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KOHIEHTPAILIIl HAIIPYKEHbD ¥ ITIPYKHOMY TLJII 3 TOHKUM
B’A3KOIIPYKHUM BKJIIIOYEHHAM

Pestome. Ompumano po3s’si30K 3a0aui nNpo HANPYHCEHO-0eOPMOBAHUL CMAH RPYICHO2O MINA 3
MOHKUM 8 SI3KONPYICHUM SKIIOUEeHHAM. [[si GKIIOUeH s enincoioanvhoi gopmu i mamepiany 3 peonoiyHumu
enacmugocmamu mina Kenveina po3e’s3ok ompumano 6 3AMKHEHOMY AHATIMUYHOMY 6uenadi. 3HatioeHo
HANPYJICEHHA Y 6KNIOUEHHI Ma iX KOHYEHmpayiro 6 Mampuyi 6 OKOIi 6KIOYEHHS.

Knrouosi cnoea: 8’askonpyscHicms, 8KIOUEHHS, KOHYEHMPAYIs HANPYIHCEHD.

V. Sylovanyuk, A. Revenko

STRESS CONCENTRATION IN AN ELASTIC BODY WITH A THIN
VISCO-ELASTIC INCLUSION

Summary. The known in literature solutions of problems of stress concentration in the vicinity of
inclusions, in thin ones, in particular concern the elastic materials of matrix and heterogeneity. In engineering
practice the problems arise, for solution of which it is not enough to use the models of elastic bodies only. Such
is, for example, the problem of cracks “healing” with injection liquid materials that are able to harden in
certain time. As a result the material damaged by cracks hardens and is able to bear certain loads. Since the
injection materials are usually high molecular compounds, which are characterized by creep and stress
relaxation, the problem of these phenomena consideration within the framework of complex rheological models
of materials becomes very urgent.

The elastic space subjected to the effect of constant uniaxial tension and in which a defect is as an
ellipsoidal inclusion V, one characteristic size of which is much smaller than the other two, is considered. The
inclusion material is considered to be a visco-elastic one. Taking into account the small thickness of the
inclusion the boundary conditions from its surface are moved to the middle region. As result the boundary value
problem for a space with the cross section along the middle region, on which the appropriate boundary
conditions are set, has been obtained.

The solution of the problem for each moment of time is obtained within the static theory of elasticity and
is expressed in terms of a harmonic function, which is presented as a Fourier integral expansion. After satisfying
boundary conditions a two-dimensional singular integral equation for displacements determination, in which
time is presented as a parameter, has been obtained.

After some transformations, the solution of the integral equation is reduced to the Volterra equation f{t).
As an example the material the creep of which is described by the generalized Kelvin model is considered. After
corresponding calculations the relationships, which characterize the stress relaxation in the inclusion, are
obtained. Plots of the stress relaxation in the inclusion and changes of stress concentration with time in its
vicinity due to the inclusion material creep are constructed. Calculations testified that the stress concentration
increases with time and finally stabilizes at a certain level. It is found that the stress concentration obtained in
the elastic and viscoelastic models can vary considerably and it must be taken into account when calculating the
long-term strength of the heterogeneous materials containing visco-elastic inclusions.

Key words: viscoelasticity, inclusion, stress concentration.

YMoBHI NO3HAYEHHS:
E , v —monyns FOmnra i koeoirient [Tyaccona marepiaiy Tija;
E| —murteBuit Mmoxyns FOHra MaTepiany BKIIOUCHHS;

u, (x, ¥, t) — KOMIIOHEHTa BEKTOpa MEPEMIIleHHs] TOUOK NOBEPXHI BKIIIOYCHHSI B HANIPSIMKY OCI Z ;
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2h(x,y) — ToBmMHa BRITIOYECHHS;
R(z) — siapo penakcarii;
H(¢) — snpo nossyuocri;

V' — noBepXHs BKIIOYEHHS.

Beryn. [Ipu BigHOBIEHHI HECYYOi 3JaTHOCTI €IEMEHTIB OyAiBEIbHUX CIOPYI TPUBAIOl
eKCIUTyaramii MOIIKO/PKEHUX TpPIIIMHAMU Ta MOPOKHUHAMHU 3HAXOAUTh BCE MLIMPIIE
3aCTOCYBaHHS TEXHOJIOTIS, sSIKA MOJIATae y 3amOBHEHHI Je(EKTHUX 30H B’ S3KONPYKHUMU
pPILAKMMU MaTepialiaMu, 31aTHUMH TBEPAHYTH 4yepe3 MeBHUM yac. Po3paxyHKH KOPOTKOYACHOI
MIITHOCTI IMiICHJICHHX TaKUM CIIOCOOOM €JIEMEHTIB KOHCTPYKIIIHA CBIYATh MPO €PEKTUBHICTH
miei meronuku [1]. [0’ ekuiitHuME Marepianamu, sSK IPABHUIIO, € BHCOKOMOJICKYIISIPHI CITOTYKH
(momypeTanu, aKpWIH, €MOKCHIHI CMOJIH), XapaKTEPHOI BIACTHBICTIO SKHUX € IMOB3YYiCTh.
ToMy BaXJIUBUM € IOCITIDKCHHS HE TITbKH KOopoTkouacHoi [1, 2], ame ¥ moBrorpuBaioi
MIIHOCT1 BIJTHOBJICHHX 32 TaKOI0 METOIMKOI EJEMEHTIB KOHCTPYKIH, IO MICTATh
BKJIIOYCHHSI (TPIIIUHU, TOPOKHUHU 3aII0BHEH1 B’ I3KOMPYKHUM Marepiajiom).

BceranoBumo BIUIMB periakcallii Harpy»eHb y BKIIOUYEHH1 Ha KOHIEHTPALlil0 HAMpy>KeHb
y MaTpHIli.

IMocranoBka 3agauvi. Po3risHEMO OJHOOCHHIN PO3TAT HMPYKHOTO Tija, IO MICTHUTH
neeKT y BUMIISIII TPIIMHA a00 TOPOKHWHH, B SKOI OJUH XapaKTEpHUU po3mip Habararo
MEHIIUI BiJ IBOX IHIIMX. 3 METOIO 3MII[HEHHS Tila MOPOKHUHY 3alOBHUJIM 1H €KIIHUM
MmatepiagoMm [l], 37aTHEM yTBOPIOBATH TICHIS 3aTBEPIIHHSA MIIHI aATre3iiiHI 3B’S3KH 3
OCHOBHHUM MatepianoM (puc. 1).

IMEEEE

Pucynok 1. OQHOBICHH PO3TAT TijIa 3 TOHKUAM €JIINCOINaTIbHIM BKIFOUCHHIM

Figure 1. Uniaxial tension of a body with a thin ellipsoidal inclusion

Jlnsi moAaTiMBOrO B’SI3KONPY)KHOTO  BKJIFOUEHHSI, SIKE€ YTBOPHJIOCS, BHUKOPHUCTAEMO
3aJIeKHICTb, 110 OB’ SI3y€e HANpYKeHHs 1 Aedopmaltii y HboMy B TaKoMy BHUIJISIII [3]:

t
6 (X, 1) = Ey| €5, (x,3.0)+ [ R(t = )& 1, (x, y,1)dr |. (1)
0
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PosrnssHemo BKiIrOYEHHS enincoimanbHoi opmu V : x?/a*+ y2 /b%+z% /% —1= 0,
ne a,b,c — miBoci emincoina a,b>>c. Jlepopmariro Matepiany BKIIOYEHHS, BPaXOBYIOUU
uz(x, 1)

h(x,y)

x? P . . . o .
h(x,y)=c 1——2—b—2. VsaBHO BUpiXEMO 13 Tija Marepian 3amoBHIoBada. Moro miro Ha
a

OCHOBHHMIA MaTepiall 3aMiHUMO JISIKMMHU HANpYyXCHHSAMHU Ha MMOBEPXHI OPOKHHUHH, a CaMe:

MaJly TOBILMHY Ta IVIaJKICTh HOro MOBEpXHi, M0aMO y BUIIIAII €., (X, V,t) =

2

o (x,y,t)= (u (x, y,t)+J‘R(t Tu_(x,p, z')er

E,
h(x,y)
o.(x,y,0)=0,(x,y,0)=0.
CmiBBigHOmeHHS (2) OTpUMAaHO HAa OCHOBI 3ayekHOCTI (1) 1 TpHITYIIEHP TIPO May

)

TOBIIMHY BKJIIOYEHHS Ta MOJATIMBICT, MaTepiady 3amoBHIoBada (E, < FE). 3Hocsun
TpaHWYHI yMOBM 3 TOBEpXHI V' ~ Ha cCcepeAuHHY [MOBEPXHIO BKIIOYEHHS S
x?/a* + y2 /b2 =1, oTpuMaemo KpailoBy 3ajauy AJis MPOCTOPY 3 po3pi3oM S, HA STKOMY
3aani TpaHu4Hi yMOBHU (2). OCKUNbKU 1HEPUINHUMU YJICHAMH B PIBHSHHSAX PyXy Tiia, 110
BUHUKAIOTh YHACIIJOK MMOB3Y4YOCTI MaTepialy BKIIOYEHHS, MOXKHA 3HEXTYBATH, TO PO3B’SI30K

3aja4i JUIsl KO)KHOTO MOMEHTY 4acy MOYKHA OTPHMATH B MEXaX CTATHYHOI T€Opii MPy»KHOCTI.
Po3B’s130K 3a1a4i BUpakaeMo 4epe3 OHy TapMOHIYHY QyHKII0 ¢(x, y,z,t) [2]

2(1-v?*) 5
uz(x,y,z,t) =_(T)a_f,
. (3)
o, (x,y,z,t) = —g.

[Tonamo QyHKIIIO ¢ y BUIIISI IHTErpanbHOTO po3knany dyp’e

o= T OJ?A?;T], exp( |z|\/§ +1 +1x§+yn)\/§adinz, 4)
—00 —00 +MN

e

zﬁmﬁ=§%%;ﬁ%udﬂawwm+me»<®

IaTerpanbHe piBHSHHA 3amavi JUIsi BU3HAUEHHS TIEpeMIIlEHb Ta WOTO pO3B 30K
OTPUMAEMO 3 TIPAaHUYHOI YMOBHM JJii HOPMAJIbHUX HamnpykeHb (2), BpaxoBYIOUYHU

criBBigHOmeHHs (3), (5) Ta u, =u, —ug B obmacti S

— 2 *
i e g
¢ V(x=£2 +(y-n)? Y 6)

Eyp

t
+J'K(t_1).u:(x,y,1:)d‘c]+ _[K d1:+ - D),
0

0
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e ug — TepeMilleHHs TOBEepXHI V' y Bumaaky omgHopigHoro (0e3 BKIIIOYEHHS) Tifa;

2 2

c x . .

u’ =P 12 Y pospiasox piBHSHHS (6) IIYKAEMO Y BUTJISAL
) a’> b?

2 2
f@pb | x* y° )
E a? b2
ne f (t) — HeBioMa QYHKIiS BiJ 4acy.
[lincraBuBmm mnepeminierHs (7) B iHTerpajbHe piBHAHHA (60), MCHsS JEAKHX

=
<

u:(xiyit):

NIEPETBOPEHb OTPUMAEMO PiBHAHHS Bonbrepa st Bu3HaueHHS QyHKIT f (t)

t
WSO+ [RE-Df@di-p(1)=0, (8
0

E(k)+2(1 - v? b, b Ey ¢ 1-¢
ae 2(1—v2)b18 =2, e= p1(@®) bJ(; (t=t)dr+by: by by
1/2 2 2
E(k)= [ N1-k2sin? adar , k= 2=2
0 a

Jlnst po3B’si3aHHS 1HTErPAJIbHOTO PiBHSAHHS (8) BHKOpHCTaEMO mnepeTBopeHHs Jlarmaca
[4] 1 micnst BpaxyBaHHS (POPMYIH 3TOPTKH OTPUMAEMO

7 _ 131(5)
f(s)_ll-i-ia(s) > (9)

- C 5 1 )
ne pl(s)=—3R(s)+b2—; 3HaYKOM ~ TMO3HadeHi TpaHchopmantu Jlammaca. SIkmo mo
s

nonanHs (9) 3actocyBatu obepHeHe niepeTBopeHHs Jlamnaca, To 3HaiieMo Iykany (GpyHKIIO

f(t) . 3B’S130K M TpaHC(pOopMaHTaMH sJIep MOB3YYOCTI i penakcallii Mae BUTIIST

H(s)

R(s)=—— : 10
(<) H(s)+1 (19)
ne H(t) — snpo moB3ydocTi [3].
Jedopmariiro MaTepiany BKIFOUYCHHS PO3PaXxOBYEMO 32 (HOPMYIIO0
(. +u,)  p(1+6/(1))
e _(x,y,t)= = . 11
= (vyt) =2 Z (10
HanpyxeHHs y BKIItOUeHHI 3TiIHO 13 3anexHicTio (1) OyayTh TakKUMuU:
t
.. (x,p,1)= pg[1+b1f(t)+jR(r—r)(1+b1f(r))dr] . (12)
0

3 ymMoBH cyMicHOI fedopMallii MaTepiaiB MaTpPHUIIi 1 BKIFOUEHHS Ha MOBEPXHI V' rta
3akony ['yka, 3ammucaHoro st HarpyXeHO-1e(OPMOBAHOTO CTaHy MATpPHILi, HAPYKCHHS B
OKOJIi BKJIFOUEHHS BCTAHOBJICH] Y BUTJIA 3aJI€KHOCTI1
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o..(x,y.t)= p(1+b,£(t)) (13)

VY3aranbuenuii Matepian KenbBina. B nboMy BUMaaky sapo moB3y4yocTi Mae BUTTsA [3]

—Bt Byt
H(@t)=pe P +pye ™ , (14)
e Brs Bas by 2 — PEOoJIOTiUHI XapaKTePUCTUKU MaTepiany. BUKOPHCTOBYIOUH METOUKY
OoOepHEHHS siIep, 3HAWIEMO 300paKEHHS SApa TTOB3yUYOCTi:
H(s)= Hi M2
Bl + BZ +S

Ha ocHoBi ¢opmynu (10) oTprmaeMo 300paskeHHS sipa perakcarii R(1)

~ ais+a
R(s) 21—2
pe G =R Ry ay =By tpofy di=pg tro By +By do =B +HaPy +B2By

Bpaxysagiu Bupasu (15), i3 piastas (9) 3HaigeMo 300paxkeHHs QyHKIT f(s)

~ 1 a,s+a c1
Tes)=—apre—08 20
N Xi(S—A)(s=hy) bS, (16)
mj c [ 2 d  a
ne A=—, mp =—%1 +b2, 7\,1=—b3+ b —b4, }\,2 :—}Ll—2b3, b3 =,
X1 b 3 2 2y
X1

Ha ocHoBi hopmyn 3HaxomkeHHs opuriHamiB [4] i3 cniBBinHomeHHs (16) oTpuMaemo
f(0) = g + A{d ™ + 4yeM'y, (17)
_ _ c as +ha asg +hra
b Ak —R2) Ay(hpy —2y)
Ha puc. 2 HaBezeHi rpadiku, 0 MOKa3yIOTh PETaKCallil0 HAPYKEHb y BKIIOUCHHSIX,
MOB3YyYiCTh MaTepiajly SKHX OIMHMCYEThCS y3araibHeHO Mojeiuto KenbBina. B po3paxyHkax,

npoBeaeHuX 3rigHo 3 ¢opmynamu (12), (17), B3ATO BinHOIIEHHS MHUTTEBOTO Moayns FOHra
marepianiB BKIOUeHHsS 10 Monyisi FOHra ocHoBHoro marepiany ¢ = 0,4 ; mapamerp popmu

BKIIOUeHHA b, =15. Peonoriuni xapakTepHCTHKH MaTepialiB BKIIOYeHb Taki: [, =12;

S0 pa(E(k)+ 26, (1 —vz»
= 2b18(1—V2)+ E(k)

u,=06; pB,=1. — MUTTEBE 3HAYEHHS HAIPYXKEHb Yy

BKJIFOUEHHI.
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Pucynok 2. Penakcanii Hanpy>keHb Y TOHKOMY B’SI3KOTIPY>KHOMY BKJIFOUCHHI
-, =04;2-pn,=05;3-p,=07

Figure 2. Stress relaxation in a thin visco-elastic inclusion:
- p,=04;2-—p,=05;3-p,=07
Ha puc. 3 Ha ocHoBi ¢opmynu (13) rpadiuno 300pakeHO pICT KOHIIEHTpaIil
Hampy)XeHb B OKOJI BKIIOYEHHS 3 4YacOM YHACHIiJIOK T[OB3y4OCTI Marepiany.

o plEw)+ 26 1-v2)
Z beli-v? )+ E(k)

— MUTTEBC 3HAYCHHS HAIIPY’KCHb B OKOJIl BKIIOYEHHS.
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Pucynox 3. PicT koHLEHTpalil HanpyXeHb B OKOJIi B’I3KOIPYKHOT'O BKIFOYESHHS:

l—pu=04;2—p=05;3—p;=07

Figure 3. Increase of stress concentration in the vicinity of the visco-elastic inclusion:
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1- |.,ll=0,4.2— |.,ll=0,5. RE |.,l]=0,7.

[3 HaBemeHWX naHWX Oa4uMoO, HIO MOB3YYICTh MaTepialny BKIIOYECHHS BUKIIHKAE
3MEHIIICHHSI PiBHS HalpyXeHb y HboMy. lle, B CBOIO uepry, Npu3BOIAWTH O 3POCTaHHSI
HaNpy>KeHb B OCHOBHOMY Marepiaiii 3 4acoM IpH JIii 30BHIIIHBOTO TPUBAJIOTO HABAHTAKCHHSL.
HampyxeHHss B MaTpuIli 3pOCTalOTh BiJl 3HA4Y€Hb X MUTTEBOI KOHIIEHTpAlii B MOYAaTKOBUMN
MOMEHT MpPHKJIaJaHHs 30BHIIIHIX 3YCHJIb 1O IMEBHHUX CTaOUIbHUX DPIBHIB HAMpyXKeHb, fKi
BU3HAYAIOTHCS PEOJIOTIYHUMH TTapaMeTpaMu MaTepiay BKIIIOYCHHS.

BucHoBkH. [IoB3ydicTh B’SI3KONPYKHOTO MaTepialy BKIIOYCHHS MPHU3BOIUTH JI0
penakcarii Hampy>KeHb y HbOMY, IO CYTTEBO BIUIMBAE HA HANpPYyKeHO-Ae(POpMOBaHMIA CTaH
Tijna, sKe TepeOyBae i €0 MOBrOTPHBAIMX CTATUYHUX HaBaHTaxeHb. KOHIEHTpaIlis
HANPY)XCHb O B’S3KOMPYKHOTO BKIJIFOUEHHS, MaTepial SKOTrO BIJIIMOBITAE PEOJIOTIYHUM
BJIacTUBOCTAM Tina KenbBiHa, 3pocTae 3 IMIMHOM 4acy 1, HApeuITi, cTadini3yeTbcsl Ha IEBHOMY
piBHi. KoHIleHTpallisi HanpyXeHb, OTPUMaHa B paMKaX MPYXKHOI 1 B SI3KOMPYKHOI MOJIEICH,
MOXe OyTH CYTTEBO Pi3HOIO, IO HEOOXIJHO BPaXxOBYBAaTH MPHU PO3PaXyHKaX TOBrOTPHBAJION
MIIIHOCTI HEOAHOPITHUX MaTepiaiB.

Conclusions. The creep of visco-elastic material of the inclusion leads to stresses
relaxation in it, which have significant effect on the stress-strain state of the body which is
subjected to long-term static loads. The stress concentration near visco-elastic inclusion,
material of which corresponds to the rheological properties of the Kelvin body, increases with
time and finally stabilizes at a certain level. The stress concentration obtained in the elastic
and visco-elastic models can be significantly different, which should be considered while
calculating the long-term strength of the heterogeneous materials.
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