LEHTPAIBHOMY
CHJIOBOMY T10JIi 3 MOCTIMHOK KyTOBOI IIBHAKICTIO HaBKOJIO OCi cuMerpii cucremu. Ha enmemeHT
00O0JIOHKH /i€ HABAHTAXKEHHSI, 110 CKJIAAETHCS 3 IPABITALIIHIX Ta IHEPLIHHUX CHJI, ajle IIPU BETUKUX
3HAYEHHSX KYTOBOI LIBHAKOCTI BJIACHOrO OOEPTAaHHsS CHUCTEMH TIPaBITAL[IHHMMH HaBAHTAKCHHIMU
MOXKHa 3HEXTyBaTH. 'ipockomivyHa B3aeMOZiss MDK OOEpTalbHHM IEPEHOCHUM DPYXOM CHCTEMH 1
BITHOCHHMH HPY)KHHUMH KOJMBAHHSIMH €JIEMEHTIB € JDKEperIoM 30YIKEHHs MPELeciiHiX KOIUBaHb,
SIKI MOXKYTh HOCUTH PE30HAHCHHI a00 HECTiHKMid xapakTep. BuHHKarouuii Ipyu 3MiHi oci opieHTawii
CHCTEMH TipOCKONMIYHMH MOMEHT BHKIHKA€ MOSIBY 3HAKO3MIHHHX HampyXeHb, SIKi iCTOTHO
BIUIMBAKOTh HA MILHICTh Ta HaAiHHICTH 000J0HOK. Taki 3aqa4i BUHUKAIOTh B OYAiBEIbHINA TEXHILl,
MalMHOOY/1yBaHHi, aBiaby/yBaHHI, KOCMI4HiM TEXHILli Ta IHIIMX TaTy3sX HAPOAHOIO rOCIOAAPCTBA.
OCHOBHHMM HaBaHTA)KCHHSIM, SIKE JIi€ HA eJIEMEHTU TAKHX CHCTEM, € 3HAYHI BiALIEHTPOBI CHIIM iHEpLil,
sIKi ICTOTHO BIUIMBAIOTh HA MILHICHI XapaKTePHCTHKU KOHCTPYKIiil. BpaxoByloun mnepioquuHicts
IPaBoi YaCTHHU 1 KOCQII[EHTIB CHCTEMH PO3B’SI3yBaIbHUX PIBHSHB, 33 JOMOMOIOI0 IPOSKLIHHOIO
METOy MOXKHA 3BECTH PO3B’sI3yBaJIbHI PIBHSHS 0 CHCTEMH 3BHYAaNHHUX AU(EPEHIIaIbHIX PiBHSHB,
sIKi HAOIKEHO 3aMIHIOIOTH BUXigHY. P0O3B 30K OTpHMaHOI CHCTEMHU PIBHSHb TO3BOJISIE BU3HAYATH
(hopMH KOJMBAHB 1 3yCHJUI B CKJIAACHIH KOHIYHOI OOOJOHLI NpH Pi3HUX Mapamerpax OOOJOHKH i
CITBBIZHOIICHHSIX IBUAKOCTEH BJIACHOIO 00epTaHHs 000JIOHKH i 00epTaHHs ii LIEHTPY Mac.

KurouoBi cioBa: KonMBaHHs, 3aMKHEHI KOHIYHI OOONOHKH, oOepTanbHUH pyX, (Gopmu
KOJIMBaHb, LIEHTPAJIbHE CHJIOBE MOJIC.

Lizunov P.P., Kriksunov E.Z., Fesan O.M.
OSCILLATIONS OF CLOSED CONICAL SHELLS WITH COMPLEX ROTATION

The paper consider a system of two closed conical shells connected by a central rigid insert
rotating in opposite directions in a central force field with a constant angular velocity around the axis
of symmetry of the system. The shell element is subjected to a load consisting of gravitational and
inertial forces, but at large values of the angular velocity of the system, the gravitational loads can be
neglected. The gyroscopic interaction between the rotational portable motion of the system and the
relative elastic oscillations of the elements is a source of excitation of precession oscillations, which
may be resonant or unstable. Occurring when changing the axis of orientation of the system
gyroscopic moment causes the appearance of alternating stresses, which significantly affect the
strength and reliability of the shells. Such problems arise in construction engineering, mechanical
engineering, aircraft construction, space engineering and other sectors of the economy. The main load
acting on the elements of such systems are significant centrifugal forces of inertia, which significantly
affect the strength characteristics of structures. Taking into account the periodicity of the right-hand
side and the coefficients of the system of resolving equations, with the help of the projection method
it is possible to reduce the resolving equations to the system of ordinary differential equations, which
approximately replaces the original one. The solution of the obtained system of equations makes it
possible to determine the forms of oscillations and forces in a composite conical shell at various



132 ISSN 2410-2547
Omip MatepianiB i Teopis copyx/Strength of Materials and Theory of Structures. 2020. Ne 105

parameters of the shell and the ratios of the velocities of the shell's own rotation and the rotation of its
center of mass.

Key words: oscillations, closed conical shell, rotational motion, forms of oscillations, central
force field.
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