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CORRELATION INVARIANTS HARMONIC ANALYSIS FOR VECTORIAL
PERIODICALLY NONSTATIONARY VIBRATION SIGNALS

. . Javorskyj 1,2, . Y. tsko 1, R. . Yuzefovych 1, V. B. Shevchyk 1

1 Karpenko Physico-Mechanical Institute of the NAS of Ukraine;
2 Telecommunication Institute of University of Technology and Life Science,

Bydgoszcz, Poland
Use of a vibration signal model in the form of vectorial periodically non-stationary random
processes (PNRP) is proposed. It is shown that correlation function of linear and quadratic
invariants may be used for detection of mechanical system faults or may be a basis for
diagnostic criteria grounding. Representations of correlation tensor of vectorial periodical non-
stationary vibration signal and its invariants in the form of Fourier series are considered.
Fourier coefficients properties of those series are analyzed. The examples of harmonic analysis
of amplitude and phase modulated signals that allow creation of new criteria for separation of
moving and stationary defects are presented. It is shown that the second order curves for the
case of stationary defect have an ellipse-shape form. Also it is shown that the second
correlation component is defined by only odd parts of the cross-correlation function of the
processes what modulates harmonics of the vector orthogonal components.

Keywords: periodically non-stationary vibration signals, correlation tensor invariants,
harmonic analysis.

, , : , -
, , .  ( -

, ) 
, 

) – , , -
,  [1, 2]. -

, ,
. 

, , ,
. . , . . , . . , . . , 2015

mailto:roman.yuzefovych@gmail.com
mailto:matskoivan@gmail.com


ISSN 0474-8662. Information Extraction and Process. 2015. Issue 42 (118)12

-
 [1, 3, 4]. 

, , -
. , -

-
. -

. -
.

1 2t t ti j , i , j  – , -
 [1, 4, 5], m t E t

, 

1 2
m i j mt m t T m t T t T ,

,t u E t t ub , mt t t ,   –

, : ,t ub

,t T ub . , 0T
, -

u , 
.

t u ,t ub . 

1 1 2

2 1 2

, ,
,

, ,

b t u b t u
t u

b t u b t u
b (1)

, ,t T u t ub b , 
1

,t ub

1 1E t t u ,
2 2 2,t u E t t ub t , 

1 2 1 2,b t u E t t u
2 1 2 1,b t u E t t u

t . ,t ub -

t
t t u , 1 , 0t td b , t , 

-
 [1,6,7].

 (1) – 
1

,b t u
2

,b t u ,

1 2
,b t u

2 1
,b t u  – :

0 0
0

0

cos
,

sin

p

p p

p
p

kik t
k

k Z k N
k

C u k t
b t u B u e B u

S u k t
, 1,2p , (2)

0 0
0

0

cos
,

sin

p q

p q p q

p q
p q

kik t
k

k Z k N
k

C u k t
b t u B u e B u

S u k t
,

1,2,

1,2,
.

p

q
p q

 (3)



ISSN 0474-8662. . 2015. . 42 (118) 13

1
2

p p p

k k kB u C u iS u , 1
2

p q p q p q

k k kB u C u iS u , 0k .

0
0 0 0, cos sinik t

k k k
k Z k N

t u B u e u u k t u k tb B C S ,

1 1 2

2 1 2

k k
k

k k

B u B u
u

B u B u
B ,

1 1 2

2 1 2

k k
k

k k

C u C u
u

C u C u
C ,

1 1 2

2 1 2

k k
k

k k

S u S u
u

S u S u
S ,

1
2k k ku u i uB C S . 

,t ub u , 
. , -

:
1 1 2 2 1

1 2 2 1 2

0 0 0

0

0 0 0

1
2

1
2

B u B u B u
u

B u B u B u
B

1 2 2 1

1 2 2 1

0 0

0 0

10
2

1 0
2

B u B u

B u B u
.

0 uB ,  – 

0 uB . , 0 0

T
u uB B , -

: 0 0u uB B , 0 0u uB B , 
,  – . 0u -

0 0 0B , -

0 0B .

1 1 2
0 0 0

IB u B u B u ,
1 2 2 1

0 0 0
DB u B u B u

-
t ,t t u . 1

0
IB u -

1 1
0 0

I IB u B u , 0
DB u , 

, : 0 0
D DB u B u .



ISSN 0474-8662. Information Extraction and Process. 2015. Issue 42 (118)14

1 2 1 2 1 2 2 1
2 20

1,2 0 0 0 0 0 0
1
2

u B u B u B u B u B u B u

0B u .  [3, 4, 7] 

. u -
.

0 uB

2 1 2 1 2 2 1
2

0 0 0 0 0
1
4

IB u B u B u B u B u .

1 2 1 2
2

0 0 00 0B u B B ,
2

0 0 0IB . , 

0 uB . 

1 2

1 2

0

0 0

2 01 arctg
2 0 0

B
B B

.

0
1,2 u . 2

0 0 0IB , .

0-iT k u
k ku u eB B , 0 0cos sin

T T

k k ku u k u u k uC C S , (4)

0 0sin cos
T T

k k ku u k u u k uS C S , (5)

k k ku u uB B B , k k ku u uC C C ,

k k ku u uS S S ,

1 1 2 2 1

1 2 2 1 2

1
2

1
2

k k k

k

k k k

C u C u C u
u

C u C u C u
Ñ ,

1 2 2 1

1 2 2 1

10
2

1 0
2

k k

k

k k

C u C u
u

C u C u
Ñ ,

1 1 2 2 1

1 2 2 1 2

1
2

1
2

k k k

k

k k k

S u S u S u
u

S u S u S u
S ,



ISSN 0474-8662. . 2015. . 42 (118) 15

1 2 2 1

1 2 2 1

10
2

1 0
2

k k

k

k k

S u S u
u

S u S u
S ,

1 i
2k k ku u uB C S , 1 i

2k k ku u uB C S .

 (4)–(5) -

0-ik u
k ku u eB B , 0 0cos sink k ku u k u u k uC C S ,

0 0sin cosk k ku u k u u k uS C S ,

0-ik u
k ku u eB B , 0 0cos sink k ku u k u u k uC C S ,

0 0sin cosk k ku u k u u k uS C S .

, 
1 1 2I

k k kB u B u B u ,

1 1 2I
k k kC u C u C u ,

1 1 2I
k k kS u S u S u

1 ,I t u , 

1 1 1 10-i
1 0 0 0, cos sinI I I Ik t

k k k
k Z k N

I t u B u e B u C u k t S u k t .

t t u  – -
t , 0u  – -

t . , 

0-iI I k u
k kB u B u e ,

0 0cos sinI I I
k k kC u C u k u S u k u ,

0 0sin cosI I
k k kS u C u k u S u k u .

, 
1 2 2 1D

k k kB u B u B u ,

1 2 2 1D
k k kC u C u C u ,

1 2 2 1D
k k kS u S u S u

t t u , 
t :



ISSN 0474-8662. Information Extraction and Process. 2015. Issue 42 (118)16

0i
0 0 0, cos sinD D D Dk t

k k k
k Z k N

D t u B u e B u C u k t S u k t .

:
0-iD D k u

k kB u B u e ,

0 0cos sinD D D
k k kC u C u k u S u k u ,

0 0sin cosD D D
k k kS u C u k u S u k u .

2 ,I t u ,

1 2 1 2 2 1

2

2
1, , , , ,
4

I t u b t u b t u b t u b t u

 (2)  (3). 

0i, , p q

p q

k t
l l k

k Z l Z
b t u b t u e B u B u ,

2 0i
2 , I k t

k
k Z

I t u B u e ,

1 2 1 2 2 1 2 1

2 1 2

1 2 2 1

1
4 2

l l k l l kI
k l l k

l Z
l l k

B u B u B u B u
B u B u B u

B u B u
.

, -
1 t 2 t :

01
1

ik t
k

k Z
t t e , (6)

02
2

ik t
k

k Z
t t e , (7)

1 2 0i
, ,

I k u
k l k l l k l

l Z
B u R u R u e , (8)

1 2 2 1 0iD k u
k l k l k

l Z
B u R u R u e . (9)

 (8)  (9) , 
 (6)  (7) -

1
1

1 i
2 c st t t ,

2
1

1 i
2 c st t t .

t :

1 0 0cos sin ,c st t t t t

2 0 0cos sin .c st t t t t



ISSN 0474-8662. . 2015. . 42 (118) 17

1 1 1

1 0 2 0 2 0, cos2 sin2b t u B u C u t S u t ,

2 2 2

2 0 2 0 2 0, cos2 sin2b t u B u C u t S u t ,

0 2 0 2 0, cos2 sin2p q p q p q

p q
b t u B u C u t S u t ,

1
0 0 0

1 cos sin
2 c s c s

B u R u R u R u u , (10)

1
2 0 0

1 cos sin
2 c s c s

C u R u R u R u u , (11)

1
2 0 0

1cos sin
2c s s c

S u R u u R u R u u , (12)

2
0 0 0

1 cos sin
2 c s c s

B u R u R u R u u , (13)

2
2 0 0

1 cos sin
2 c s c s

C u R u R u R u u , (14)

2
2 0 0

1cos sin
2c s s c

S u R u u R u R u u , (15)

1 2
0 0 0

1 1cos sin
2 2c c s s c s s c

B u R u R u R u R u u , (16)

1 2
2 0 0

1 1cos sin
2 2c c s s c s s c

C u R u R u R u R u u , (17)

1 2
2 0 0

1 1cos sin
2 2c s s c s s c c

S u R u R u R u R u u , (18)

,c s
R u ,

,c s
R u ,

, ,c s c s
R u  – - 

c t , s t , c t s t , 
c s

R u ,
c s

R u  – -
.

2 1
0B u , 2 1

2C u 2 1
2S u

 (16)–(18) , 
c t , s t c t , s t .

 (10)–(15) -
1 ,I t u :

0 0 0
1 cos sin
2

c c

c s c s

s s

I
R u R u

B u u R u R u u
R u R u

,

2 0 0
1 cos sin
2

c s

c s c s

c s

I
R u R u

C u u R u R u u
R u R u

,



ISSN 0474-8662. Information Extraction and Process. 2015. Issue 42 (118)18

2 0 0
1cos sin
2

c s

c s c s

c s

I
R u R u

S u R u R u u u
R u R u

.

0u :

0
10 0 0 0 0
2 c c s s

IB R R R R ,

2
10 0 0 0 0
2 c s c s

IC R R R R , 2 0 0 0
c s c s

IS R R .

, 

0
IB u , 2

IB u
, -

, 
1 ,I t u , 

. , 
t .

,D t u :

0 0 0cos sin
c c s s c s s s

DB u R u R u u R u R u u ,

2 0 0cos sin
c c s s s c c s

DC u R u R u u R u R u u ,

2 0 0cos sin
s c c s c c s s

DS u R u R u u R u R u u ,

 “+”  “–” . 
, , , -

, 
t . , ,

-
, -

.

1. . . . – : .- . 
, 2013. – 802 .

2.  /
. . , . . , . . , . . , . .  // 

. – 2012. –  8 (348). – C. 58–67.
3.  /

. . , . . , . . , . .  // -
. – 2014. –  2 (76). – . 101–110.

4. -
 / . . , . . , . . , . .  // -

. – 2011. –  35 (111). – . 22–31.
5. . . -

 // . – 1987. –  76. – . 3–12.
6. . ., . ., . . . –

.: , 1983. – 264 .
7. . . . – .: -

, 1974. – 280 .

 14.05.2015


	МАТЕМАТИЧНІ МОДЕЛІ СИГНАЛІВ ТА СИСТЕМ

