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Dispersion properties of artificial topological
insulators based on an infinite double-periodic
array of elliptical quartz elements

Subject and Purpose. Special features of all-dielectric electromagnetic analogues of topological insulators in the microwave range
are considered, aiming at studying the influence of geometrical and constitutive parameters of topological insulator elements on the
dispersion properties of topological insulators based on a two-dimensional double-periodic array of dielectric elements.

Methods and Methodology. The evaluation of dispersion properties and electromagnetic field spatial distribution patterns for
topological insulators is performed using numerical simulation programs.

Results. The electromagnetic analogue of a topological insulator based on a double-periodic array of elliptical quartz cylinders has
been considered. By numerical simulation, it has been demonstrated that the electromagnetic properties of the structure are control-
lable by changing the quartz uniaxial anisotropy direction without any changes in other parameters.

A combined topological insulator made up of two adjoining ones differing in shapes of their unit cells has been considered with
the numerical demonstration that frequencies of surface states are controllable by choosing the quartz uniaxial anisotropy direction.
It has been shown that it is at the interface of two different in shape unit cells that the electromagnetic field concentration at a surface

state frequency takes place.

Conclusion. A possibility has been demonstrated of controlling microwave electromagnetic properties of topological insulators by
changing their geometric parameters and permittivity of the constituents. From a practical point of view, topological insulators can be
used as components of microwave transmission lines and devices featuring very small propagation loss. Fig. 5. Ref.: 17 items.

Key words: topological insulator, uniaxial anisotropy, microwave range, photonic crystal.

Structures called topological insulators stand out
in solid state physics. Their main distinguishing
feature is that a topological insulator is insulating
inside the bulk like a normal insulator, while on its
surface it shows conductivity like a metal. Since
their advent, the structures of the type have been
of great interest among researchers and engineers
[1, 2]. Also, with advances in telecommunication
technologies, physicists got a new opportunity to
study the nature of unusual conductivity for spin
[3] and electromagnetic waves, too [4—6]. The sig-
nificance of “topological” properties is highligh-
ted in lots of theoretical and experimental publi-
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cations in the field of topological photonics, dis-
playing that with topological insulators a low-loss
electromagnetic energy transmission is possible in
both the optical [7, 8] and microwave ranges [9—
14]. Topological insulators of the type act as spin
and electromagnetic analogues of “classical” elec-
tronic topological insulators, demonstrating simi-
lar properties for spin and electromagnetic waves.
Topological insulators can be constructed of
either metal [9, 10] or dielectric elements [11—13].
Notice that dielectric ones have a significant ad-
vantage over other materials. They can be used at
the optical frequencies due to their low loss. Topo-
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Fig. 1. The unit cell of a topological insulator based on a doub-
le-periodic array of elliptical quartz elements in the neighbor-
hood of other unit cells of the structure

logical properties can also arise in structures based
on magnetized ferrites [14]. However, these topo-
logical insulators require a fairly strong magne-
tic field. Another thing is with topological insula-
tors that are formed of ordinary dielectrics and do
not require an external magnetic field application.
If made of ferrite, these topological insulators can
work without external magnetic fields. Yet a weak
magnetic field provides extra tuning options, en-
abling magnetically tunable topological insulators.

The aim of the work is to determine the influ-
ence of geometrical and constitutive parameters
of topological insulator elements on spectral and
dispersion properties of a combined artificial to-
pological insulator based on a two-dimensional
and double-periodic array of dielectric elements.
Numerical results demonstrating electromagnetic
properties of two-dimensional (2D) dielectric to-
pological insulators of various types are presented.

1. Dispersion properties of artificial topologi-
cal insulators based on a double-periodic array
of elliptical quartz elements. Firstly, in this sec-
tion, the features of electromagnetic properties of
all-dielectric electromagnetic analogues of topo-
logical insulators [11—13] are studied as applied to
a double-periodic array of elliptical elements [16,
17] made of quartz. The choice of this topological
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insulator type is reasoned by a possibility to trans-
fer the microwave range results to the optical re-
gion, considering that metal elements in the op-
tical range have higher losses than their dielectric
analogs.

The use of a numerical simulation software
package MPB [15] made it possible to compute
dispersion diagrams of the above-mentioned 2D
topological insulator calculations over a band of
frequencies.

For a 2D topological insulator, a double-periodic
structure with a hexagonal unit cell and a cell pe-
riod p (Fig. 1) is taken. The unit cell consists of six
dielectric z-infinite elliptical cylinders in a vacu-
um. Each cylinder axis and the unit cell axis are
I spaced. The lines connecting the centers of two
neighboring ellipses and the unit cell center make
the angle ¢ = 60° [11, 16, 17].

Each ellipse with half-axes a and b is rotated
around its center through an angle C measured
between the main half-axis a of the ellipse and the
line going from the unit cell center to the ellipse
center (see Fig. 1).

Initially, the structure made of elliptical quartz
cylinders is studied for the influence of geometric
and constitutive parameters of the structure ele-
ments on the electromagnetic properties. The geo-
metric parameters of the unit cell and the structure
period p are selected subject to certain conditions.
Namely, the topological insulator operating fre-
quency is about 10 GHz, and the band gap should
be wide enough to overlap with the band gap of
another topological insulator whose unit cell has
somewhat different parameters.

As known, to demonstrate the existence of sur-
face electromagnetic oscillations and field concen-
tration, a structure is often used that is made up
of two adjoining topological insulators differing in
shapes of their unit cells [11—13]. In this case, the
necessary condition for the existence of surface os-
cillations is overlap of band gaps of these topolo-
gical insulators. The further search for parameter
values at the interface between different topologi-
cal insulators shows that surface electromagnetic
oscillations are possible. These oscillations depend
on the type of wave polarization (right circular or
left circular, RCP or LCP) and exist in this case at
any frequency within the overlapped band gap. At
some frequencies, these oscillations have the same
wavelength in the dispersion diagram.
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By numerical simulation, geometrical parame-
ters of the unit cells were selected for two topologi-
cal insulators and operating frequency area around
10 GHz. For elliptical quartz cylinders, the unit cell
period is p =20.7 mm. The distance from the unit
cell center to the center of each ellipse is [ = p/3.
The semi-axes of the ellipses making elliptical cy-
linders are a =0.155 p and b=0.095 p. The rota-
tion angles of ellipses in two different unit cells
were obtained given a sufficiently wide overlap of
the band gaps of both topological insulators and
measure C; = 0° and C, = 90° for topological pro-
perties to be achieved.

For the material of the elliptical cylinders, uni-
axial-anisotropy quartz has been chosen. Let us be-
gin with the influence of the anisotropy axis direc-
tion on the TI dispersion properties. The permit-
tivity tensor of anisotropic quartz is

&x 0 0
e=| 0 &y 0| (1)
0 0 ¢p

with any two components on the main diagonal
being the same, the third one is different (uniaxial
anisotropy).

For the elliptical a-quartz cylinders, the x-di-
rected uniaxial anisotropy is initially taken so that
& =4.847, £, =4.643, £, =4.643, which corres-
ponds to the real values of the permittivity tensor
components.

The dispersion diagrams calculated for the two
topological insulators with the ellipse rotation ang-
les C;=0° and C,=90° (Fig.2) are plotted in
Fig. 3. In it, the ordinate is the normalized frequen-
cy fp/c, where c is the speed of light in a vacuum
and p is the structure period. The abscissa is the
wave vector. The points M, I, K are special points
inside the Brillouin zone in the case of a 2D pho-
tonic crystal (PC) with a hexagonal lattice [11].

Notice that for the topological insulator with the
angle C, = 0° (Fig. 3, a), the band gap is in the fre-
quency range fp/c=0.689...0.702, and its width is
1.89%. For the topological insulator with C, = 90°
(Fig. 3, b), the band gap is in the frequency range
fp/c=0.688...0.702, and its width is 2.03%.

Consider the action of the quartz anisotro-
py direction on the width and shift of the band
gap. When uniaxial anisotropy of a-quarts is
along the y-axis, the permittivity tensor compo-
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Fig. 2. Schematics of 2D topological insulators based on a
double-periodic array of elliptical quartz cylinders with dif-
ferent angles C; = 0° (a) and C, =90° (b) of the ellipse rotation
inside the unit cells

nents are &, =4.643, ¢, =4.847, and ¢, = 4.643.
For the topological insulator with the angle
C, =0° (Fig. 3, a), the band gap is in the frequen-
cy range fp/c¢=0.688...0.702, and it is 2.03%
wide. For the topological insulator with C,=90°
(Fig. 3, b), the band gap is in the frequency range
fp/c=0.689...0.702, and it is 1.89% wide.

When uniaxial anisotropy of a-quartz is along
the z-axis, the permittivity tensor components
are &,,=4.643, ¢,,=4.643, and ¢, =4.847. For
the topological insulator with the angle C,=0°
(Fig. 3, a), the band gap is in the frequency range
fp/c=0.675...0.691, and its width is 2.27%.
For the topological insulator with the angle
C,=90° (Fig. 3, b), the band gap is within fp/c=
=0.676...0.691, and its width is 2.10%.

Thus, for all the three directions of the quartz
uniaxial anisotropy axis, we have significant over-
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Fig. 3. Dispersion diagrams of 2D topological insulators based
on a double-periodic array of elliptical quartz cylinders with
uniaxial anisotropy along the x-axis and ellipse rotation angles
C,=0°(a) and C,=90° (b)

laps of the band gaps of the topological insula-
tors with the ellipse rotation angles C, =0° and
C,=90°. This makes it possible to design com-
bined structures of two topological insulators,
with the interface between them expected to sup-
port electromagnetic surface oscillations [11—13].
When the uniaxial anisotropy is z-directed, the
band gap expands up to 10% against the other two
cases (the x- and y-directed anisotropy). So, it has
been just demonstrated that by choosing the uni-
axial anisotropy direction of the material, the topo-
logical insulator electromagnetic properties can be
controlled without any changes in other parame-
ters of the structure.

In addition, the electromagnetic properties of
the topological insulator are tunable by varying its
geometric parameters. As the structure period p
increases, with the relationship between elements
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and period fixed, the band gap moves to the lower
frequencies. Another way to fine-tune the band
gap parameters is by varying distance I from the
unit cell center to any ellipse center.

Thus, a possibility of controlling the electro-
magnetic properties of the topological insulator by
changing its geometric parameters and by permit-
tivity of its constituents has been numerically
demonstrated.

2. Dispersion properties of combined artifi-
cial topological insulators based on a double-
periodic array of elliptical quartz elements. It is
known that electromagnetic analogues of topolo-
gical insulators can support electromagnetic sur-
face oscillations on the surface area and behave
as insulators in the bulk interior [4—6]. This ef-
fect can arise in a certain frequency range — with-
in the band gaps of topological insulators. As soon
as conditions for the maintenance of electromag-
netic surface oscillations arise on the topological
insulator surface, a low-loss energy transfer takes
place owing to the waves travelling along the to-
pological insulator boundary. In the previous sec-
tion, these frequency ranges were determined for
a certain topological insulator type. The role of the
topological insulator boundary can be played by a
metal wall [14] or by a topological insulator with
different unit cell parameters [11—13]. This sec-
tion is devoted to a combined topological insulator
in which two topological insulators with different
unit cells are interfaced with each other. The unit
cell scheme (Fig. 1) for both topological insulators
is generally the same. Yet some geometric parame-
ters differ. The virtue is that this combined struc-
ture is all-dielectric.

An example of the 2D combined topological
insulator can be provided by the two previously
considered topological insulator structures with
different angles C,=0° (Fig.2,a) and C,=90°
(Fig. 2, b) of the element rotation [11]. These ang-
les were selected by analysis of the dispersion dia-
grams (Fig. 3) of these structures in view of that
the band gaps of the structures should overlap in
some frequency interval, and the circular polari-
zation directions for the allowed states at the ends
of the band gap at the point I (k, =k, =0) in the
dispersion diagram should be opposite. The so ob-
tained combined structure of two interfaced to-
pological insulators based on an array of elliptical
quartz cylinders is schematized in Fig. 4, a.
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Fig. 4. The combined structure based on an array of elliptical quartz cylinders near the interface of two topological insulators
with the ellipse rotation angles C; = 0° and C, = 90°: (a) the 2D structure pattern and (b) the spatial distribution of the normal (z)
component of the structure electric field at the normalized frequency fp/c = 0.69029 of the allowed state
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Fig. 5. Dispersion diagrams for the combined structure consisting of two adjoining topological insulators based on an array of
elliptical quartz cylinders whose angles of rotation inside the unit cells are C; = 0° and C, = 90°: the quartz anisotropy axis is
z-directed (a) and x-directed (b).

Fig. 5 presents dispersion diagrams calculated
in the I'-K direction for the combined structure
(Fig. 4, a) composed of two adjoining topological
insulators with the angles C, =0° and C, =90° of
the ellipse rotation in the unit cells. In Fig. 5, the
ordinate is the normalized frequency fp/c, the abs-
cissa is the wave vector k,. The calculation results
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for the combined structures are presented for the
quartz anisotropy axis along the z-axis (Fig. 5, a)
and along the x-axis (Fig. 5, b).

As seen from Fig. 5, in the band gap of the com-
bined structure of adjoining topological insulators,
there exist two degenerate surface-state modes
of p-type and d-type. They are indicated by bold
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lines and correspond to circular polarization waves
(RCP and LCP). These surface states meet at the
point I (at k, = 0) in the dispersion diagram [11].

It has been numerically shown that by choo-
sing the quartz uniaxial anisotropy direction, the
frequencies of topological insulator surface states
can be controlled. Thus, for the structure of quartz
cylinders with z-directed uniaxial anisotropy, the
surface-state resonant modes meet near the point
fp/c=0.685 (Fig. 5, a). For the structure with x-
directed uniaxial anisotropy, they meet near the
point fp/c=0.697 (Fig. 5, b). One more way of sur-
face-state frequency control is by varying the pe-
riods of the structures. As the periods of the struc-
tures increase with the relationship between ele-
ments and period fixed, the surface state modes
move to the lower frequencies.

To observe surface oscillations in terms of elec-
tromagnetic field concentration around the inter-
face of the two topological insulators, numerical
calculations were performed for the spatial distri-
bution of the normal (z) component of the electric
field of the combined structure at the normalized
frequency fp/c¢=0.69029 (the wave vectors are
k,=0.02174 and ky =0.32609) (Fig. 4, b). This fre-
quency falls within the band gap of each individu-
al topological insulator. The quartz anisotropy axis
is along the z-axis. Fig. 4, b shows (by darkening)
that certain field concentration exists at the inter-
face between the two adjoining topological insula-
tors and rapidly dies away from it along the x-axis.

Conclusions. The features of electromagne-
tic properties of electromagnetic analogues of to-
pological insulators have been considered on the
example of a two-dimensional double-periodic ar-
ray of elliptical quartz cylinders.

A numerical method evaluating the spectral and
dispersion properties and patterns of the topologi-
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JIVCIIEPCIVIHI BTIACTUBOCTI ITYYHMX TOTIOJOTTYHNX 13011 TOPIB
HA OCHOBI HECKIHYEHHOTI'O ABOIIEPIOIMYHOI'O MACHBY
EJMIITUNYHNX KBAPHOBMX EJIEMEHTIB

ITpepmer i MeTa po60oTH. Y po6OTi pO3IIAHYTO OCOOMMBOCTI €IEKTPOMATrHITHYX BIACTMBOCTEN IIOBHICTIO Iie/IeKTPUYHIUX €/IeKT-
POMarHIiTHMX aHa/IOriB Tomonoriynux izosaropis (TI) y MikpoxBuiboBoMy fAiamasoni. MeToo po6OTH € BU3HAYEHHS BIUIMBY
rapaMeTpiB eleMeHTiB (reoMeTpii Ta BIaCTMBOCTe MaTepiany) Ha aucrepciiai BractuBocTi TT Ha OCHOBI IBOBUMIPHOTO J1BO-
TepioANYHOrO MacKBY JieJIeKTPUYHUX €JIEMEHTIB.

Metonu i MeTomonoria po6oTu. Po3paXyHKy AMCHEPCITHUX BIACTUBOCTEN, a TAKOXX KapTUH MPOCTOPOBOTO PO3IOMiTy
enekrpomarHiraoro (EM) mons s TI 6ynu BUKOHaHI 3a JOIIOMOTOI0 ITPOrpaM YMCE/TbHOTO MOJIETIOBAHHS.

Pesynpratn po6oru. Jlocmimkeno enekrpomarHitauii TI, 0CHOBY AKOTO CTAaHOBUTD JBONEPIOMYHII MaCKB eMNTUIHMX
IWITHAPIB 3 KBaply. 3a JONOMOIOI0 YMCETbHOTO MOJEMIOBAHHSA II0Ka3aHO MOXIMBICTh perymioBaHHsa EM-pmactusocreit TI
LIAXOM 3MiHM HaNpsMKY OZHOBICHOI aHi3oTpormil KBapiy 6e3 3MiHeHHs iHIIMX MapaMeTpiB CTPYKTypu. PosriaHyTO KOMOi-
HoBaHMi mtygnuit TI, 1mo ckragaeTbes 3 ABOX pisHUX 3a GopMOIo efieMeHTapHOI KoMipku T, ki MexyioTh MK cobom. Un-
CeIbHO TIPOJIeMOHCTPOBAHO MOXK/IMBICTh KePYBaHHA JAaCTOTOI0 MOBEPXHEBUX CTaHiB 1A KoMbiHoBaHOoro TT maxom Bu6opy
HaIIpAMKY OJJHOBiCHOI aHi3oTpomii kBapiy. Ilokasano, mo koHuenTpania EM-mons cnocrepiraerbcs came Ha MeXi IBOX pisHUX
3a hopmoro eneMeHTapHOI KoMipky TT Ha 4acTOTi HOBEPXHEBOTO CTAHY.

Bucnosok. IIpofieMOHCTPOBAaHO MOXK/IMBICTh KePyBaTH €IeKTPOMArHiTHUMY BracTuBocTAMy T1 MikpoxBuaboBoro fiama-
30HY LIUIAXOM 3MiHI JIOTO TeOMETPUYHUX ITIapaMeTPiB, a TAKOXK Jiie/IeKTPMYHOI IPOHMKHOCTI CK/IaJIoBUX Jioro eneMenTis. Ha
npaktuii TT MOXXyTb 3HalTH 3aCTOCYBaHHA AK eIeMEHTV MiKpOXBIIbOBYX JIiHili epefayi Ta MpuIafiB, AKi MalOTh fyXKe Mari
BTPATV Ha PO3TOBCIOJPKEHHS XBUIb.

Kntouogi cnoea: mononoziunuil i30n1mop, 00H08ICHA aHI30MPONist, MiKPOX6UnboBuUll 0ianason, omoHHuULl Kpucmar.
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