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NMHEMHAS ANMPOKCUMALMSA YCIIOBUMA PA3MELLEHMS
HEOPUEHTUPOBAHHbIX TEOMETPUYECKHUX OBBEKTOB

IIposedeno uccrnedosanue ONMUMUSAYUOHHOU 3A0aYU PASMEWEHUS MHO20V2OJbHbIX HEOPUECHMUPOBAHHBIX
00beKmos 6 nojoce, NPeodyiodCeHa TuHeapu3ayus QyHKYUll oepanudenuti oonacmu 0onycmumvlx peuweHuti. Jlannoiil
N00X00 SIGNSIEMCSE OCHOBOU OJIsl NOCMPOEHUsL UHPOPMAYUOHHOU MEXHOL02UU PeUleHUsl PACCMAMPUBAEMO20 KAACCU

onmumu3ayuUOHHbvlX 3a0au.
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BeBepeHue

IMocTanoBka mpodiaembl. ONTHMU3ALUOHHBIE 3a-
Jlad¥l pa3MelleHrs KOHEYHOro Habopa HEOpUEHTHPOBaH-
HBIX MHOTOYTOJIEHBIX T'€OMETPUYECKHX OOBEKTOB pa3-
MEIeHUs] B 33JJaHHOW MHOTOYrOJIbHOW 00JIacTH, Korja
HaJ 00BbEKTaMH JoImycKaroTcs adduHHbIe mpeodpa3opa-
HUSI TPAHCILSIIUKM U TTOBOPOTA, NIMPOKO PAaCIpPOCTPaHEHBI
B TpaKTUuecKol nestenbHOcTH. K 3amauam takoro pona
OTHOCSATCS, HAllpUMep, 3a/]audl PacKpos H30TPOITHOTO
Marepuaia (METAJUIONPOKAT, TKaHb C COOTBETCTBYOLIH-
MH XapaKTepPUCTUKAaMH, CTEKJIO, IUlacTMacca H.T.J.) Ha
MHOTOYTrOJIbHbIE 3aroToBKU. JlaHHas 3aj1aya NpuHamjIe-
KHUT K KJIacCy 3aqad ONTUMH3AIMOHHOTO TeoMeTpHde-
CKOTO TpOeKTHUpoBaHus [1] U mpencraBiseT TeopeTHde-
CKUH M TIPaKTUYECKHH MHTEpPEC B CIIy MHOI000pa3us
YaCTHBIX ITOCTAHOBOK, CIIOXKHOCTH MaTeMaTH4ecKOH Mo-
nend. DdGheKTUBHbIE TOYHBIE METOABI PEIICHUS 3a/1ad
MIPaKTHYECKOH Pa3MEPHOCTH OTCYTCTBYIOT.

AHaJIN3 MOCJAeTHUX JOCTHKEHUI U MyOTuKaAIUii
[0 TEME MCCIIENOBAHUs TOKa3aJl, YTO JaHHOE HaydHOE
HaIpaBJIeHUE SIBIISIETCS OOBEKTOM IPHCTaIbHOTO BHU-
MaHHsl MCCIIeIOBaTeNieil, 0 YeM CBHIETENBCTBYET IIO-
CTOSIHHO pacrtymiee uucio myomukanuii [1 — 3] kak B
HaIlIel cTpaHe, Tak U 3a pyoexoM. [1o cBoelt mocTaHORB-
Ke JIaHHas 3aJlada OTHOCHTCS K KJIAcCy MHOTOMEPHBIX
MHOT'09KCTPEMAaJIbHBIX 33/1a4 HETMHEHHOTO HEBBITYKIIO-
ro MpPOrpaMMHUpPOBaHUs C BechbMa creuuduuHoi obia-
CTBIO JIONTYCTUMBIX PEIICHUH, YTO 3aTPYIHSIET HIH Jie-
JIaeT HEBO3MOXXHBIM NPUMEHEHNE KIACCHYECKUX METO-
JIOB YCIIOBHOM onTtumu3anuu [4].

Leablo cTaThbu sBISETCS BBIJEJICHUE HOBBIX
CBOMCTB 00JIaCTH JIOIYCTUMBIX pEIIeHUH MaTeMaTHhde-
CKOW MOJIeNM 3afla4ydl M IOCTPOEHUE Ha DTOW OCHOBE
METOJIMKH JINHEApU3allii OCHOBHBIX OTpaHHYECHUH 00-
JIACTH JOMYCTUMBIX PEIICHHH.

OCHOBHas 4acCThb

Iycts ects HaGop R ={R;}, R; cE% i=IN

HCOPUCHTUPOBAHHBIX BBIIYKJIBIX MHOT'OYT'OJIbHBIX 005-

€KTOB pPa3MEIlCHHUS U MOJI0ca
Sp = {(x, y)e E2|x 1S [0, Z), y € [0, W], W = const, z = var.

IlycTh Takke MMEETCS MHOXECTBO oOyacTeil 3a-
mpera €, ¢=1,2,... C, mpocTpancTBeHHas GpopMa KOTO-
PBIX — BBITYKJIBIH MHOTOYTOJIBHUK.

Torga obnacts pasMelneHus Ry npeacrasisercs B
BHJIE:
C
Roy=Sy/ v Q. (1)
c=l
O6BexT R; 3amaercs ynopsjoueHHBIM IIPOTHB Ya-
HabopoM

COBOM CTPENKH

1.1 2 2 n; _nj

1,y (X5 Y )seen (X, ;1)) KOOpIMHAT BEPUIMH B
coOcTBeHHOM cucteMe koopauHat X;0;Y; i=LN.

ITonoxenue R; B oOmel cucreme KOOpIUHAT
XOY , cBa3aHHOM ¢ o0macTeio R, 3amaercsa BekTopoM
Uj =(Vi:(Pi)=(XisYis(Pi)a
KOTOPBIM OINpeleseT HA4ajo ero COOCTBEHHOH cHUCTe-
X;0;Y;. Ilpu 5TOM KOMIIOHEHTa

mapaMeTpoB  pa3MeIICHHsI

MBI KOOp/MHAT
vi =(x,y;) 3amaer tpancmsmo O;, a yrioBOH napa-
Mmetp ¢; — nosopot X;0,Y; (puc. 1).

3amaua pasmermeHnst Habopa R MHOroyrombHbIX
HEOPHEHTUPOBaHHBIX 00BEKTOB R, i=1,_N B oOiactu
R Takopa: HeoOXomuMoO pasmecTuth N 00BEKTOB 6e3
B3aMMHBIX HaJIOXEHHH B mosnoce R, Tak, 4ToOb!I JutHA

3aHATOM YaCTH MOJIOCE Z Oblla MUHHUMAaJILHOM.
MaremaTuyeckas MOZCIb 3aJaduu pasMCUICHU

HUMECT BU: HaWTU:

*

u = argmin z , (2)

u=(u;,u;,...,uN,z)eDcE3N*
raie D=D!'ND?ND? — MHOXeCTBO TOMYCTUMBIX pe-
[IEHUH 3aJa4u, I10J00J1acTh D' « E*™! Beygensercs
OTPaHUYCHUSAMH Ha pa3MeIIeHHe B Ioioce Sy, Momo0-
nacts D* < E*N'' BhigensieTcst yCIOBHSME B3aHMHOTO
nenepecedenns map (R;,Q.), momobnacts D° < EN'!
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3a7]aeTCsl YCIOBUSAMM IIONAPHOTO B3aUMHOTO Helepece-
YeHus 00BEKTOB pa3MelieHus (Ri,R)),

i,j=LN,i#j. ¢c=1C.

A

v

Puc. 1. O6nactb pa3MeleHus ¢ pa3MeIaeMbIMI
00BEKTaMH U HETIOJBIKHOM 00JIaCTBIO 3aIpeTa

Ob6nactb D — HeBbIyKIIO€, HECBS3HOE OTpaHUYEH-
HOE TOUEYHOEe MHOXECTBO, UMEIOIIIee KYCOYHO-TIIAAKYIO

rpanuny ¥ =FrD, ¥ 3N , KoTopas ONMCHIBAETCS

JIUHEHHBIMU W HEJMHEHHBIMU OrpaHuveHusIMH. Kaxnas
KOMIIOHCHTA CBSI3HOCTH 00JIACTH JOMYCTUMBIX PEIICHHH
SIBJIICTCS. MHOT'OCBSI3HOM.

Csoticmeo 1. Yucno orpannuenuii I Ha obmacte D
JOITYCTUMBIX pelIcHUN 3amaduu (2) KBaJpaTHIHO 3aBH-
CHT OT YKCJIa Pa3MellaeMbIXx 00BbEKTOB U PaBHO

I=Il +12 +I3 =O(4Nmﬂnl)+
i=1,N
5 (€)
+O(CN max n;)+ O(N“ max n;),

i=1,N i=1,N
o 1
rae Iy, I, I; — uncno orpannyenuii Ha momodnactu D,
Dz, D’ COOTBETCTBEHHO.
KycouyHo-n1uHelinasg anmpokcumanus o0gacTu
1 2
Dr. =D (1D”.

IMocTponm npeoOpazoBaHue

3D Ro ,0) Takoe, YTO €ro NPUMEHCHHE K HCXOIHOMN

HENMHEeHHoM obnactu D R, MPOLYUMPYET amnpoKCHMa-

IIMOHHOE MHOXXECTBO D ¢ KYCOUHO-JTMHEHHON TpaHu-
LIeH.

3ameuanue 1. KycouHo-TuHeWHas ammpoKcUMa-
1us 00JacTH DRo , peanuzyemas npeoOpa3oBaHueM J,

MIPOBOJIUTCS B Jnana3one A(u) U3MEHEHHs IapaMeTpoB

pa3mMeneHus o0beKToB R;,

OIpeIeNIeMOM 3aaHHOU
TOYHOCTBHIO BBIYMCICHHUN € Ha OCHOBaHUM H3ydeHHS
ocobeHHocTeli obmactu D cmenaH BBIBOA O BO3MOXHO-
cti BBIOOpa nauana3oHoB Buma ¢ € [-0,3; 0,3], x,
yi € [0;5],1=1,2,...,L.

ITocTpouM KyCOYHO-JIMHEHHYIO amMpOKCHMAIIHIO
obnacru D'

ITogobnacTs D! OIMCBHIBAETCS  CUCTEMOM
Fy(u) <0 naGopos F(?i (u;)<0 HeIMHEHHBIX Hepa-

BCHCTB BHUA:

Fy(u):={F&(u;), h=1,..4; i=12,..N,
rne Habop F& (u))=<0 :=<ngj (u)) <0, j= E COCTOMT
U3 Nj CUCTEM ngj (u;) <0 HenMHEWHBIX HEPABEHCTB C

GbyHKIUAMU fg‘ijm, m =1,_3 BUIA:

1 O
fof‘ =—X; +xiJ coSQ; +yf sing; ,
2j ' o
fol =—y; +y! cosg; —x/ sing; ,
3 ; o
fOiJ] =y; —W—y/ cosg; +x! sing; ,

4] ' P
foll =x; —z—x] cosp; —y! sing; ,

hiy | hj 0 chj . hi 1
for 10— A, £ 1o =AY,

1’11' . .
S(AN-T_AN-0) —op
j=

3ameuanue 2. B naHHOM ciydae peaJu30BaHO Ka-
CaHMe THIIa «BepIIMHa 00bekTa R; — cropona Sy» [2].

HazoBem 310 KacaHue kacanuem I-ro Tuma.

o hj;
Jluneapuzauust QyHKUUI fOi . Kaxmas wu3

. hj o
byHKIMI fOiJ] MIPE/ICTaBIsIET cO00i CyMMy Tpex cia-
raeMbIX, I€pBOE€ M3 KOTOPBIX SIBISETCS JIMHEHHBIM, a
JIBa IPYrUX €CTh TPUTOHOMETPUYECKHE (YHKIIMHU Iapa-
MeTpa pa3MeleHus ¢; .

Hcmonb3oBanue pa3nokeHui QyHKIMT Sin ¢ U COS (¢
B psia MakiiopeHa COOTBETCTBEHHO BUJIA!

2 5
S .9
sinpg=@— —+——...,
2! 5!
2 4
cosp=1- R
2! 4!
MO3BOJISICT ~ MPUOJMKCHHO  IPEJACTABUTh  3HAYCHUC

GYHKIMIA 3HaYeHWEM HX apryMeHra ¢@: sin ¢ = ¢,
2

cos@ = 1 — @°/2!, npeneOperast ciaraeMbIMu OoJiee

BBICOKHX ITOPSIIKOB.

[IycTe 3amaHa MOrpeIHOCTh BEIUUCIEHHH & >0. B

3aBUCHMOCTH OT BEJIUYMHBI &g, MOXHO OIPEICIUTH
i1 jr
JMaa3oH @ € [Af— (ss);AiJ— ()], B xoTOpOM

| sin @ — @ |[<g;. Tak, eciu &= 0,015, To ¢e[-0,2;0,2].
3ameuanue 3. Ilpu omHOMN U TOH K€ MOTPEIIHOCTH

BIUMCIeHn €>0 auamazoH [ Aij—l (e0); Aij—r (e.)], B

KoTopoM cos @ — (1 —(p2 /2!) < &, 3HAUUTENBHO LIHPE.
Taxk, ecimu g, = 0,015, To W1t PYHKIMH COS @ COOTBET-
CTBYIOIWI JTMANa30H M3MEHEHUs! YIJIOBOI'O Mapamerpa
¢e[-0,29;0,29].

Paccmorpum ¢yHkmmio g(g;) = (1 —(pi2 /2) . Ky-
COYHO-JIMHEWHas ampoKCUMAalus gL (9;) dysKIUM

g(¢;) B IUaNa30HE M3MEHEHUS YIJIOBOIO HapaMerpa
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¢;€[0; 0,36], y3mamMu KOTOpO# SBJISIOTCS paBHOMEPHO
orcrosime 1mo ocu @ Touku A=(0; 1), A,=(0,12;
0,9928), A;=(0,24; 0,9712), A4=(0,36; 0,9358), cocrour
U3 TpeX JINHEHHBIX 3BEHbEB BHUA

L
gk1(9) = (YA, YA, ) (@i =Xa, )/
I(xa, —XA, ) +Ya, k=24
IIpH 9TOM HOTPELIHOCTD € jin OMPEEISETCS KakK

max  |g"(¢;) -cosg; {<0,0016.

¢;€[0;0,36]

Ec lin =
3ameuanue 4. TIOrpemHoCTb & iy ABNAETCS YIPaB-
JISFOIIIM TTapaMeTPoM, T.€. KOIM4ecTBO k y3110B Ay J10-
MaHOM gL (¢;) sBasercs GyHKuuUeH € jin: k=f(€c jin).
L
Honoxum g * (@) =ay¢; + by,
rae ag =(ya, ~Ya,)/(Xa, —Xa, )

bk = yAk_] _akXAk_] 5 k:f(scilin)

li
Torna pynkmus Of‘ MIPE/ICTaBIISIETCS B BUJIE Ha-
6opa GyHKIIUH
L o j oL i . —
foll =—x; +x) g (9; ) +y] ¢; =
iL i ¢ie[Aw; AL
=<—Xi +X5 g11(9; ) +yi0i
AHajoruaHo,
2j i L '
folt ==yi +yi g (o) -x] ¢; =
. .
=<—Yi +y! g1 (o) +x] ¢,
3j j L j
foi' =yi ~W-yl g (9;)+x{ ¢ =
- .
=<Yi - Wyl g (@) +x] ¢,
4j i L '
foll #x; -z-x g (9; ) -yl ¢; =
i ] Qie[Awr; Al
=<Xi —z—+Xj g1(@i ) —y; @i »
3ameuanue 4. TlpennoxxeHHas METOIUKa JTUHEAPU-
3aI[UU yCIOBUM pa3MelleHus o0bekToB R; B obmactu
R, mpaktudecku 6e3 U3MEHEHMH IpUMEHUMa B Cllydae,
ecnu 00beKThl R; ABJIAIOTCSA HEBBITYKIBIMU.
JluHeapu3anusi ycjJoBHIl B3aMMHOr0 Hemepece-
yennsi o6bekToB R ={R;},i=1,N mu 30m 3anpera
Q= {QC}, ¢=1,C — obmacrs D’ TomoGuacts D>
3aJaeTcs YCIOBUSIMU HOIIAPHOTO B3aMMHOTO Herepece-
YeHUsT OOBEKTOB pa3MelIeHHs U 30H 3aIlpeTa, U OMHUCHI-
Baercs cucremoil F(u) <0 mnabopos F (u.,u;)<0

HEJIMHEHHBIX HEPABCHCTB BU/JIA:

Fic(uc,ui)so:=<Fi*§(uc,ui)go,h=1,nc,j=1,ni ,

i=LN, ¢=1C,
N, — KOJIMYECTBO BEPIIMH 30HBI 3ampera ).

Cucrema Fi? (ug,u;) <0 conepXHuT TpU HEPABEH-

b
cTBa, npuueM By GyHKImU f OiJ] MIEpPBOr0 HEPABEHCTBA

CHCTEMBI 3aBHCHUT OT Tuma kacaHus napsl (R;, Q.), nBa
JIpYTUX — OrpaHUYeHHs Ha 3HA4YE€HHE YIJIOBOTO Mapa-

MeTpa @;.
Paccmorpum Hekoropyto mapy o0bekToB (R;,Q.),

ie,N, cel,C. ®ukcupoBaHHbIC MapaMeTphl pa3Mme-

IICHUS 30HBI 3anpera . UMEIOT BU U~(a.,b,).
B nmaHHOM citydae peanu3yeTcs Kak KacaHue I-ro

k _k
THNA «BeplIMHa (X;,y;) oObekta R; — cropoHa

[(XL, yL) , (x!;rl , y!;'l ) ] oowvexra Q.», Tak u kacanue II-

ro TUIIA «CTOPOHA [(x}<, yik) (x}‘, yik)] R; - BepmmHa
1 1
(Xer¥Ye) Qo».
Kacanue I-e0 muna (B cucTeMe KOOpAWHAT
X:0.Y.) onuchIBacTCSA B BUJIC:
hj k k
foll : A(x; —a.) +B(y; —be) + (Ax{ +By{ )cos¢; —
~(BxK — AyF)sin g, —(By. + Ax}) <0.
C yueToM IpeAbIAyLIEro U3I0KEHNS
hj k k
fOiJ] =3 AXJ +By_| _(AXJ +By_| )g((\ol)_
K K '
—(BXj _Ay_l )q)_l —Aac —Bbi _CC'

L
Hcnonp3oBanue QyHKIUH g (¢;) MO3BOIAET IO-

b
CTPOUTD JIMHEAPH3ALNIO QYHKIIHU fOiJ] paccmatpuBae-
MOTO OIpaHUYEHHUSL.

[puBenem npouecc auHeapu3anuu GyHKIu iy
0i

b
B ciiyuae xacanus Il-eo muna. @yHKUMs fOiJ] OITUCBI-
BaETCsl CIICAYIONIMM 00pa3oM:
i
foi' : A(Q)(x; —a¢) +B(@;)(yi —bg) -
—Q; cos@; +Q 5 sing; +Q3 <0,

rae Qp, Q,, Q3 — KOHCTaHTHI, 3aBUCSIINE OT METpHUUE-
CKUX XapaKTEePUCTHK OOBEKTOB U 00JIACTU Pa3MEIICHUS.

YuureiBas, 4To

A(p;)=Acos@;i+Bsing;, B(p;)=Bcosp; —Asing;,

Clo=xF @D AP +yE (0)B(@;) —xLA(Q;) ~
—yLB(9;),

Ha I€pBOM HIare JJIMHCapu3alnyuu 3aMCHUM

o7 o7
Ap) = A(l —7') + Bo, B(p)~ B(1 —7') -Ag.

®Oynxmua Cl:lj ' npumer Bun:
2 2
hj P; D
fOiJ] ZAXi +Byi —ATIXi +B(piXi —BTIyi -
(p.z
—AQ;y; +7‘(BbC +Aa,)+;(Ab, —Ba,)—Aa, —Bb, +

2
(p.
+7'Q1 +Q20; +Q3-Qq.
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O003HaYNM:

G, = -Aa,-Bb,+Q3-Q; — KOHCTaHTHYIO
4acTh paccMaTpuBaeMon (yHKINY;

Ga (%,¥i,9;) = Ax; +By; +¢;(Ab, —Ba,)+
+Q,¢; — IMHEApU30BaHHYIO YacTh (HYHKIUH;

<P'2 <P'2 1 1
G3 ((Pi ) = TI(Bbc +Aac) +71(XCA+ByC) -

KBaIPATHYHYIO YacTh (DYHKIUM;

Ga(x;,Yi,9i) = Boix; —A@;y; — rumepbomn-
YECKYI0 4acTb (DyHKIHH;

Gs (Xi,¥;i,9i) = —A—-x; -B—-y; — co-
CTaBILIOLIYIO TPETHErO MOpsiIKa (HYHKIHH.

b
Torna Gpynkuus f, OiJ] BTOpPOT'O THUIIa UMEET BUJI:

fé‘ij‘ (%, ¥i,0;) =Gt Ga(%4,y;,0;) + G () +
Ga(Xi,¥i,9;) T Gs(X;, ¥, 95).
Oynkrust G; 3aaaercs HabopoM QyHKIHH
Gs(0)~ 8" (9; ) {B(be +ye)+Alag +x)} =
(gk1 (01 ) Blbe + )+ Alag +x0)}.

(pie[Ak-l; Ak]a k:f(gcosilin)
"

DyHKIWMA fOiJ] 1I-20 muna B wactu Gu(X;,y;,0;).
COZIEP)KUT HPOU3BEICHUS ©;X;, ®;y;. Ha ocHOBe aHa-
J3a  TEeOMETPUYECKUX  CBOWCTB
F(ei, X)) =ix; 1 I'(¢;,y;)=¢;y; B 3a1aHHBIX Jua-

nma3soHax HM3MCHCHHA MNapaMETpOB pPasMCUICHUA I10-

TOBEPXHOCTEH

CTpO€Ha JIMHeapu3aLus FL((pi ,X;) FL((pi ,Y;) TH-

NIEPILIOCKOCTAMHU gi_l (p;,%x5), k= 2_,3:

L _
Ga( ;)= <gk_1(<pi .x;), k=23,
Jluneapuszanus acta Gs(X;,y;,®; ) OrpaHUYECHUS

OCHOBaHa Ha HCIOJB30BAHUM CYNEPHO3ZULINU (YHKIUH

L L L
g (o)) n T~ (9;,x7) T'"(05,y))-

BuiBoabl. HanpasneHus
JAanbHeMLIMX MccnefoBaHMM

Takum 00pa3oM, MOCTPOCH aJTOPUTM JIMHEApU3a-
UM (PYHKIIUH OrpaHUYCHHUH 00JIACTU JOMYCTUMBIX pe-
IICHUI Ha pa3MeEIIeHWEe B O0JaCTH MHOT'OYTOJBHBIX
HEOPHECHTHUPOBAHHBIX OOBEKTOB pa3MEIICHUS, I03BO-
JIAIOIMA C 3aJJaHHOW TOYHOCTBHIO CBECTH paccMaTpH-
BaeMyI0 HEIMHEWHYI0O ONTHUMHU3ALMOHHYIO 3ajJady K
Ha0Opy ONTUMU3AIMOHHBIX 3a7ad JIMHCHHOTO IIpo-
rpaMMupoBaHusl. JIaHHBIA MOAXOJ SBISETCS OCHOBOMH
JUTSL TIOCTPOSHHST MHGOPMAIIMOHHOM TEXHOJIOTHUH pellie-
HUSL paccMaTpUBAeMOro Kiacca ONTUMM3AIMOHHBIX
3a1ad4.
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LINAR APPROXIMATION FOR PLACEMENT CONDITIONS
OF NONORIENTED GEOMETRICAL OBIJECTS

I.A. Chub, M.V. Novozhilova

Research of optimization task of placing of the polygonal nonoriented objects is conducted in a bar, linearizing of functions
of limitations of area of feasible solutions is offered. This approach is basis for the construction of information technology of
decision of the examined class of tasks of optimizations.
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