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4-KBa3uMJaHApPHBIE OTOOpaXkeHWsd IOYUTH KBaTep-
HUOHHBIX U TTOJIYKBaT€epPHUOHHBLIX MHOT000pa3mii

Npuna HukonaeBna Kypbarosa

Anvorammna Mbr wucciaemyeM CoenuabHBI THI OTOOPAYKEHWH PUMAHOBBIX

IPOCTPAHCTB C IIOYTU U IIOJIyKBATEPHUOHHOU CTPYKTYPOIi.

KurroueBnie ciioBa KenepoBo mpocTpancTBO, KBATEPHUOHHAS CTPYKTYPA.

VK 517.764

1 BBenenue.

B cospemennoit auddepennnanbHOi TeOMETPUN WHTEHCUBHO U3YYalOTCS pas3-
JUYIHbIE OOODIEHNST TEOPUU TeOoHAe3WMIecKuX OTobparkeHuit adPUHHOCBAZHBIX
¥ PUMAHOBBIX MPOCTPAHCTB W TOJOMOPGHO-TIPOEKTUBHBIX OTOOPAXKEHUI MOITH
KOMTLIIEKCHBIX MHOTOOOpa3wii.

HamomunM, 9T0 reome3mdeckoe oTobparkeHne OJHOro mpocTpancTsa adpdun-
HOit cBsaszHocTu A, Ha apyroe A, onpeensercda Kak B3aMMHO OJHO3HAYHOE CO-
OTBETCTBUE MEXKJy WX TOYKAMHU, IPU KOTOPOM 0OPA30M KaXKIOH re0me3ndecKoit
IUHAN A, SBISETCS reoje3ndecKas JuHUS A,,.

Eciu Ha PpUMAHOBOM IIPOCTPAHCTBE OIpPEIeeHa KOBAPUAHTHO MOCTOSHHAS
[OYTH KOMILIEKCHAS CTPYKTypa, COMJIACOBAHHAsI C METPUKON , ero Ha3bIBa-
for KenepoBbiM [1]. Teopema $Ino-Becrreiika [2] yTBep:kaaer, 9ToO reomesnde-
CKOe OoTOOpakeHne KeJaepoBa TPOCTPAHCTBA HA KEJIEPOBO C COXPAHEHWEM KOM-
[JIEKCHON CTPYKTYPbI sIBJISIETCSl TPUBHATBHBIM. [109TOMY 1151 KEJIEPOBBIX MPO-
CTPAHCTB BBOAAT 0Oojiee OOmMe, TaK HA3BIBAEMbBIE TOJOMOP(MHO MPOEKTHUBHBIE
orobpazkennst, seegennbie T.Omykn n . Tacupo [3]. Ob6crosirenbHOe U3II0Ke-

HUE DPEe3yJIbTaTOB, IOJJIYYE€HHbLIX B TE€OPUU TEOAE3NYECKUX U I‘OJ'[OMOp(bHO po-
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eKTHBHBIX OTOOpaxkeHwmii, comepxkurcst B [2],[4]. Eme oano m3 wampapienwit
coBpeMenHoit muddepeHimaabaoii reomerpun - Teopud AuddepeHnupyeMbIx
MHOroo0Opa3uil, CHAOXKEHHBIX PA3JIUIHBIMA T€OMETPUIECKUMHU CTPYKTYyPaMu, B
YaCTHOCTH, AJre€OPAMIECKAME, TO €CTh U30MOP(HO MPEICTATAIONUMA HEKOTO-
pyto aurebpy [5],[6]. O6beunnsier sru nanpasienust reopusi nuddeomopdus-
MOB MHOTr0o00Opa3uii ¢ pa3andHbIiMU aQpOUHOPHBIMEA CTPYKTypPaMHU, TAKHUX, Ha-
mpuMep, KaK KBa3W-TeOfe3WdecKue, TMOUTH T'eOJe3WIecKne, TPUTEOJe3nIecKue,
p-Teose3nvecKkre oToopakenns adOUHHOCBAZHBIX U PUMAHOBBIX MPOCTPAHCTE.

B [7] Cunrokosbiv H.C. u 1. Mukeriem 6bL1M BBEJAEHBI B paccMoTpeHne KBa-
3UILTAHAPHBIE OTOOPAXKEHHsI, MPEICTABIAIONIHE CODON BeChbMa IMHPOKOE 0000-
IIEHIE T€0IE3NIECKUX U TOJIOMOPMHO-TTPOEKTUBHBIX OTOOPAXKEHU MPOCTPAHCTB
adbdunHOI cBA3HOCTH O3 KpyUeHus ¢ MPON3BOIbHON adOUHOPHOI CTPYKTYPOii.

OrMernM, 9T0 BO BCEX BbIIIEYKA3aHHBIX OTOOPAXKEHUAX MHOI000pa3usi ObLIH
HaJeJIeHbI JIUIIb OHON adGUHOPHON CTPYKTYPOil OIMpPeaeIeHHOTO THTIA.

Mpu1 ucciiemyem oroOparkenusi mpocTpancTs addunnoil cBs3zHOCTH G€3 KpYy-
YeHUsl C TOYTH W TMOJYKBATEPHUOHHOW CTPYKTYPOii, KOTOpbIE Ha3bIBaeM 4-
KBa3UILIAHAPHBIMHE [§].

Kaxk u3BecTHO, M0YTH KBATEPHUOHHBIM IIpocTpaHcTBoM [1] HasbiBaercs aud-

depennupyemoe MEOroobpasue X,, ¢ 33JaHHBIMU HA, HEM MMOYTH KOMILJIEKCHBIMA
12
CTpYKTypaMu F' U F', KOTOpbIE HApPALY C

11 2 2
Fz‘aFg = *5?» FiaFg = *5? (1)
V/IOBJIETBOPSIIOT YCJIOBHUSM
12 2 1
FPFM + FPFM = 0. (2)
OueBUIHO, 9TO TEH30D
3 1 2
F!' = F*F!,
1
TaKKe OIPeIesIsieT MOYTH KOMIUIEKCHYIO CTPYKTypy. IIpu sToM cBa3b Mexay F,

2 3
F, ' umeer BUI:

1 2 2 1 3

FOFh = _Foph = Fl

2 3 3 2 1

FiaFo}j = _FiaFtil = Fiha (3)
3 1 1 3 2

FOFh = —FPFM = F

JI100bIe /1B M3 TPeX ONPEIENAI0T WCXOAHYIO MOYTH KBATEPHHOHHYIO CTPYK-

Typy Ha X,.
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[MouTn KBaATEpHWOHHAS CTPYKTypa HA MPOCTPAHCTBE adMUHHON CBI3HOCTH
A,, ¢ obbekTom cBszHocT I Ha3bIBaeTCs Kejeposoil [1], ecin kaxnas u3 obpa-

3ytomux ap@PUHOPHBIX CTPYKTYP - KEJIepPoBa, TO €CTh

S

F' =0, s=1,2,3,

2¥)

rme <, > - 3HaK KOBApPWAHTHON TPOM3BOIHOM MO CBA3HOCTH [ .
[TouTn KBATEpHUOHHYIO CTPYKTYPY HA PUMAHOBOM TPOCTpPAHCTBe V,, ¢ MeT-

Pu4YeCKUM TE€H30POM g;; Hdallle BCEr'O COIVIaCOBBbIBAIOT B BHJIE

gaBFiaFjﬂ = Gij, s = 17 2a Sa (4)

WM, 4TO TO XKe,

giaij’ = —gjoFy, s=1,2,3. (5)

2 4-kBa3HILIaHapHbIE OTOOpakeHNs MPOCTPaHCTB adpPUHHOM

CBA3HOCTH C MOYTHU KBAaTEePHUOHHOII CTPYKTYPOIi.

1°.  Paccmorpum napy mpocrpascTs adp@UHHOA cBa3HOCTH 0e3 KpydeHus A,

A obbexTamu cBa3HocTH I, I’ M HOYTM KBATEPHUOHHBLIME CTPYKTYDPAMH
12

n C
12 12
(F,F), (F,F), COOTBETCTBEHHO.
Hazosem 4-kxeasunaanapiovim omobpasicenuem f : A, — A, (4KIO), co-
TPAHAOULUM TLONMU KEAMEPHUOKKYI cmpykmypy [8], B3aMMHO 0JHO3HAYHOE

oTobparkeHne MeXKIy WX TOUKAMHU, IPH KOTOPOM B OOIIEH MO OTOOPAXKEHUIO CH-

creMe KoopauHar x!, 22, ..., ™ UMeeT MeCTO 3aBUCHMOCTH
—h 3 s i
Tyj(x) = Ify(x) + Y dg(x) Fli(2), (6)
s=0
re

o S

3 1 2 s
Fl=6!, F'=F'F), F!'2)=F@),

S
9;(x) - nekoropbie KoBeKTOpbl. HerpyaHo Buzers, uro mupu orobpaxkenusax (6)

COXPaHAIOTCA KPUBbIC BUIa
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1
Orciona jerko Bujerh, 9ro ecau BV, addunop F Takxke abCOTIOTHO MapaJLie-

JIeH, TO IO HEOOXOIUMOCTH

1
B srom caygae 4KIIO (6) Boipoxiaerca B F-mnanapuoe [7]:

Th(w) = Tha) + 3 () FA (2).
s=0

2 3
Ecnu x Tomy ke morpeboBarh, 9Tobbl F' ( a CIeJoBaTebHo U F' ) GbLIO KOBa-
PUAHTHO IIOCTOAHHO B V,, U V,,, TO PACCYK/ICHUH, AHAJOIMYHbIE [IPe/IbLLY M,

JAayT HAM

)

1 2 3
4, =49, =9; =9; =0,
1.e. 4KITO KejIepoBBIX KBATEPHUOHHBIX MHOT000Opa3uit BeipoauTcs B adduuHOE

Fij(x) = Fij(m)‘
JIoru4yHo cunMTaTh BCE ITU BAPMAHTHI TPUBUAJIbHLIMU ¢ TOYKHU 3peHus 4KITO
[IOYTHU KBATEPHUOHHBLIX MHOIOOOpa3uii.

Urak, namu mokazana

Teopema 1 JKIIO nowmu keamepHuornux npocmpancme V, — V., ¢ co-
IPaHEHUEM CMPYKMYPYL NPU YCA0BUU AOCONMOMHOT NAPAAIEALHOCTIU TOMA Obl

S —
00n020 u3 cmpykmypHot agppunopos F, s =1,2,3, ¢ V, u V,, mpusuasoro.

B cuny nokazannoit Teopembr, npu uzydenun 4KIIO umeer cmbict paccmar-
puBaTh nuddepeHIuaIbHbIe YCIOBHA Dotee 00Iero xapakrepa, 9eM KOBapHUaHT-
HOEe TIOCTOSTHCTBO abdUHOPOB MOYTH KBATEPHHOHHON cTPYKTYphL. B [8], [9] MbI

nomnuIm 1o romy mytn n nceaenosann 4KIIO Ttak HaswiBaeMbrx Q*-TpoCTpaHCTB.

3 IlonsiTNe NOJIyKBAaTE€PHUOHHON CTPYKTYPBbI.

Beenem B paccMOTpeHmEe CTPYKTYPY, KOTOpas MOPOKIAETCS MAapOil MOYUTH KOM-

MJIEKCHBIX CTPYKTYP, KOMMYTHPYIOIINX Mek Iy coboii. Hazosem ee noayxeamep-

HUoHHOoU. COOTBETCTBEHHO, HA30BEM NOYMU NOAYKEAMEPHUOHHbLM DPUMAHOBO

[POCTPAHCTBO V), C 33/[AaHHBIMH HA HEM [IOYTU KOMILJIEKCHBIMH CTPYKTYpPaMu Fl‘
2

u F', KOTOpble HAPALYy C

1 1 2 2
FOFh = gt FoFh = 5t (11)
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YAOBJIETBOPAIOT yCJIOBUAM
1 2 2 1
EPF!M — FPFM = 0. (12)

Tenzop
3 1 2
F'=FPE

OYEBHJIHO, OMPEJIENISieT CTPYKTYPY MOYTH Mpon3BeeHus [4]:
3 3
FoFh =5t (13)
1 2 3
Cssa3b mexay F, F, F umeer Buj;
B fr
K2 e K3 [e3 )
PRl = —ERE! = —F) (19
? [e3% K2 (e ()
FRR! = B! = —F
7 « 7 « (O

B kadecTBe mpumepa Takoit CTPYKTYPHI MOXKET CIYKHUTH Tpoiika adduuopos ¢

KOMIIOHEHTaMHU
0 0 —Er O 0 0 0 Eg
L 00 0 —E 2 0 0 E 0
(Fi ) = ) (Fz' ) = ’

E, 0 O 0 0 —E, 0 O
0 E, O 0 —-FE. 0 0 O

0 E, 0 O

s | E 0 0 0

(Fz ) - ’
0 0 0 Eg
0 0 Ex, O

12
B nasnpueitiem mosaraem, aro adpdunopst F u F Ha V, onpenensior noduru

S5pMuUTOBY cTPYKTYPY [1], TO ecrb

1 1 2 2 1 1 2 2
Fij = —Fj;, Fij = —Fj;, Fij = gia F}, Fij = gia F}. (15)

Torpa u3 (14) 1o HeobGXOAUMOCTHU ClIeAyeT

3 3 3 3
Fij = Fj, Fij = gia Fj'. (16)

Kak 00br4amH0, 107, KeJepoBoit Oy1eM MOHNMAaTh MOJYyKBATEPHUOHHYIO CTPYK-

Typy Ha V,,, Aj1st KOTOPOit
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4 4KITO mosyKBaTepHUOHHBIX KeJIEPOBBIX MPOCTPAHCTB.

Pacemorpum (miceso-)pumanoser mpocrpanctsa (V, gij) u (Vn,g;;) ¢ momyk-

s 2

BATEPHUOHHBIMU KEJIEPOBbIMU CTPpyKTypamu F, F, s = 1,2,3, naxomsammecs B
4KTIO, coxpansiforiieM crpyKTypy. Torma B obmieil 0 0TOOPasKeHUI0 CHCTeMe
kooprunat (z') umeror mecro (6) npu yenosusax (11)-(16). Kpome toro, B V,, u

Vn BBITTOJITHAIOTCA COOTHOIIEHU A

S S

h h

F, =0, Fi‘j =0, s=1,2,3. (17)
S —

M3 3aBucuMOCTH MeK/Iy KOBapMaHTHBIMU mpous3BoaubiMu F' B V, u V,, ¢

yaerom (6) u (11)-(17) aHAIOrHYHO TOMY, KaK 3TO JEJAJOCH BBIIIE, HAXOMAUM :

o 1 1 2 2 3 3
q; = ania = ania = aniO‘, (18)

3
npu F # £n.
3 3 1
Bamernm, uto F = 4n coorsercriyer F* = +6! u, cremosarensho, F' =
2 3
:I:Fih. Takum obpazom, upu FS = +n 110o/iyKBaTrepHUOHHAs KeJIEPOBA CTPYKTYDPa

BBIPOXK/IAETCS B KJIACCUYIECKyto KesepoBy [1].

5 CtpyKTtypHble ocobernrnocTu 4KIIO moayKBaTepHUOHHBIX

KeJIepOBbIX IIPOCTPAHCTB.

3 3
1°.  Bsumy Fi’?j = 0 abdunopnas crpykrypa F' uarerpupyema [4],mosTomy

B PACCMATPUBAEMOI OKPECTHOCTU MOXKHO BBIODATH TAKyI0 CHCTEMY KOODIMHAT,

Ha3bIBaEMy0 ajanTupoBanHoii (k addunopy), B KoTopoii adhduHOp npuBOANTCH

S (Em 0
(Fz)—< 0 _Enm>7 (19)

3 3 3 3
Fy =06,  Ff=6p  F'=F=0, (20)

K BUIY:

TO €CTb

a,b=1,2,... m;A L B=m+1m+2,...,n.
B aganrupoBannoil cucreme koopaunar seuiy (16) npuobperaer cnenuduky

U MATPUIA METPUYIECKOTO TEH30pa:

G- G,y 0 7
0 Gs
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e G1 = G171, Gy = G110 ectn
9ab(®) = gva(T); gaB(x) = gpa(x); gap(z) = 0.

U3 (17) ciepyer, 4To B aJaNTHPOBAHHON CHCTEME KOODJMHAT I CUMBOJIOB

Kpucroddens Broporo pomga mmeem:

Fbji:Fgc:FgC:Fgc:O'

9T0, B CBOIO 0YEpE/Ib, MTPUBOIUT K TOMY, UTO

gab = 9ab(x);  gaB = ga(x?);  gan(x) =0, (21)
10 ectb V), - npusoaumo [4].

Hawmu nokazana

Teopema 2 Iosyxsamepruonnoe KeAEPO8O NPOCPAHCMEO NO HEOOLO0UMOCTNU

NpUBoduUMO.

2°.  Herpyauo Buzerhb, uro Beaeiacrsue (17) ofpa3 1moJiyKBATEPHUOHHOIO
kesepoBa npocrpancTsa mpu 4KI1O rakke npuBOAMM U B aJAITHPOBAHHON CH-

cTeMe KOODJIMHAT, OOIIei Mo 0TOOPaKeHnIo,

Gap = (@) Gap =0ap(@");  Gaplx) =0.

Cootrnomrernus (14),(15),(18), 3anucannble B aJaNTHPOBAHHON CHCTEME KOOD-

JOUHAT, JAI0T HaM
1 1 2 2 2 1 2 1
F&=F=0, Fi=F‘=0, F'=-F¢  F§=Fg, (22)

1 1 1 1
1 1 o o 2 2 o o
(Qaqu) = (_ql)FganFf)v (Q(LaQA) = (Qnga_qBFf)a (23)
BCJIEJICTBHE 9ero u3 ocHOBHBIX ypasHeHuil 4KIIO (6) maxommm:
A A a a —A —A —=a —=a
e =T =1g.=Ipc=0 Iy=Ip.=Ip.=Ipc=0 (24
7 a ° ca 1 1a
Iy = Tye + 29008 + 2905, (25)
—A A o A 1 !
T'pe = The +2q(806) + 245 FE) (26)
Hecnoxkuo uposepurs, uro u3 (25),(17),(21),(22) caenyer

1 1 1 1

@b = q(a?), g8 = qB(x F) = F2 (2%, FP =F{ (%)
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DT0 03HAYAET, UTO MOJYKBATEPHIHOHHLIE KEJIEPOBLI MPOCTPAHCTRA, Vi, U V,,,
naxousinuecs B 4KIIO, npencrasistor coboit nupoussenenue V, = V,, X Vi,
Vi = Vi X Vi, npudgem Vp,(2%) u V,,(2%) aBAAIOTCA KeJePOBBIME OT-
HocureabHO adduHOpa Fl'é’(zc) u 4KIIO f : V, — V, unaymupyer HP-

1

orobpaxenne fi : V,, — V,, C COXpaHEHHEM KOMIIJIEKCHOH CTPYKTYDHI Fg,
coorsercTByomee Bekropy 2¢,(z%) [2].
Nu Vw2

Ananormano Vn_m(x ABIAIOTCA KeJIePOBBIMU OTHOCHUTEIb-

o addunopa F1 B (2%) u 4KIIO f : V,, — V,, unaynupyer HP-orobpazkenue
fo i Vo — Viy_m € COXpaHEHHEM KOMILIEKCHOH CTPYKTYpLI Flf , COOTBET-
crByomee Bexropy 2¢5(z4).

3°.  Tlokaxkem, kak MOXKHO ckorcTpyupoBarh 4KITO.

PaccMTpuM [1Be mapbl KerepoBbIX IpocTpaHcTs. IlepBas - (Vi Gap, FY) T
(Vns Gups Fy ), Haxomsumecss 8 HP-orobpasenun fy : Vi, — Vo C cOXpame-
HUEM KOMILIEKCHOI crpyKrypbl. Torma B o0miel 10 OTOOpakKeHuro f1 cucreme
koopauuar (z¢), a,b,c = 1,2,...m OCHOBHBIE ypaBHEHUs TOr0 OTOOPAXKEHUs

NMeIOT BU:
The(a?) = () + (268 + o0 (2 FG (@), (27)

rae I, ' - 0ObeKThl PUMAHOBOI CBA3HOCTU Vi, V), COOTBETCTBEHHO; U4, (04 -
—=a
HEKOTOpBbIe KOBEKTOPHI, mpudeM Fi = F

Fcanc:_(ng gachC:_gbCF;’ Fl;l Fl;1|c:0’ (pa:_wcF¢f~ (28)

76_

Bropas mapa - xeneposbl (Vi,_m, gan, F4) n (Vn,m,gAB,Fg), HAXOISAIIN-
eca B HP-orobpazkenuu fa : Vi—my — Vyp_m C COXPAHEHHEM KOMILTEKCHOI
crpykrypel. Torma B obmeii mo orobpazxenuio fp cucreme koopaumar (z¢),
A, B,C = m+1,m+ 2,...n OCHOBHbIE yPABHEHUS ITOrO OTOOPAYKEHUS UME-

0T BUJ:
—A
Tpe(a?) = Thc () + v ()68 + () FE) ("), (29)

rae I, I - 00beKThI PEMAHOBOIT CBAZHOCTH V,_ 1y, Vy— i, COOTBETCTBEHHO; 1) 4, P A
—A
- HEKOTOpbhIe KOBEKTODHI, TPUYeM Fg‘ =Fgq,
ApC _ A c _ c A _pA _ c
FoFg = =0, gacFp =—gpcFa, Fpco=Fpc=0, oa=—vcly.
(30)

Ioctponm Vi, = Vi X Viypep 1 Vi = Vy X V 1y C METPHUECKUMHI TEH30DAMHE

. .Z‘k — gab 0 - .’L‘k _ Gab 0
(g’L]( )) < 0 gAB>7 (gz]( )) < 0 gAB>a
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¥

Jk=1,2,...n.

Herpyanno nposepurb, uro ¢ yuerom (27) - (30) 3aBUCUMOCTD MKy KOMIIO-

HeHTaM# 00beKTOB PUMAaHOBOIl cBa3HOCTH Vi, 1 V), Oyaer umers Buz (6), Tie

! ~-F* 0 2 F2 0 3 E,. 0
(Fih) = b ) (th) = X ) (th) = )
O Fg 0 Fg 0 *En—m

° o 1

6 © 1 c 1 C l(x 2 2@ 3 Sa
(QZ) = ( a7qA) = (§¢a($ )7 §¢A(C€ ))7 q; = ani = qozFi = ani .

ITpu stom Bemonasiores (11) - (17).

f:

Nrak, mbr mosyunan 4KI1O kegepoBhIX MOIYyKBATEPHUOHHBIX MTPOCTPAHCTB
S S
h V7 h

Vo, 9ig, F') — (Vn, G455 F') ¢ coxpanenuem CTpyKTypb.

VYaureBasg ToT art, uTo B Teopuum HP-oToOpazkeHuit KeaepoBBIX MPO-

CTPAHCTB M3BECTHO JIOCTATOYHO MHOI'O KJIACCOB KEJIEPOBBIX IPOCTPAHCTB, JI0-

nyckaomunx HerpuBuaabable HP-orobpazkenns:, Mbr mosydaem 3¢ HeKTuBHbII

€110co6 KOHCTPYHUPOBAHUA ITOJIYKBATECPHUOHHBIX KEJIEPOBBIX IIPOCTPAHCTB M HUX

4-KBa3UIIAHAPHBIX OTOOPAXKEHUIA.
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4-quasiplanar mappings of almost quaternion and semi-
quaternion manifolds

We investigate special type mappings of Riemannian spaces with almost and

semi-quaternion structure.
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